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Abstract. In this paper, by the sorting method of vertices, it is obtained that the
equitable chromatic number and the equitable chromatic threshold of the Cartesian
products of fans with bipartite graphs.
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2. Introduction

All graphs considered in this paper are finite, undirected, loopless and without
multiple edges. For a positive integer k and a real number z, let [k] = {1,2, ..., k},
[x] and |z]| denote the smallest integer not less than z and the largest integer
not greater than x, respectively.

A graph G is said to be k-colorable if there is a map ¢ : V(G) — [k] such that
adjacent vertices are mapped to distinct numbers. The map c is called a proper
k-coloring of (G, and all pre-images of a fixed number form a so-called color class.
No two vertices are adjacent in each color class. The chromatic number of G,
denoted by x(G), is the smallest number k such that G is k-colorable.
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A graph G = (V, E) is said to be equitably k-colorable if V(G) can be divided
into k independent sets Vi, V5, ..., Vi such that ||V;| — |V;|| < 1 for all 4,5 € [k].
The smallest integer k for which G is equitably k-colorable is called equitable
chromatic number of a graph G, and denoted by y—(G). The equitable chromatic
threshold of a graph G, denoted by x%(G), is the minimum ¢ such that G is
equitably k-colorable for all £ > t. It is evident from the definition that

X(G) < x=(G) < XL(G)

for any graph G.

Equitable coloring as a special vertex coloring on graphs was first introduced
by Meyer[1]. His motivation came from the problem of assigning one of the six
days of the work week to each garbage collection route. Here, the vertices repre-
sent garbage collection routes and two such vertices are joined by an edge when
the corresponding routes should not be run on the same day. The problem of
assigning one of the six days of the work week to each route becomes the problem
of 6-coloring of G. On practical grounds it might also be desirable to have an
approximately equal number of routes run on each of the six days, so we have to
color the graph in the equitable way.

Another application of equitable coloring is in scheduling and timetabling.
Consider, for example, a problem of constructing university timetables. It is
known that this problem can be modeled as coloring the vertices of a graph G
whose nodes correspond to classes, edges correspond to time conflicts between
classes, and colors to hours. If the set of available rooms is restricted, then we
may be forced to partition the vertex set into independent subsets of as near
equal size as possible, since then the room usage is the highest. For applications
of equitable coloring such as scheduling and constructing timetables, please see
1], [5), [11], [12], [13].

In [3], by Lin and Chang, it is obtained that the exact values or upper bounds
of the equitable chromatic number on Kronecker products of G and H, when
G and H are complete graphs, bipartite graphs, paths or cycles, and in [4], it
is studied that the equitable colorings of Cartesian product of paths and cycles,
respectively, with bipartite graphs. In [16], Lih and Wu studied the equitable
colorings of bipartite graphs, and in [17], Lih gave a good survey for this coloring.
In [23], Zhu gave a survey for Hedetniemi’s conjecture about the tensor product
of graphs. The general problem of deciding if x_(G) < 3 is NP-complete [10]. If,
however, G has a regular or simplified structure we are sometimes able to provide
a polynomial algorithm coloring it in the equitable way. For more details about
this coloring, please see [1], [2], [6], [7], [8], [14], [20], [21], [22].

The Cartesian product of graphs G = (V1, Ey) and H = (Va, Es) is the graph
GUOH with vertex set {(u,z) |u € Vi,z € Va} and edge set

{(u,z) (v,y) |u = v with zy € Ey or v =y with uv € E}.

Graph products are interesting and useful in many situations. For example,
Sabidussi [19] showed that any graph has the unique decomposition into prime
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factors under the Cartesian product. The complexity of many problems, also
equitable coloring, that deal with very large and complicated graphs is reduced
greatly if one is able to fully characterize the properties of less complicated prime
factors.

In the present paper, we study the equitable colorings of Cartesian products
of fans with complete bipartite graphs.

2. Main results

In the following, let s,l,m,n,n’ be all nonnegative integers, F, .| represent the
Fan with vertex set V' (F,41) = {z,21,29,..., 2y}, and H represent a complete
bipartite graph with two parts Y = {y1, 99, ..., ym} and Z = {z1, 29, ..., 2, } where
m > n. We will study the equitable chromatic number and the equitable chro-
matic threshold of the Cartesian product F,,,10H according to the parity of n’
and m.

On the other hand, if n = 1, then H is a star and denoted by K, ;. If n'+1 =2
or n' +1 = 3, then F, 1 is a path or a cycle. In this paper, we always suppose
that n’ + 1 > 3. Clearly, x=(F10H) > x(F11) = 3.
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i) i) @ c oo @ - @0 c oo . @ oo o °
I3 T3 @ c oo oo @ -@ oo oo . @ oo oo °
T4 T4 @ o oo o @ @000 Py @ oo o 'y
Ts Ts PYPEISISIN @ -0 o0 oo Py PRSI .

Fn’—i—l: .

Tyl —4 Tn'—4 @ o o oo oo 0 - @ o oo o ° @ o o0 °
Tp'—3 Tn'—3 @ o o o 0 o 0 - @ 0 0o o . @ o oo °
Tn'—2 Tpt—2 @ c o o oo 0 - @ o 0o o . @ o oo °
Tn'—1 Tnr—1 @ c o cae @ - @ oo oo . @ oo o °
Ty Ly PPN PP o PPN o

Figure 1. The Cartesian product F,,,1LJH

Theorem 2.1. Suppose that m > n > 1,1 > 2 and k > 4. If n' = 2l, then
F . 1OH 1s equitably k-colorable.

Proof. The structure of the Cartesian product graph F,,,10H is represented in
Figure 1.
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Form=2p+1,p>0and s=p+1 (orform=2p, p>1ands=p), we
will sort the vertices of F),, ;0H as following.

(SL’ yl) (SL’ y2) <x7y8> ) ('rla Zl) ) (333, Zl) Y (IQh*h Zl) R (xn’*lv Zl) )

(21, 22), (xg,ZQ) o (Ton1,22) oy (X1, 29) 5 ooy (1, 20) 5 (T3, 20) 5 - - -

(1‘211 1 Zn) o (xn’—la Zn) ) (I% ys+1) ) (ZL’4, ys-i-l) Y (x2h7 ys+1) LA (In’v ys-H) >

($27 ys+2) ($4a ys+2) PR (w2h7 ys+2) Yt (:E;z’ ys+2) PRI <x2a ym) ) ($4> ym) P

(@2 Ym) s+ (Tnry Ym) 5 (T2, 91) 5 (T2, 92) -+ (02, Ys) 5 (Tay y1) 5 (Tay Y2) - (T4, Ys)
(IQha yl) <x2h7 y2) SRR (thv yS) Y (xn’v Z/l) ) (xn/v y2) Y (xn’v yS) )

(JI ) (JI ZQ) ,(LL’, Zn),($17y5+1)7(x3,ys+1>7-~,

(Izh 1) ys+1) ) (xn'—h ys+1) ) (961, ys+2) ) ($3, ys+2) Y

($2h 17y5+2) ,($nf—1,ys+2),---,($1,ym) ) (fs,ym),---,

(xzh 1 ym) (-TCn/—l,ym) ) (561, yl) ) (iﬂl, y2) ceey (96173/5) )

(z3,91), ($37y2) (@3,9s) s (T2n-1,91) 5 (Ton-1,Y2) -+ (Tan-1,Ys)
., (:L‘n/,l, y1), (:Un/,l, Y2) sy (Tr_1,Ys), (T2, 21) , (T2, 22) 5.+, (T2, 2n)

(4,21), (T4 29) 5oy (Tay 20) 5 ooy (Tan, 21) , (T2n, 22) 5 oo oy (Ton, Z0) 5 e oy

(T 21) s (T 22) ooy (T, 20) 5 (T, Ysa1) s (T, Ysaa) s ooy (T, Ym) s

where h is a positive integer and 1 < h < [. It is not difficult to verify that the
smallest cardinality of independent set consisting of consecutive vertices is at least
min{lp +nl+p+1,2pl + 1+ n} for m = 2p+ 1 and min{2lp + n,nl + pl + p} for
m = 2p.

Let

k
where ¢t € [k]. By [ > 2 and k > 4, we have

o — VQHl)(ern)J P {(2l+1)(m+n)+k—1J

0t:{(2l+1)(m+n)+t—1J7

_ (2l+1)lzm+n) (21+1)(m+n)k
] =[]

If m=2p+1, then

WHl)iern)w

o < <min{lp+nl+p+1,2pl + 1+ n}.

If m = 2p, then

0, < [(25 +D(m+n)

1 w < min{2lp + n,nl + pl + p}.

Hence, according to the vertex sorting above, the vertex set of F,,.10H can be
partitioned into k independent sets with cardinality i, 09, ..., 0, respectively.
Therefore F,,,,1OH is equitably k-colorable. u

Theorem 2.2. Suppose that m > n > 1.
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(1) Forn' =4 and 2n —m € {0,+1,£2}, or
(2) forn' =2l,1>3 and m = 2n,
we have that F,,10H is equitably 3-colorable, and then x* (F,10H) = 3.

Proof. (1) Assume that s is a nonnegative integer, then we can partition the
vertex set V' (F,,,10H) into the following three parts:

v _{ (x,y1), (T, y2) ., (2,ys), (x1,21) , (23, 21) , (21, 22) , (w3, 22) 5 -+ -, (X1, 20) }7

(1'3, Zn) ) <x27 y8+1) ) (3:47 ySJrl) ) (l’g, ys+2) ) (.T4, y8+2) 3ty (an ym) ) (113'4, ym)

V, = { (x1,01), (T1,92) - ..

sy ('IQJZH) ) (]}'4,21) ) (I’4, Z?) VIR (5174,2”) 9 (nyS-i-l) ) ('Tays+2) PR (Ihym)

and

‘/E% — { (17273/1) 3 (5’32792) ) ('r27 Z/s) ) (3’347%) ) (LU4, y2) ) (37473/5) ) (LU, Zl) ) (LU, 22) [
(l‘, Zn) ) (:El? ys+1> ) (ZL’3, ys—l-l) ’ (‘rlv y5+2) ) (Ig, ys+2> PRI (x17 ym) ; (ZE3, ym)

where |Vi| =2n +2m — s, |[Va| = 2n+m + s, and |V3| = n + 2m.

Ifm=2n+1and s = n+1, then |V}| = 2n+2m — s = bn+ 1, |W,| =
2n+m+s=5n+2 and |V3| =n+2m =5n+2If m =2n—1 and s = n, then
Vi| = 5n — 2, |Va| = bn — 1, and |V3| = 5n — 2.

If m =2n and s = n, then |Vi| = 2n+ 2m — s = bn, |Vo| = 2n+ m + s = bn,
and |V3| =n + 2m = 5n.

Ifm=2n+2and s = n+1, then |V}| = 2n+2m — s = bn + 3, |W,| =
2n+m+s=>5n+ 3, and |V3| = n + 2m = bn + 4.

Ifm=2n—-2and s =n—1, then |Vi|] = 2n+2m —s = bn — 3, |V4| =
2n+m+s=>5n—3, and |V3| =n+2m = 5n — 4.

(Ilv Z/s) (x?nyl) ) (x3; y2) SRR (373,y5) ) (x27 zl) ’ (va 22) ) } 7

b

Therefore, F,,10H is equitably 3-colorable. By Theorem 2.1, we have x* (F,,.10H) =

3.

(2) Assume that s = n and 1 < h < [, then we will partition the vertex set
V(Fv+10H) into the following three parts:

(%91) ) (%92) PRI (%%) ) ('Tlazl) ’ (ZE3721) PG (th—bZl) P

(ZL‘n/_l, Zl) s ((L’l, 22) s (173, 22) Sy (I’Qh_l, ZQ) Sy (ZEn/_l, 2’2) g ee ey
‘/1 == (xbzn)v(':E3vzn>7"'7(x2h—172n)7"'7<xn’—17zn)7($27y8+1);(x47y5+1)7 9
R (tha ys+1) PRI (xn’a ys+1) ) (*1'27 ys+2) ) (.]74, y8+2) PI) (];2h7 ys+2) )

"'7('rn’7y8+2)7"'7('r27yWL)7(x47ym)7"'7<x2h7ym>7"'7(xn’7yTrL)

(@, 01) s (@1, y2) - (@1, 9s) (T3, 91) 5 (T3, 92) - - -5 (23, Us)
ceey (fzh—1,y1) ) (372h—17y2) Yoy (th—l,ys> Yoy (ﬂﬂn/—l,yl) )
Vo= (@w_1,92) - (Tw-1,Vs) , (¥2, 21) , (T2, 22) , - . -, (T2, 20) ;
(4,21), (Tay22) 5o oy (Tay 20) 5o ooy (Tan, 21) , (T2n, 22) 5 - oy (Tan, 20) s
co (@ z1) s (@ 22) oo (@, 20) 5 (X, Ysi1) s (T, Yst2) s - ooy (2, Ym)
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and
(1’2>y1) ) (517273/2) R ($2ays) ) (517473/1) ) (iL‘4, y2) SR <$4ays) P (x2h7 yl) )
(x2h7y2>7"'7<x2h7y8>7"'7(xn’7y1)7<xn'7y2>7"'7(xn’7y8>7(x721>7
‘/é = (]}'7 22) P (lU, ZTL) 9 («rhys—l-l) ) ($371/3+1> gy (x2h—17 ys+1) ’
) (x’n’—la ys+1) ) (fL‘l, y5+2) ) (CC?,, y8+2> PR (l’gh_h y5+2) yee ey

(xn’—lvys+2) P (xl,ym) ) (x37ym) PRI (th—laym) Yt (xn’—laym)

It is easy to see that |Vi| = (20 + 1)n, |V2| = (20 + 1)n, and |V5] = (21 + 1)n.
Hence F,,10H is equitably 3-colorable. By Theorem 2.1, we have x* (F,,,10H) =
3. .

Theorem 2.3. Suppose that m >n > 1,1 >1 and k > 4. If ' = 2l + 1, then
F 1 OH s equitably k-colorable.

Proof. For m =2p+1,p>0and s=p+1 (or m =2p, p > 1 and s = p), we
sort the vertex set of F,, ;0H as following:

(l’, yl) ) (37, y2) R (xvys) ) ($2a Zl) 9 ($47 Zl) PR ($2h+2> Zl) [ (xn’—ly Zl) 3
(v2,22) , (T4, 22) 5. -, (Tona2, 22) ooy (Bt 22) 5+ ooy (T2, 20) , (T4, 20)
o (Tang2, Zn) s (Twm1, Zn) (T Ysr1) 5 (T3, Yst1) 5 - - (T2nrgts Yst1)
o (T Ysr1) 5 (01, Ysr2) 5 (T3, Ysia) s -5 (T2nrgn, Ysra) 5o
(xn’vys—f—?) ) (xhym) ) (1‘3, ym) I (x2h’+1’ym> PR (In’vym) )
(T1,91) 5 (T1,92) - (21, 0s) 5 (T3, 91) 5 (23, 92) -+ (T3, Ys) 5+
($2h'+1, Z/l) s (Ton g1, 92) - (Towrya, ?/s) 1 (ﬂfn/, Y1) s (T, yz) )
(@, ys) s (T, 21) (2, 29) 5 ooy (2, 20) 5 (T2, Yst1) (T4 Ysgn) s - - - s
($2h+27 Z/s+1) Yo (In'—h ys+1) ) (1‘27 ys+2) ) ($4, ys+2) gy ($2h+2, ys+2) )
cey (l’n/ 15 ys+2) Yoy ($2, ym) ) (1‘4,ym) Yo (I2h+2, ym) Yoy (xn'—hym) )
(xg,y1) (T2, y2) s (¥2,9s), (Ta, Y1) 5 (Tas y2) - (X4, 9s) 5 - - - (Tangas Y1)
(Tont2:Y2) - -5 (Tang2, Ys) oo - s (T, 91) 5 (Tr—1,42) -+ s (Trr—1, Us)
(fﬂ ) (x17z2) (xlazn)7(x?nzl)7(333722)7"'7(3:33271)7"'7
($2h'+1, 21) (th’+17 22) ) ($2h'+1, Zn) Yo (xn/, 21) ) (In', 22) Yo
(l‘n/ Zn) (l’, y8+1> ) (*T7 ys+2> PR (l’, ym) )

where h,h’ are all nonnegative integers, 0 < h <[l —1,and 0 < A/ < [. It is
obvious that the smallest cardinality of independent set consisting of consecutive
vertices in the order above is at least

min{lp+nl+2p+1,2lp+1+n,pl +nl+p+1+n}
when m =2p+ 1 and
min{2lp +n,nl +p(l+2),({ + 1)p +nl + n}

when m = 2p.
Let

”— {(2l+2)(ml—€kn)+t—1J’
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where ¢t € [k]. By [ > 1 and k > 4, we can obtain that

o VQHZ)k(mM)J

<o {(2l—|—2)(m+n)+k—1J _ [(2l+2)(m+n)-‘ < [(21+2)(m+n)-‘.

k k 4
If m=2p+1, then

[(2l+2)im+n)w

op <

<min{lp+nl+2p+1,2lp+1+n,pl +nl+p+1+n}.

If m = 2p, then

{(2l+2)im+n)-‘

op < < min{2lp +n,nl + p(l +2),(l + 1)p+ nl + n}.

Therefore, according to the vertex ordering above, the vertex set of F,, 0H
can be partitioned into k£ independent sets with cardinality oy, 09, ..., 0%, respec-
tively. Hence F,,10H is equitably k-colorable for k£ > 4. O]

Theorem 2.4. Suppose that m > n > 1.
(1) If n' =3, and 2n — m € {0,+1,£2}, or
(2)if 1l >2,n' =214+1 and m = 2n,
then F,y10H is equitably 3-colorable, and x* (F,y10OH) = 3.

Proof. (1) Assume that s is a nonnegative integer, then we can partition the
vertex set V' (F,,410H) into the following three parts:

vlz{ Ex,yl),(x,yg),...,(x,ys)7($2,zl),($2,22),..., T, Zn) }

(
Ty, ys+1) ) <£L'3, y5+1) 9 (xla ySJrQ) ) (ilfg, ys+2) 3oy \ L1, ym) 9 ('T?n ym)

‘/'2 :{ ($2ayl)7(x2ay2)~--7<37273/s)7($1721)7(551722)7--~7(55172n)7 }
(1‘3721)a($3722);---7(1537%);(I,ysﬂ)7(I7ys+2)7~-7($7ym) ’

and

_ (@) (@nye) - (@ ys) s (@3 91) 5 (T3, 42) - (203, 0s)
V}) _{ (xvz1)7(xvz2)7”'7<x7zn>7(x27ys+1)7(x27ys+2)7"‘7(x27ym) }’

where [Vi| =n+2m —s, [Vo| =2n+m, and |V3] =n+ m + s.

Ifm=2n+1and s =n+1, then |V}| =n+2m—s=4n+1, |Vo| =2n+m =
dn+1, and |V3] = n+m+s=4n+2. If m = 2n—1and s = n, then |Vi| = 4n—2,
Vo] =4n — 1, and |V3]| = 4n — 1.

If m = 2n and s = n, then |Vi| = n+2m — s = 4n, |Vo| = 2n +m = 4n,
and V3| =n+m+s=4n. f m = 2n — 2 and s = n — 1, then |V}| = 4n — 3,
Vo =4n—2, and |V3] =4n—3. If m = 2n+2 and s = n+ 1, then |V}| = 4n + 3,
Vo] = 4n + 2, and |V5] = 4n + 3.
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Hence F,,,10H is equitably 3-colorable. Applying Theorem 2.3, we have

(2) Assume that s =n, 0 < h <l —1,and 0 <K' <I. Then we can partition
the vertex set V(F,,10H) into the following three parts:

( (z,y1), (2, 92) - (1, ys), (w2, 21) , (T4, 21) 5+ oy (Tongn, 21) 5oy )
(Tpr—1,21), (T2, 22) , (4, 22) ooy (Tonyo, 22) ooy (Tpro1,22) - 0
V= (2, 2n) , (T4, 20) s+ ooy (Tonaos 2n) s ooy (Tr—1, Z0) (X1, Ysi1)
(5(33, ys+1> PR <x2h’+17 ys—l-l) JC) (xn’a ys—l-l) ) (l‘h ys+2) ) (133, ys+2) ) ’
SR (th’-Ha ys+2) PRI (l’n/, ys+2) PO (1'1, ym) ) (I?nym) )
L (T Ym) 5 - (T, Um)

(x27y1) ) (132792) ER) <I27ys) ) (1347?/1) 3 (1’47?/2) R ('r47ys) [

(x2h+2a yl) ) (m2h+27 yQ) SRR (x2h+27 ys) PRI (xn’—h yl) ) (xn’—la y2) )
Vo=X .o (Tpo1,Ys), (x1,21), (1, 22) 5 ..., (21, 20) s (23, 21) , (23, 22) ,
ey (3}'3, Zn) yoeey (iL‘Qh/_H, Zl) y (x2h’+17 22) yeaey (xgh/_H, Zn) goe ey
($n/7 zl) ) (.’ﬂn/, 22) 7 (xn’a Zn) ) <x7ys+1) g (33', ys+2> [ (xvym>
and

( ('xhyl) ) (xl?yQ) PRI (xlayS) ) (Ig, yl) ) (l’g, y2) cey (m37y8) ) )

oo (@awg,y1) s (Taw g1, y2) - -y (Towg1, Ys) 5o - o
Vi = (In’ayl)v(xn”yQ)7""(1171’795)7(1’721)7(x’22)7""(xazn)a

(@2, Ys+1) , (Tas Y1) s - -+, (T2ns2, Ush1) 5 -y (Tt Ysn)
(T2, Yst2) s (T4, Yss2) 5 - (Tangas Yst2) 5 -+ o5 (Tt Ysya)

. " (33'2, ym) ) (x47ym) PO (x2h+2>ym) PRI (xn’flaym) )

It is obvious that
Vi = [Va| = V3] = (20 + 2)n.
Hence F,,10H is equitably 3-colorable. By Theorem 2.3, we have

X~ (Fy 1 OH)=3. .
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