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Abstract. A Right Ternary Near-Ring (RTNR) is an algebraic system which is a
group under binary addition and a ternary semigroup under ternary multiplication sa-
tisfying the right distributive law. In this paper v-prime ideals where v € {0, 1, 2,3} and
equiprime ideals of an RT'NR are defined and the relationship among them are discussed.
A comparison between v-primitive ideals and v-prime ideals where v € {0, 1,2} is given.
If N is an RTNR then v-prime ideals where v € {0, 1,2, 3, e, ¢} in right ternary N-groups
are defined and their relationships are studied. If A is an ideal of a right-lateral ternary
N-group I, then the interrelationship between the ideal (A : T') of N and A are obtained.
If v =0,1,2,3, c then v-semiprime ideals in RTNR and right ternary N-groups are also
studied.
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1. Introduction

A right ternary near-ring is a generalisation of a near-ring in ternary context. Alge-
braic structures when studied in n-ary context reveal their fundamental properties
in depth.
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Prime ideals in near-rings have been studied by several authors. In 1970,
Holcombe [2] defined v-prime ideals where v € {0,1,2,3}. Booth and Groenewald
[1] presented another generalization of prime rings, called equiprime or e-prime.
Juglal, Groenewald and Lee [3] generalized the various notions of primeness that
were defined in N to the N-group I'. Tasdemir et al. [5] have studied about
different prime N-ideals and IFP ideals in N-groups. The authors have defined
prime ideal and c-prime ideal of an RTNR in [9].

In this paper, v-prime ideals, where v € {0, 1, 2,3}, and equiprime ideals of an
RTNR are defined and the relationship among them are studied. If N is an RTNR
such that [z y z] = [y ¢ 2] V 2,y,2 € N then it is established that v-primitive
ideals of N are v-prime ideals of N where v = 0,1,2. If N is an RTNR then v-
prime ideals where v € {0,1,2,3, ¢, e} in right ternary N-groups are defined and
their properties are studied. If A is an ideal of a right-lateral ternary N-group I,
then the interrelationship between the ideal (A : T') of N and A are obtained. If
v =0,1,2,3, c then v-semiprime ideals in RTNR and right ternary N-groups are
also studied.

2. Preliminaries

In this section, the basic definitions and results needed for the rest of the sections
are given.

Definition 2.1. [11]

(a) Let N be a non-empty set together with a binary operation + and a ternary
operation [ | : N x N x N — N. Then (N, +,]]) is a right ternary near-ring
(RTNR) if (i) (N, +) isagroup (ii) [[ry z]uv] = [z [y zu] v] = [z y [z uv]] =
[z y z uwv] for every x, y, z, u, v € N (iil) [(x +y) z w| = [x z w|+ [y z w] for
every x,y, z,w € N. Similarly left ternary near-ring and lateral ternary near
ring can be defined.

(b) Let N be a right ternary near-ring. Let I be a normal subgroup (N,+).
Then I is called (i) a right ideal of N if [I N N| C I (ii) a left ideal if
[tt'(t"+4)] —[tt' t"] € I (i) a lateral ideal if [t (¢' +4) t"] — [t ¢’ t"] € I for
every t,t',t" € N, i € I. I is called a two-sided ideal if it is a left and right
ideal of N and [ is an ideal of N if it is a left, right and lateral ideal of V.

Definition 2.2. [10]

(a) A non-empty subset M of an RTNR N is called a right ternary subnear-ring
(RTSNR) if (i) (M, +) is a subgroup of N and (ii) [M M M] C M.

(b) A non-empty subset H of N is called an N-subgroup of N if (i) H is a subgroup
of (R,+) (ii) [N N H| C H (iii) [N H N]C H (iv) [H N N] C H. If (i) and
(ii) hold, then H is called a left N-subgroup. If (i) and (iii) hold, then H
is called a lateral N-subgroup. If (i) and (iv) hold, then H is called a right
N-subgroup.
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(¢) An RTNR N is called a trio-RTNR if every one-sided N-subgroup is an N-
subgroup of N.

Definition 2.3. [9]

(a) Let N be an RTNR. Then Ny = {n € N|[n 0 0] = 0} is the zero-symmetric
part of N. If N = Ny then N is called a zero-symmetric RTNR.

(b) Let N be an RTNR. Then an ideal P of N is

(i) a prime ideal if there are ideals X,Y,Z in N such that [X YV Z] C P =
either X CPorY C Por Z C P.

(ii) a completely prime ideal of N if for z,y,2 € N, [z y z] € P = either
re€PoryePorzeP.

(iii) a completely semi-prime ideal if 2* = [z x 2] € P = z € P.
Definition 2.4. [§]
(a) N is azero RTNR if N* =[N N N] = {0}.

(b) If N is an RTNR then an element e € N is a left (resp. right, lateral)
unital element if [e e 2] = = ([x e ¢] = z, [e © ] = z) for every z € N. If
[e e x] = x = [x e €] then e is called a bi-unital element.

(¢) If N is an RTNR then N, = {t € N|[t 0 0] =t} is called the constant part of
N and N is called a constant RTNR if N = N.,.

(d) Anideal I of N is an IFP idealif [abc] € =[aubvc] €l ¥V u,v € N.
Theorem 2.5. [8] An ideal I of N is mazimal iff N/I is simple.
Definition 2.6. [7]

(a) Let (N,+,[]) be an RTNR and (I',+) be a group with additive identity
o. Then I' is said to be a right ternary N-group if there exists a mapping
[Ir : N X N xTI' — I'such that (i) [n+m = v]r = [n 2 vr + [m x v|r
(i) [[n mul xvr =[n[muzlyr=[nmluz ) for all v € I' and
n,m,u € N.

(b) A subgroup A of yI is said to be
(i) an N-subgroup of yT"if [N N Alr C A.
(ii) a normal subgroup of NI'if y+d—v € AV~ el d€A.

(iii) an N-ideal of NI if A is a normal subgroup of xI" and
mx(y+d)r—neyreAVyel,Vie AandV n,z € N.

(¢) A right ternary N-group yI is said to be

(i) simple if {o} and T' are the only ideals of yI" where o is the identity
element of I
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(ii) N-simple if Q and I" are the only N-subgroups of yI', where Q2 = [N, 0 o).
(iii) faithful if (o:I') = {0}.

(d) Let nyI" be a right ternary N-group of an RTNR N. Then for z € N there
exists v € I, N is monogenic by v wr.ito = if [N z v|p = ' and N is
monogenic by ~ if there exists v € I' and for every z € N, [N z v]p =T and
I' is a generator of I'. A right ternary N-group yI' is strongly monogenic if T’
is monogenic and [N = y]r = {0} or I for every z € N and v € T.

(e) A monogenic N-group I with T' # {0} is said to be of type 0 if T is simple,
type 1 if T' is simple and strongly monogenic and type 2 if ' is Ny-simple.

) flzyyr=0=|ruyvyr=0V x,y,u,v € N, v €T then yI' is called
an [FP RTNR.

Theorem 2.7. [7]

(i) If NT' is monogenic by 7o w.r. to x € N and L is a left ideal of N, then
[L x v]r is an ideal of NT

(i1) If NI is monogenic by vo and if e is a left unital element of N, then ¥V v € T,
[e e v]r =17.

Proposition 2.8. [7] Let I be a right ternary N-group. Then NI is of type 2 =
NI is of type 1 = NI is of type O.

Definition 2.9. [6] An ideal I of an RTNR N is called a direct summand of N
if there exists an ideal J of N such that N = I + J. The ideal J is called a direct
complement of I in N. N is called v-primitive on yI' if (0 : I') = {0} i.e., I' is
faithful right ternary N-group and I is of type v. N is v-primitive if there exists
an N-group yI' such that N is v-primitive on yI'. If in N [z y 2] = [y x z] then
an ideal I of N is called v-primitive ideal of N if N/I is v-primitive.

Definition 2.10. [6]

(a) Let N be aright and a lateral ternary near ring. Let I be an ideal of N. Then
a group (I', 4) is called a right-lateral ternary N-group if [ |p : Nx NxI' — T
such that

(i) [n+mz Al = [0zl +[m el
(i) pm4zyr=[nmyr+[nzr
(iii) [[nmu] z~v]r = [n [muz] y]r = [nm [uz 7]r]r for every n,m, z,u € N

and vy € I'.

(b) If A; and A, are any two non-empty subsets of a right-lateral ternary N-
group then (A; : Ag) = {n € N|n z d3r € Ay and [x n dy)r € Ay V2 € N,
dy € A}, Also if for every z,y,2 € N, [vr y 2] = [y ¢ z] and A is an
N-subgroup then (o : A) is an ideal of N.
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3. Prime ideals in RTNR

In this section, v-prime ideals where v € {0,1,2,3,¢} and equiprime ideals are
defined and the relationship among them are studied. In an RTNR with [z y 2] =
[y x 2] ¥V x,y,2z € N, it is shown that v-primitive ideals of N are v-prime ideals
of N where v =0,1,2.

Definition 3.1. Let P be an ideal of an RTNR N. Then
(a) if [A B C] C P = either AC Por BC P or C C P holds for all

(i) ideals A, B,C of N then P is O-prime.
(ii) left ideals A, B,C of N then P is 1-prime.
(iii) N-subgroups A, B,C of N then P is 2-prime.

(b) P is 3-prime if a,b,c € N and [a N b N ¢| C P = eithera € Porb € P or
ce P.

(c) P is completely prime (c-prime) if a,b,c € N and [a b ¢] C P = either a € P
orbe Porce P.

(d) P isequiprime (e-prime) ifa € N—P and z,y € N with [an z]—[any] € P
VneN=zx—yecP.
Equivalently if a ¢ P, b g Pand [anbmz|—[anbmyl € P ¥V n,m €
N = x —y € P then P is e-prime.

Definition 3.2. An RTNR N is said to be v-prime if {0} is a v-prime ideal where
ve{0,1,2,3,c,e}.

Example 3.3. Let N = {0,x,y, 2z} be as given in [4, Scheme 1, p. 408]. Define
+ as in Table 1 and the ternary operation [ | on N by [z y z] = (x.y).z for every
x,1y,z € N where - is defined as in Table 2.

Table 1: Table 2:
+10|x|y| = O|lz|y| =
00|z |y]| = 010 0
x|z |0|z|y |0z x|
y lylz 0] y 1 0lylyly
z|lz|lylz]|0 210 z|2|=%

Since [z y z] = 0 holds only if either s =0ory =0or z=0and [A BC] =0
holds only if either A = {0} or B = {0} or C = {0}, N is v-prime where
v=20,1,2c
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Table 3: Table 4:
+ 102 |y Olx |y
00|z |y 0(0]01]0
z|xz|y|O0 z|0|x|x
y ly|0]x y10lyly

Example 3.4. Let N = {0,x,y} be as given in [4, Scheme 3, p. 407]. Define
+ as in Table 3 and the ternary operation [ | on N by [zyz] = (z.y).z for every
x,1y,z € N where - defined as in Table 4.

Since [a N b N ¢] C {0} holds only if either a =0 orb=0o0r ¢ =0, N is a
3-prime RTNR.

Example 3.5. Let I' = {0,1,2} = Z3 and N = My(I') = {an, ag, as, ay, a5, ag,
a7, ag, a9} where a;’s are defined as given in Table 5.

Table 5:
1 | Qig | Qi3 | Qg | iy | Qg | Q7 | g | (g
Oo,0}0,0[0[0]07]0]O0
1y0jo0ojo0 (121212
o120 ,0]1]2|2]1

Note that {1} (7 is the zero mapping) is an e-prime ideal of N. For if
aj —ag & {on} e, aj # ay then for some t € T', a;(t) # au(t) and also for any
0 # oy € N there exists 0 # x € I' such that oy(z) # 0. Define § : I' — T" by
0(z) =z if z = «a;(t) and 0 otherwise. Then 6 € N and also oy 0 o] # [y 0 oy
e, [oq 0 aj] — [y 0 o] & {aq}. Thus {a1} is an e-prime ideal of N. Hence
(N.+,[]) is an e-prime RTNR.

Proposition 3.6. If P is a left ideal of an RTNR N then P is a left N-subgroup
of N iff [n x 0] € P for alln,z € N.

Proof. It is obvious that if P is a left N-subgroup of N then for all n,x € N,
[n z 0] € P. Conversely let [n x 0] € P for all n,x € N. Now [n z i] =
[nzi+0)—[nz0l+[nx0]=|nxieP V ic P. Hence P is aleft N-subgroup
of N. ]

Proposition 3.7. If P is an e-prime ideal then P is a left N-subgroup of N.

Proof. In view of the above proposition it suffices to prove that [n = 0] € P for
alln,x € N. Now [n00]m [nz0]]—[[n00] m0]=[n00]—[n00]=0¢€ P by
associativity in V. Since P is an e-prime ideal [n 0] —0 € P. ie., [n xz 0] € P.
Hence the proof. .

The following lemmas describe the relationship between any two v-prime
ideals where v € {0, 1,2, 3, ¢, c}.
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Lemma 3.8. Fvery e-prime ideal of an RTNR N is a 3-prime ideal of N.

Proof. Let P be an e-prime ideal of an RTNR N. Suppose for a,b,c € N,
[a NbNc]CPbuta¢g P, b¢g P and ¢ ¢ P. Since [a [n b m] ¢] € P and
[anbm]0le P ¥ nnmeN,[anbm]c]-[lanbm]0eP=c—-0¢cP,
which contradicts the hypothesis. Hence P is a 3-prime ideal of N. n

Remark 3.9. The converse of the above lemma is not true. For if N is as in
Example 3.4 then {0} is 3-prime but is not e-prime as [z y ] — [z y y] € {0} but
x—y ¢ {0}.

Lemma 3.10. Let N be an RTNR. Then every e-prime ideal is a c-prime ideal
of N.

Proof. Let a,b,c € N be such that [a b ¢] € P. Suppose a ¢ P and b ¢ P. Since
P is e-prime, [a b ¢] € P. Hence [a b ¢] —[a b 0] € P = ¢ € P, proving that P is
a c-prime ideal. -

Lemma 3.11. If N is an RTNR with [x y z| =[y x z] V xz,y,z € N then every
c-prime ideal is an e-prime ideal of N.

Proof. Let P be a c-prime ideal of N. Let a € N — P and z,y € N be such
that [an 2] —[an y] € Pforalln € N. Let ¢ € N — P. Now for t € N,
[([anz]—[any])tq e P=|zntlaq —[ynt]aq €P by associativity and
hypothesis. This implies that [(z —y) n t] € P as a,q ¢ P. Hence z —y € P, for
otherwise [(z — y) n t] € P, a contradiction. Hence P is an e-prime ideal of N. m

Lemma 3.12. Let N be an RTNR. Then every 3-prime ideal is a 2-prime ideal
of N.

Proof. Let P be a 3-prime ideal of an RTNR N. Let [A B C] C P for all
N-subgroups A, B,C of N. If either AC P or BC P or C' C P then the lemma
follows. Suppose not. Then there exists a € A, b€ B, c € C' and a,b,c ¢ P with
[@aNbNcJClaNBNcClaBC|C[ABC]CP. Since P is a 3-prime ideal
this implies that a € P or b € P or ¢ € P, a contradiction. Hence P is a 2-prime
ideal of N. .

Remark 3.13. The converse of the above lemma is not true. For if N = {0, z,y}
as in [4, Scheme 2, p. 407] and + is defined as given in Table 6 and the ternary
multiplication | ] is defined as [a b ¢] = (a - b) - ¢ where - is defined as in Table 7.

Table 6: Table 7:
+10|x|y Olz |y
00|z |y 0/01010
z|xz|y|O z|0]0]|x
y | lyl|l0]|x y 010y

Then N is an RTNR and {0} is a 2-prime ideal but is not a 3-prime ideal as
[t N x N z] C {0} but x # 0.
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Lemma 3.14. If N is an RTNR with unital element e then every 2-prime ideal
18 a 3-prime ideal.

Proof. Let P be a 2-prime ideal of N and [a N b N ¢/ C P V a,b,c € N. Then

INNaNbNJC[NNP|CP

Now
[INeaNbcNecJC[NnaNbNcCP
= [Nea|CP or [Nbe] CP or [Nec]CP
= [eeale P or [ebe]eP or [eecleP
= a€P or be P or ceP
Hence P is a 3-prime ideal of N. .

Lemma 3.15. If N is a trio-RTNR then every 2-prime ideal is a 1-prime ideal
of N.

Proof. Let N be a trio-RTNR and P be a 2-prime ideal of N. Then N is zero-
symmetric. Let A, B, C be left ideals of N such that [A B C] C P. Then A, B,C
are left N-subgroups of N and hence are N-subgroups of N as N is a trio-RTNR.
Since P is 2-prime ideal and [A BC] C P, AC Por BC Por C C P. Thus P
is a 1-prime ideal of N. .

Remark 3.16. The converse of the above lemma is not true. For if N =
{0,z,y,2} as given in [ | where + is defined as in Table 8 and the ternary
multiplication [ ] is defined as [a b ¢] = (a - b) - ¢ where - is as given in Table 9.
Then N is a trio RTNR and {0} is a 1-prime ideal but is not a 2-prime ideal as
{0,2} = A (say) is an N-subgroup of N such that [A A A] C {0} but A  {0}.

Table 8: Table 9:
+10|x|y| = Olxz|y|=
00|z |y]| = 0/]0/0]0|0
z|xz|0]z|y z|0]0]0 |z
ylylz|0|x y10]0]0 ]|y
zlz|lylz|0 z10]01]0]z2

Lemma 3.17. If N is an RTNR then every 1-prime ideal of N is a 0-prime ideal
of N.

Proof. Let A, B,C be ideals of N such that [A B C] C P. Since every ideal is a
left ideal and P is 1-prime [A BC]C P=AC Por BC Por C C P. Thus P
is a O-prime ideal of N. .

Remark 3.18. The converse of the above lemma holds if N is commutative.

Lemma 3.19. If N is an RTNR then every c-prime ideal is a 3-prime ideal of N.
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Proof. Let P be a c-prime ideal of an RTNR N. Let [a N b N ¢] C P. Then
[aubwvc| e P forall uyv € N. Since P is a c-prime ideal,

aubvceP =JaubleP or veP or ceP
=a€P or ueP or beP or veP or ceP
=a€P or be P or ceP

as N ¢ P. Hence P is a 3-prime ideal of N. u
Remark 3.20. The converse holds if P is an IFP ideal of N.

Lemma 3.21. If N is a zero-symmetric RTNR then every 2-prime ideal is a
0-prime ideal of N.

Proof. Let P be a 2-prime ideal of a zero-symmetric RTNR. Let A, B, C' be ideals
of N such that [A B C| C P. Then A, B,C are N-subgroups of N and as P is a
2-prime ideal [A BC]C P=AC Por BC Por C C P. Hence P is a 0-prime
ideal. u

Proposition 3.22. If P is an e-prime ideal of an RTNR N and H is an N-
subgroup of N then H N P is an e-prime ideal of H.

Proof. If P is an ideal and H is an N-subgroup of N then it can be easily
seen that H N P is an ideal of H. Now let x,y € H and h € H N P be such that
[hax]—[hayl € HNPYae€ H. fx—y ¢ HNP then [hvz|—-[hvy]l & PYv e N
as P is e-prime in N. This implies that [h u [h v z]] = [h w [h v y]] € P or
[h [u hv] 2] = [h [u h v] y] ¢ P which contradicts the assumption. Therefore
x—y € HNP. Hence H N P is e-prime in H. u

Remark 3.23.
(i) If N is an e-prime RTNR then every N-subgroup is an e-prime RTSNR.
(ii) If N is zero-symmetric e-prime RTNR then every ideal is an e-prime RTSNR.

Theorem 3.24. Let N be an RTNR such that (v y z| = [y z 2| ¥V z,y,z2 € N.
Then

(i) every O-primitive ideal of N is a 0-prime ideal of N.
(ii) every 1-primitive ideal of N is a 1-prime ideal of N.
(iii) every 2-primitive ideal of N is a 2-prime ideal of N.

Proof. (i) Let P be a O-primitive ideal of N. Then N/P is O-primitive. This
implies that there exists a right-lateral ternary N-group yI" such that (o: ') = P
and I' is of type 0. Also for v € I', ' = [N = yw|r # {0} ¥V x € N. Suppose
for ideals A,B,C of N, [ABC|C Pbut AZ P, BZ Pand C € P. It is
noted that as C'is an ideal of N V x € N, [C z I'|[r = [C = [N x Tojr]r C
[Czvwr C[CaxT]p V x € N and hence [C z T'lr = [C' x y|r. Now as
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CZ(o:1),[CxTr=][Cx Ty # {0}. Since C is an ideal [C' x 7|r is an
ideal of yI" and NI is type 0 it follows that [C' x I|r = [C x yoJr = I'. Thus,
[AB[CxTlrlr=[ABT]r =T #{o}. = [ABC|] < (0o:T) = P which
contradicts the assumption that [A B C] C P. Hence P is a 0-prime ideal of N.

(ii) Let P be a l-primitive ideal of N. Then there exists a right-lateral ternary
N-group such that P = (0 : ') where I is of type 1. If A, B,C are left ideal of N
such that [A BC] C Pwith AZ Pand B¢Z P and C Z P. Then [C z T'|r # {0}
and I' is strongly monogenic [C' z T']lp =T'. Hence [A B [C z T|p|r =[A BT|r =
I' # {o} = [A B C] € P, a contradiction to the assumption. Hence P is a 1-prime
ideal.

(iii) Let P be a 2-primitive ideal of N. Then there exists a right-lateral ternary
N-group yI' such that (o : ') = P where I' is of type 2. Since I' is of type
2, I' = [N z y]r # {o} V2o € N. Suppose for N-subgroups A, B,C of N,
[ABC|CPbutAZ P, BZ Pand C Z P. Thenas C € T', [C = |y # {o}.
Also [C z Tr = [C = [N x vlr)r C [C = y|r € [C x I'p. Thus [C z Tr =
[C x vo|r # {o}. Since C'is an N-subgroup of N, [C' z y]r is an N-subgroup of r N
and since I' is Ny-simple, [C z I'|lp =T. Thus [ A BC z 'l = [A BTy =T # {o}
which contradicts [A B C] C P. Hence P is of type 2. .

Proposition 3.25. If an ideal I of N is a direct summand and P is a v-prime
tdeal in N then PN I is a v-prime ideal in I, where v = 0.

Proof. Let A, B, C beideals of I. Then as [ is a direct summand of N, A, B, C' are
ideals of N. Now let ABC]C PNI=[ABC|CPand[ABC|]CI=ACP
or BCPorCCP. ThusACPNlIorBCPNIorC C PNI and hence PNI
is a O-prime ideal in I. A similar argument holds for 1-prime ideal in N. u

Proposition 3.26. If N = N, then every normal subgroup of (N, +) is a 0-prime
tdeal of N.

Proof. Every normal subgroup of (N, +) is clearly an ideal of N.. Let P be
an ideal of N such that [A B C| C P for all ideals A, B,C of N. Consider,
[abc]=1]abc00]=[ab0]=a, wherea € A,be B,ce C. Thus A C P. Hence
P is a O-prime ideal of N. u

Corollary 3.27. N, is a 0-prime RTSNR.

Proof. Since {0} is a normal subgroup of N, and is an ideal of N, by the above
proposition N, is 0-prime RTSNR. n

Proposition 3.28. If N s simple then either N is 0-prime RTNR or N is a zero
RTNR.

Proof. If N is simple then {0} and N are the only ideals of N. If {0} is a
prime ideal of N then N is a prime RTNR. If {0} is not a prime ideal of N then
N3 C {0} but N € {0}. Thus N* = {0} and hence N is a zero RTNR. Proof.

Proposition 3.29. If I is a mazimal ideal in N then I is 0-prime or N® C I.
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Proof. If I is a maximal ideal in N then N/I is simple. This implies that N/I
is 0-prime RTNR or N/I is zero-RTNR. i.e., I is O-prime ideal or N3 C I. In the
following the definition of v-semiprime ideals of an RTNR N is given. n

Definition 3.30. Let N be an RTNR and I be an ideal of N. Then
(a) A* C T = A C I holds for all

(i) ideals A of N then I is 0-semiprime
(ii) left ideals A of N then [ is 1-semiprime
(iii) N-subgroups A of N then [ is 2-semiprime

(b) I is 3-semiprime if [a N a N a]CI=a€lforallaecl
(c) Iis c-semiprime if a® € [ = a € [ foralla el

Definition 3.31. An RTNR N is called a semiprime RTNR if {0} is a semiprime
ideal of N.

Note 3.32. In an RTNR N, every v-prime ideal is a v-semiprime ideal where
ve{0,1,2,3,c}.

Proposition 3.33. The intersection of v-prime ideals of an RTNR N is a v-
semiprime ideal of N, v € {0,1,2}.

Proof. Let H denote the intersection of v-prime ideals P. Then H is an ideal of
N and for any ideal A (or N-subgoup or left ideal) of N, A> C H = A3 C P for
every P = A C P. Hence H is v-semiprime ideal of N. "

Proposition 3.34. If an ideal I of N is a direct summand of N and S is a
v-semiprime ideal of N then SN 1 is a v-semiprime ideal in I where v € {0,1}.

Proof. Let A be an ideal (left ideal) of I. Then as [ is a direct summand of N, A is
an ideal (left ideal) of N. Now let A> C SNI = A3 C Sand A>C I = AC SNI.
Thus SN 1 is a v-semiprime ideal of N where v = 0, 1. u

4. Prime ideals in right ternary N-groups

In this section v-prime ideals in right ternary N-groups are defined and their
interrelationship are studied.

Definition 4.1. Let N be an RTNR and I be a right ternary N-group. Let A
be an N-ideal of I" such that [N N T'|lr € A. Then

(a) if [ABAlr CA=cither [AzT]rCAor[BaTrCAor AYCAVzeN
holds for all

(i) ideals A, B of N and an N-ideal A’ of I" then A is called 0-prime.
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(ii) left ideals A, B of N and an N-ideal A’ of I' then A is called 1-prime.

(iii) N-subgroups A, B of N and an N-subgroup A’ of I' then A is called
2-prime.

(b) A'is 3-prime if [a N b N v]p C A = either [a x T|[r CAor [bxzr C A or
yel'Va,be Nandy el

(¢) A is c-prime (completely prime) if [a b v]r € A = either [a = T']r C A or
bzTlrCAoryeAVabe NandyeTl

(d) A is e-prime (equiprime) if a € N, [a x T|r € AV x € N and 71,7 € T' then
lanmlr—[anprc AVne N=y—ncA

Definition 4.2. A right ternary N-group nI' is said to be v-prime where v €
{0,1,2,3,¢,e} if [N N T'|r # {0} and {o} is a v-prime ideal of yT.

Proposition 4.3. If A is an ideal of a right ternary N-group yI' then A is an
N-subgroup of NT iff [n x ol € A for alln,z € N.

Proof. It is obvious that if A is an N-subgroup of yI' then for all n,x € N,
[n x olp € A. Conversely let [n = o]p € A for all n,o € N. Now [n z 0] =
[nxd+olr—[nazor+[nxor= [nxzdr e A Hence A is an N-subgroup
of NF- |

Proposition 4.4. If A is an e-prime ideal of NI then A is an N-subgroup of yI.

Proof. In view of the above proposition it suffices to prove that [n z o]r € A for
alln,z € N. Now [[n 00] m[n x olr]r—[[n00] mojr =[n0ojr—[n0olr =0¢€ A.
Since A is an e-prime ideal, [n x o]r —o0 € A. i.e., [n z o]r € A. Hence the proof. m

Theorem 4.5. Let A be an N-ideal of NI' such that [N N T'lr £ AV z € N and
veTl'. Then

(i) A is e-prime = A is 3-prime
(il) A is e-prime = A is c-prime
(i) A is c-prime = A is 3-prime

(iv) A is 3-prime = A is 2-prime

)

)

)

)

(v) A is 2-prime = A is O-prime if N is zero-symmetric

(vi) A is 2-prime = A is 1-prime if N is a trio-RTNR

(vil) A is 1-prime = A is 0-prime

(viii) A is 3-prime = A is c-prime if A is an IFP ideal of NI’
)

(ix) A is 0-prime = A is 1-prime if N is commutative.
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Proof. Let A be an N-ideal of yI" such that [N N I'|[r € A

(i)

(vi)

(vii)

(viii)

Let [a N b N ~]r C A where a,b € N, v € I'. Then if either [a x I']lr C A or
bz Tlr € A or v € A then there is nothing to prove. Suppose not. Then
since A is e-prime, [aubvy|r — [aubvOlr € A= [bvyr—[bv0r € A=
~ € I' which is not true. Hence A is 3-prime.

For a,b € N let [a b v]r € A. Then if either [a x T]r C Aor bz T]r C A
or v € A then there is nothing to prove. Suppose not. Then as [a b v]r —
l[a b 0]r € A and A is e-prime, v € A a contradiction. Hence A is ¢-prime.

For a,b € N and v € T consider [a N b N 7]r € A. Then
[awbvAyr € AY u,v € N. Since A is c-prime, [a[u b v]y]r € A,
either [azl)r C Aor [bzl]r CAorye AVaee Nas [NNT|r € A.
Thus A is 3-prime.

Let A be 3-prime in an RTNR N. Let A, B be N-subgroups of N. Let
[A B A'lr € A. Now for every a € A,b € Band ' € A', [a N b N ¢'r =
l[a [N bN]dr C[ABA|r CA. Since A is 3-prime this implies that either
axTrCAorbzlrCAordeAie, [AzTlrCAor [BaxTlp CA
or A’ C A. Hence A is 2-prime.

Let A and B be ideals of a zero-symmetric RTNR N and A’ be an ideal of yT'
such that [A B A'lr € A. Then by hypothesis it follows that [A z T']p C A
or [ BxT|lr CAor A'CAVxe N. Hence A is O-prime.

Let N be a trio-RTNR. Then N is zero-symmetric. Let A and B be left ideals
of N and A" be an ideal of N such that [A B A'lr CA. Then [AzT')p C A
or [BzT]r CAor A" C A asAis2-prime and N is zero-symmetric. Hence
A is 1-prime.

Let A and B be ideals of an RTNR N such that [A B A']lr C A. Since A, B
are left ideals and A is 1-prime, either [A z T'Jr C Aor bz I'lr € A or
A’ C A. Hence A is O-prime.

Let a,b € N and v € I" such that [a by]r € A = [a u bv y]r € A for every
u,v € N. Thusa NONAr CA=axzl]rCAorfazr CAorvyel.
Hence A is c-prime.

Let A and B be left ideals of N and A’ be an N-ideal of y5I' such that
l[a b A'lr € A. Since N is commutative every left ideal of NV is an ideal of
N and since A is O-prime, either [Az Il CAor [Bz Ilr CAor A’ C A,
V x € N. Hence A is 1-prime. .

Proposition 4.6. If N is an RTNR with unital element e and xI' is monogenic
then every 2-prime ideal is a 3-prime ideal.
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Proof. Let A be a 2-prime ideal of y["and [a N b N ~]r C A ¥V ~ € I'. Consider

[NeaNbcNeyrC[NNaNbN~yrCA
=[[NealzT]rCAor|[[Nbe]zT]rCAor|[Nevyr CA
=[leealzlrCAorflebe]xlrCAorfeeqyreA
=[laxzT]rCAor[balr CAoryeA, by Theorem 2.7 (ii).

Hence P is a 3-prime ideal of N. .

Proposition 4.7. Let N be an RTNR such that [x y z] = [y x 2]V x,y,2 € N. Let
A be an N-ideal of a right-lateral ternary N-group. Then Q = (A :T) ={x € N |
[tnyr€Aandnzyre€A, ¥VyeTl} isan ideal of N.

Proof. Let N be an RTNR such that [z y 2] = [y « 2] V 2,y,2 € N. Then N
is a right and lateral ternary near-ring and hence [0 n v]r = 0 = [n 0 4]p. Thus
0 €. As A is a subgroup of I', () is a subgroup of N. Let u € N and z € Q.
Then u+z—un~r=unyr+znyr—|junyrand n u+z—u~| =
muylr+nzyr—[nuyr ¥V v €Tl are in @, showing that @ is normal
in N. Let H=[Q N N|. Then h = [z w v] where z € @ and w,v € N. Now
hnrle = [pwonale = [pw ) € Aand [nhalr = [pzwoalr = 12 7] € A.
Thus () is a right ideal of V.

Since [z y 2] = [y x 2] ¥V x,y,2 € N and [Q N N|] C @ it follows that
[N @ N] C Q. Thus @ is a lateral ideal of N. For u,v,w € N and x € @

[[uvw+z]—[uvw] nyp
=uvw+znyr—|uvwnylr
=[uv[wnylr+[znAr]r—[uv[wnArlr € A,
as A is an ideal of yI'. Also
m(uvw+zl—uvw)ylr=[nuv]w+zvr—[nuvwyr
=[nuv]wylr+[nuv]zyr—I[nuv]wyr €A,
as r € (Q and A is normal in I'. Thus @) is an ideal of N. .

In the following lemma, the interrelationship between A and the ideal quotient
Q is given.

Lemma 4.8. Let N be an RTNR such that [x y z] = [y 2| ¥V x,y,2 € N. Let
A be an N-ideal of a right-lateral ternary N-group. Then

(i) A is 2-prime = Q is 2-prime
(ii) A is 3-prime = Q is 3-prime
(iii) A is c-prime = @ is c-prime
(iv) A is e-prime = @Q is e-prime

)

(v) A is 0-prime = @ is 0-prime if yI' is monogenic.
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Proof.

(i) Let A, B,C be N-subgroups of N such that [A B C| C Q. If either A C Q
or BC Q or C C @ then (i) follows. Suppose [Az T|r Z Q, [BzT|r £ Q
and [C 2 T'r Z Q. Since [ABC|z[r CA[AB[Cz|Ilr CAVyel
and z € N. Also as A is 2-prime either [A z T|lp € A, or [B z [l C A
or [Cz v)r € AV~ €I which contradicts the assumption. Hence @ is
2-prime.

(ii) Let a,b,c € N be such that [a Nb N ] C Q. fac Qorbe QorceqQ
then (ii) follows. Suppose not. Also[a Nb N [czv]rr € A= [axzT]r C A
orfbzllrCAorfceyre A Y zeN~yel. ==acQorbeor
¢ € (), a contradiction to the assumption and hence @) is 3-prime.

(iii) Let a,b,c € N be such that [a b ¢] € Q. Suppose a € Q, b & Q and ¢ & Q.
Then forz € Ny [ax Tlr Z A, [bx Tr € A and [c 2 T'|r € A.

Now [abcl e @ =abcaxllr CA=abcxyre AVyel =
[axTlr CAor[bxr CAorczvy|r €A which is a contradiction to the
assumption. Hence () is c-prime.

(iv) Let for a,z,y € N witha € Q,[anx]—[anyl € QVneN.
=llanz]—[anyltylr€e A, VieN=[an[zty|r]r—]anlyty]r]r € A

= [an yr — [an y|r € A where vy =[x t ¥]r, %2 = [y t V]r.

=mn—rclAasfaxlrZA=[ztyr—[ytyreA
=x—ytyreA=zc—-yeQ.
Hence @) is an e-prime ideal of N.

(v) Let A, B,C be ideals of N such that [A B C] C @ if either [A z I'l[r C A
or [BzxTr CAor|[C zr CA then there is nothing to prove. Suppose
AZQ,BZ Q and C € Q. Since I' is monogenic there exists vy € I' such
that [N x yo)r = I'. Since [C' 2 T|r € A, [C = yw|r € A. Since [C' = y|r
is an ideal of I" with [C' z ywlr € Aand [Az [r Z Aand [Bz [l € A
and A is 0-prime it follows that [A B [C' x y]r)r € A. This implies that
[A B C] € @ which contradicts the assumption. Thus @ is O-prime. .

Proposition 4.9. Let N be a zero-symmetric RTNR such that [z y z] = [y x 2]
Vz,y,z € N and let the right lateral ternary N-group yI' be monogenic. Then an
N-ideal A of NI is an IFP N-ideal of yT.

Proof. Let a,x € N and v € I be such that [a z v]r € A. Since yI"is monogenic
there exists 79 € I' and u € N such that [N y ylr = = v = [n y yo|r for some
neN.Now[auzvyr=lauzvnyywr=[uavenyywr=[uwavzey=
[uvfazyrlr €[N NAlr CA. Thus[azvyr € A= [auzvy]r € AVu,v € N.
Hence A is an IFP N-ideal of yT. n

Theorem 4.10. Let N be a zero-symmetric RTNR such that [x y z] = [y x 2]
V x,y,z € N. Let A be an N-ideal of right-lateral monogenic ternary N -group
~I'. Then A is e-prime ideal iff A is c-prime ideal of yT.
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Proof. If A is e-prime, by Theorem 4.5 (i) and (viii) and the above proposition
A is c-prime.

Conversely let A be c-prime. Let a € N with [a z I'lr € A and v,7 € T
be such that [a n v1]r — [a n %)r € AV n € N. Since I' is monogenic there
exists v9 € I' such that [N x vw|r =T = u,v € N such that v, = [u & Y]r and
2 = [v & Yr. Consider, [a n yi|r —[a n Yolr = [([n a u] — [n a v]) z y]r € A =
[([nau]—[nav])yllr CAorq € AYye N by the hypothesis.

If o € Athenl' = [N z ywlr € [N N Alr € A which is not true as
[INNT]rZA. Thus [[naul—[nav]yyrCA=[nau]—[nav]e(A:T).

Also since (A : I') # N there exists ¢ € N and ¢ ¢ (A : T'). Consider
[maul—[nav]zqg e(A:T)=[nuz]—[nvzaq € (A:T), by the given
condition.

Since A is ¢-prime by Lemma 4.8 (iii) (A : I') is ¢-prime.

Hence [nuw z] —[nwvz] € (A:T)orae (A:T)orqge (A:T). Since
g (A:T)andjazTr € A, [nuzl—[nvz € (A:T). This implies that
[nuzltq—[nvz]tqe(A:T)Vte N=[unztq—vnztqge(A:T)=
[u—vnztgqe(A:T)=u—ve(A:T)ornztje(A:T)orqge (A:T). If
[nzt] C(A:T)then N C (A :T) which is not true. Also ¢ ¢ (A : T"). Hence
u—veEA:I)=u—vaeywpreA=uzrywr—[vewreA=y—"7cA.
Thus A is e-prime. Hence the proof. u

Proposition 4.11. Let N be an RTNR such that [v y z| = [y 2] V x,y,z € N.
Let A be an IFP N-ideal of a right-lateral ternary N-group yI'. Then (A : T) is
an IFP ideal of N.

Proof. Let [a bc] € (A:T) for a,b,c € N.

=labczryreAVyel,ze N=Jaubv|cxyrr€e AVuveN

= llaubvcdrzyreA=laubvc e (A:T).

Thus (A : T) is an IFP ideal of N. .

Lemma 4.12. Let N be an RTNR such that [xy z| = [y x 2]V x,y,z2 € N. Let A
be an N-ideal of right-lateral monogenic ternary N-group such that Q@ = (A : T))
is 3-prime. Then A is 3-prime in yI.

Proof. For a,b € N andy €T let [a N b N ~]r C Q. Suppose A is not 3-prime.
Then a ¢ Q, b ¢ Q and v &€ A. Since yI' is monogenic there exists 79 € T,
x € N such that [N x ylr =T = v = [n x v|r for some n € N. Since v € A,
mxywrédA=ng(A:T). Alsosincea € Q,b¢ Q and n & Q,

[aNbNnZQ=[aNbNn]Z[A:[N x|
=[aNbNntuxylrlr € Aforalue N
=[aNbON[turrr €A as [z y z] =y x 2]
S e NbN A ZQ,

which contradicts the hypothesis. Hence A is 3-prime in T n
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Corollary 4.13. If N is an RTNR such that [x y z] = [y x 2] V z,y,2 € N and
A is an ideal of right-lateral monogenic N-group such that (A : T') is c-prime then
A is 3-prime in NI

Proof. If ) is c-prime then by Lemma 3.19 @ is 3-prime and hence by the above
lemma the corollary follows. u

5. Semiprime ideals in right ternary N-groups

In this section, v-semiprime ideals of a right ternary N-group are defined where
v € {0,1,2,3,c} and their properties are discussed.

Definition 5.1. Let N be an RTNR and A be an N-ideal of a right ternary
N-group yT' such that [N N I'|[r € A. Then

(a) if [A32T]r CA=[AzT)r CAVzeN holds for all

(i) ideals A of N then A is O-semiprime.

(ii) left ideals A of N then A is 1-semiprime.

(iii) N-subgroups A of N then A is 2-semiprime.
(b) A'is 3-semiprime if [a Na Ny r CA=laxyr€ AVa,x € NandvyeT
(¢) Ais c-semiprimeif [aa [aay|rlr € A= [axyr€e AVz,ae N, vel.
Definition 5.2. A right ternary N-group yIis called v-semiprime (v = 0,1, 2, 3, ¢)
if [N N T'|r # {0} and {o} is v-semiprime ideal of yI.
Lemma 5.3. Let N be an RTNR and y1' be a right ternary N-group. Then every
0-prime N-ideal of NI is 0-semiprime N-ideal of yT .

Proof. Let A be an ideal of N such that [4® z T|r C A. Suppose [A x T|r €
A Y z € N. Then there exists v € I and v ¢ A such that [A z v]r Z A.

Since [A x v|r is an N-ideal of yI" and [A A [A  v]r]r € A and A is 0-prime,
[A x T]r € A which contradicts the assumption. Hence yT is 0-semiprime N-ideal
of NF. |

Remark 5.4. Using a similar argument given in the proof of the above lemma
it can be easily proved that every v-prime N-ideal of a right ternary N-group is
v-semiprime N-ideal if v = 1,2. The case for v = 3, ¢ follows from the definition
v-prime and v semiprime N-ideal of yT'.

Proposition 5.5. Let A be an N-ideal of a ternary N-group yI'. Then
(i) A is c-semiprime = A is 3-semiprime
(ii) A is 3-semiprime = A is 2-semiprime
(iii) A is 2-semiprime = A is 1-semiprime
)

(iv) A is 1-semiprime = A is 0-semiprime if N is a zero-symmetric RTNR.
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Proof.

(i) Let A be a c-semiprime N-ideal. Let a € N and v € I' be such that
[a N a N~ €A. Then [a a [a a v|r]r € A. Since A is c-semiprime,
l[ax y]r € AV 2z € N. Thus A is 3- semiprime.

11) Suppose 1S 3-semipriume. et e an N-subgroup o such that
ii) S Ais 3 Ipri Let A b N-sub f N h th
[A*2T] C A. Then [@®> 2 ylr € AVa€ A ve M.

Consider [a N a Ny C[ANANT|p C[AAT]r C A. Since A is
3-semiprime this implies that [a  7]r € AV 2 € N. Hence [A z I'lp C A.
Thus A is 2-semiprime.

(iii) Suppose A is 2-semiprime. Let A be a left ideal of N such that [A% z T']r C A.
Suppose [A x Tlp € AV x € N. Then there exists v € T such that
[A x v]r € A. Since A is left ideal of N then a is a left N-subgroup of N
and hence [A z ~]r is an N-subgroup of r. Also [A A [A z ¥]r|r € A and as
A is 2-semiprime = [A x '] € A which contradicts the assumption. Hence
A is 1-semiprime.

(iv) Let A be l-semiprime. Let A be an ideal of N such that [A% x T]r C A
V 2z € N. Suppose [A z I'|lr € V 2 € N. Then there exists v € I' such that
[A z v]r € A. Since [A z ]r is a left ideal of yI" and [A A [A z v]r]r C A
and A is 1-semiprime, [A = ['Jr € A which contradicts the assumption.
Hence A is 0-semiprime. u

Proposition 5.6. If A is an IFP N-ideal of NI then A is 3-semiprime = A is
C-Semiprime.

Proof. Let a € N and v € T be such that [¢®* 2 Tr €e A = [@®> uxz v A]r € A
for every u,v € N. Thus [@> Na Ny CA=[a[manaulzvzyrCAor
[@aNaNArCA=lazTr CA=[azx7]r €A Hence A is c-semiprime. =

Lemma 5.7. Let N be an RTNR such that [x y z] = [y © 2| ¥V x,y,z2 € N. Let
A be an N-ideal of a right ternary N-group of yU'. Let Q = (A :T'). Then

(i) A is a 0-semiprime N-ideal of NI' < @ is a 0-semiprime ideal of N
(ii) A is a 1-semiprime N-ideal of NI' < Q is a 1-semiprime ideal of N
(iil) A is a 2-semiprime N-ideal of NI & Q is a 2-semiprime ideal of N
)

(iv) If A is a 3-semiprime N-ideal of NI' then Q = (A : T') is a 3-semiprime
ideal of N.

(v) If A is a c-semiprime N-ideal of NT' then Q is a c-semiprime ideal of NT.

Proof. (i) Let A be an ideal of N such that 4> C Q = [A*> 2 T]r C A =
[AA[AxT]rr CA. Since A is 0-semiprime [A z T')lp € A = A C Q. Conversely
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let A be an ideal of N such that [A®> x Tl C AV z € N, A3 C Q. Since A is
0-semiprime ideal A C Q). This implies that [A x T']r € A = A is 0-semiprime.

(ii) and (iii) A similar argument as in (i) can be used to prove (ii) and (iii).
(iv) Let @ € N be such that [aNaNa] € Q. Then aNaNaz~lr C A

Vz € N and v € I'. This implies that [a N a N 7/[r C AV 4 € I'. Since A is
3-semiprime, [a z T']r € A = a € Q). Hence @ is 3-semiprime ideal of N.

(v) Let @ € N be such that a® € Q. Then [a® x y[r € AV 2z € N and v € T.
Now by hypothesis [a z y]r € AV~ € I". This implies that [a z T']r CA = a € Q.
Thus () is a c-semiprime ideal of N. .

6. Conclusion

In this paper different prime idals in RTNR and right ternary N-groups were
defined and their structural properties were investigated. Semiprime ideals were
also defined in both the contexts. The interconnection between (A : I') and A
were discussed. For future work radicals of an RTNR may be considered and
their properties can be studied. Furthermore multiplication modules as in the
binary case may be defined in the ternary context and the converse of the results
involving (A : I') may be explored.
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