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Abstract. In this paper we present an intuitionistic general L-fuzzy automaton (IGLFA)
based on lattice valued intuitionistic fuzzy sets [2]. In this note, we define («,f3)-
language, (o, )-complete, («, 3)-accessible, (o, 3)-reduced for an IGLFA over a bounded
complete lattice L, where o, 5 € L and o <; N(f). In particular, we prove a theo-
rem which is generalization of Myhill-Nerode theorem in ordinary deterministic au-
tomata. In other words for any recognizable («a, 3)-language over a bounded complete
lattice L, there exist minimal (¢, 3)-complete and deterministic IGLFA, which preserve
(a, B)-language, where o, € L and o <j N(f). Also, we show that for any given
(a, B)-language £, the minimal («, 3)-complete and deterministic IGLFA recognizing £
is isomorphic with threshold («, 3) to any («, 3)-complete, («, 3)-accessible, determi-
nistic, (a, )-reduced IGLFA recognizing £. Moreover, we give some examples to clarify
these notions. Finally, by using these notions, we give some theorems and obtain some
results.

Keywords: Max-min intuitionistic general L-fuzzy automata; («, 3)-language; (o, 3)-
reduced; Minimal intuitionistic general L-fuzzy automata; («, 3)-isomorphic.

1. Introduction

The theory of fuzzy sets was introduced by L.A. Zadeh in 1965 [40]. W.G. Wee
[35] introduced the idea of fuzzy automata. E.T. Lee and L.A. Zadeh [21] in 1969
gave the concept of fuzzy finite state automata. Thereafter, there were a conside-
rable number of authors, such as Mordeson and Malik [22], [23], Topencharov and
Peeva [33] and others having contributed to this field. Fuzzy finite automata have
many important applications such as in learning system, pattern recognition, neu-
ral networks and data base theory [14], [15], [22], [25], [26], [29], [36]. Atanassove
[1] has extended the notion of fuzzy sets to the intuitionistic fuzzy sets (IFS) by
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adding non-membership value, which may express more accurate and flexible in-
formation as compared with fuzzy sets. Intuitionistic fuzzy set theory has many
applications in several subject, see [5], [6], [9], [11], [16], [18], [19], [34], [7]. Using
the notion of intuitionistic fuzzy sets, W.L. Jun [17] introduced the notion of
intuitionistic fuzzy finite state machines as a generalization of fuzzy finite state
machines. Based on the papers [17], [18], Zhang and Li [41] discussed intuitionis-
tic fuzzy recognizers and intuitionistic fuzzy finite automata. K. Atanassov and
S. Stoeva generalized the concept of IFS to intuitionistic L-fuzzy sets [2] where
L is an appropriate lattice. A. Tepavcevic and T. Gerstenkorn gave a new defini-
tion of lattice valued intuitionistic fuzzy sets in [32]. Thus, on the basis of lattice
valued intuitionistic fuzzy sets, Yang et al. [38] introduced the concepts of lattice-
valued intuitionistic fuzzy finite state machines. In 2004, M. Doostfatemeh and
S.C. Kremer [10] extended the notion of fuzzy automata and gave the notion of
general fuzzy automata. In 2014, M. Shamsizadeh and M.M. Zahedi [31] gave the
notion of max-min intuitionistic general fuzzy automata. We will use bounded
complete lattices as the structures of truth values. Note that usually the real
unit interval [0, 1] is used in the literature (the reader not familiar with lattices
may, without any harm, substitute [0, 1] for bounded complete lattices through-
out the paper). Our paper deals with intuitionistic general fuzzy automata over
a bounded complete lattice L, where endowed with a t-norm 7', a t-conorm .S,
the least element 0 and the greatest element 1, denoted by L = (L, <., T,S,0,1).
State minimization is a fundamental problem in automata theory. There are many
papers on the minimization problem of fuzzy finite automata. For example, mini-
mization of mealy type of fuzzy finite automata in discussed in [4], minimization
of fuzzy finite automata with crisp final states without outputs in studied in [3],
minimizing the deterministic finite automaton with fuzzy (final) states in [24]
and minimization of fuzzy machines becomes the subject of [28], [27], [30], [33].
Myhill-Nerode’s theorem has been extended to fuzzy regular language and also an
algorithm is given for minimizing the deterministic finite automaton with fuzzy
(final) states in [20], [24]. It is important to find the minimal intuitionistic gene-
ral L-fuzzy automata that recognizes the same language as a given language. In
this note, for a given complete lattice L = (L, <., T,S,0,1), we define an (a, 3)-
language, where o, € L, < N(f). Furthermore, we show that for any max-
min IGLFA F* there exist («,)-complete, (a,3)-accessible and deterministic
max-min IGLFA recognizing £(F*), where «, 8 € L,a <;, N(3). Also, we prove
a theorem which is generalization of Myhill-Nerode theorem in ordinary determi-
nistic automata. In other words, we have shown that for any («, 3)-language, there
exist minimal (o, 3)-complete and deterministic intuitionistic general L-fuzzy au-
tomata (IGLFA). Also, we define an («, #)-reduced IGLFA. We show that for any
given («, 3)-language £, the minimal («, 3)-complete and deterministic IGLFA
recognizing £ is isomorphic with threshold («, 3) to any («, 3)-complete, (a, 3)-
accessible, deterministic, («, 3)-reduced IGLFA recognizing £. Moreover we give
some new notions and results as mentioned in the abstract and some examples to
clarify these new notions.
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2. Preliminaries

In this section we give some definitions that we need in the sequel. Assume that
E' is an universal set. A fuzzy set A on E is characterized by the same symbol A
as a function A : £ — [0,1] where A(u) € [0, 1] is the membership degree of the
element u € E [40].

Definition 2.1 [1] Let A be a given subset on E. An intuitionistic fuzzy set
(IFS) AT on E is an object of the following form

AT = {(z, pa(x),va(@)) | © € B},

where the functions ps : £ — [0,1] and v4 : £ — [0,1] define the value of
membership and the value of non-membership of the element x € E to the set A,
respectively, and for every z € E, 0 < pa(z) +va(z) < 1.

Obviously, every ordinary fuzzy set {(z, pa(z)) | € E} has an intuitionistic
form {(x, pa(z),1 — pa(z)) | v € E}. f ma(x) =1 — pa(z) —va(z), then my(z) is
the value of non-determinacy (uncertainty) of the membership of element z € F
to the set A. In the case of ordinary fuzzy sets, where v4(x) =1 — pa(x), we have
wa(z) =0 for every x € E.

In the rest of this paper, we denote the set AT by A.
Let L = (L,<r,0,1) be a bounded (complete) lattice. By an L-fuzzy set A on
E we mean a function A: E — L [12].

Definition 2.2 [37] Let L = (L,<.,0,1) be a bounded lattice. A binary ope-
ration 7' : L x L — L is a lattice t-norm (Lt-norm) if it satisfies the following
conditions:

1. T(1l,z) = =z,

2. T(z,y) =T(y, »),

3. T(e,T(y, %) = T(T(x,y), 2),

4. if w <p z and y <y, z, then T'(w,y) <p T(z, 2).

Definition 2.3 [37] Let L = (L, <,0,1) be a bounded lattice. A binary opera-
tion S : L x L — L is a lattice t-conorm (Lt-conorm) if it satisfies the following
conditions:

1. S(0,z) ==,
2. S(z,y) = S(y, 2),
3. Sz, S(y,2)) = S(S(z,y), 2),

4. if w <p xz and y <y, 2z, then S(w,y) <p S(z, 2).
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In the rest of this paper, we denote D(x1, D" (29, ..., xpy1)) by D™(x1, T2, ooy Tpy1)
where D is an Lt-norm or an Lt-conorm on lattice L, D°(x) = x and D'(z,15) =
D(z1, ), for any n > 1.

We recall from [8] that L* : {(z,y) € [0,1]*|0 < x4y < 1} is a complete lattice
with the order defined by

(1, 22) < (y1,y2) if and only if x; < y; and yy < xo.

Definition 2.4 [2] Let X be a nonempty set and L be a complete lattice with an
involutive order reversing unary operation N : L — L. An intuitionistic L-fuzzy
set is an object of the form A = {(x,u(z),v(x)) | *x € E}, where p and v are
functions p : E — L,v : E — L, such that for all z € X, u(x) < N(v(z)). We
use the abbreviation ILFS for intuitionistic L-fuzzy set.

Definition 2.5 [13] Let L C X* and consider the relation ~;, on X, where z ~p y
if and only if, for all z € X* 2z € L <= yz € L.

From now on, we let L = (L, <., T,S,0,1) be a complete lattice, where en-
dowed with an Lt-norm 7', an Lt-conorm S, the least element element 0 and
the greatest element 1, also with an involutive order reversing unary operation
N:L— L.

Note 2.6 Let A, B € L. In this note we assume that A <; B if and only if
A <; B and A # B. We also assume that A >, B if and only if B < A.

3. Intuitionistic general L-fuzzy automata

Definition 1.1 An intuitionistic general L-fuzzy automaton (IGLFA) F is a ten-
tuple machine denoted by F' = (Q, X, R, Z,6,w, F1, F», F3, Fy), where

e () is a set of states,

e X is a finite set of input symbols, X = {ay,as, ..., an},

e R is the ILFS of start states, R = {(q, 1" (¢),v"(q)) | ¢ € R}, where R is a
finite subset of (),

e 7 is a finite set of output symbols, Z = {by, bs, ..., b},

d:(QxLx L) x X x Q — L x L is the augmented transition function,

e :(QxLxL)xZ— LxLis the output function,

o F| = (FI',F®), where F' : L x L — L is an Lt-norm and it is called
the membership assignment function. Ff(u,d;) as is seen, is motivated by two
parameters p and 01, where p is the membership value of a predecessor and ¢,
is the membership value of a transition. Moreover, F° : L x [ — L is an Lt-

conorm, where is the dual of F{ respect to the involutive negation and it is called
non-membership assignment function. F(v,d,) as is seen, is motivated by two
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parameters v and do, where v is the non-membership value of a predecessor and
09 is the non-membership value of a transition.

In this definition, the process that takes place upon the transition from the
state ¢; to g; on an input ay, is given by:

(1.1) e = 0(q, 1 (@), v (@), ar, ;) = F{ (1 (@), 61(qi, ax, q5)),
(1.2)  "Mg) = 6ol (), V" (@), aw, q5) = FY (V' (q0), 02(qi, an, g5)),

(1.?)) 5((Qiaﬂt(~qi)7yt(ql'))vak>Qj) .

= (51((% :ut(ql')> Vt(ql'))’ Ak, Qj)> 62((%’7 “t(Qi)a Vt(‘]l'))» Ak, Qj)),

where, §(¢;, ax, q;) = (01(¢, ak, q;), 02(¢i, ax, ¢;)), which ¢ is an ILFS. It means that
the membership value of the state ¢; at time ¢ + 1 is computed by the function
FI' using both the membership value of ¢; at time ¢ and the membership value
of the transition. Also, the non-membership value of the state ¢; at time ¢ 41
is computed by function F¥ using both the non-membership value of ¢; at time ¢
and the non-membership value of the transition.

Considering (1.1), (1.2) and Definitions 2.2, 2.3 and 2.4, § is an ILFS.

o [t = (F], FY), where Ff : L x L — L is an Lt-norm and it is called the
membership assignment output function. Fy (u,w;) as is seen, is motivated by
two parameters p and wq, where p is the membership value of present state and
wy is the membership value of an output function. Moreover, Fy : L x L — L is
an Lt-conorm where it is the dual of FJ respect to the involutive negation and
is called non-membership assignment output function. FJ(v,w;) as is seen, is
motivated by two parameters v and ws, where v is the non-membership value of
present state and ws is the non-membership value of an output function. Then,
we have

(1.4) O1((gi, 1"(q0), V(@) bk) = Fy3 (1" (qi), w1 (g4, bn)),
(1.5) Do ((gis ' (i), V(@) bk) = Fy (V' (i), walqi, bw),
thus,

@((qi, 1 (qi), V' (a:)), br)
= ((Ijl((qw :ut(Qi)a Vt(Ql'))? bk)7@2((%’ ,ut(qi)» Vt(‘]i))’ bk))’

where, w(q;,br) = (w1(q, br),w2(qi, b)), which w is an ILFS. It means that the
output membership value of the state ¢; at time ¢ is computed by the function
F¥ using both the membership value of ¢; at time ¢ and the membership value of
the output function, also output non-membership value of the state ¢; at time ¢
is computed by function Fy using both the non-membership value of ¢; at time ¢
and the non-membership value of the output function.

(1.6)
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Considering (1.4), (1.5) and Definitions 2.2, 2.3 and 2.4, @ is an ILFS.

o Fy = (FIS FYT), where FYT : [* — L is an Lt-norm and it is called
the multi-non-membership function. The multi- non-membership resolution func-
tion resolves the multi-non-membership active states and assigns a single non-
membership value to them. Moreover, F1° : L* — L is an Lt-conorm, where it is
the dual of FyT respect to the involutive negation and it is called the multi-
membership function. The multi-membership resolution function resolves the
multi-membership active states and assigns a single membership value to them.

o Fy = (FI'S FPT), where FYT : L* — L, is an Lt-norm and it is called
the multi-non-membership output function. The multi-non-membership resolu-
tion output function resolves the output multi-non-membership active state and
assigns a single output non-membership value to it. Moreover, F{® : L* — L, is
an Lt-conorm, where it is the dual of FT respect to the involutive negation and
is multi-membership output function. The multi-membership resolution output
function resolves the output multi-membership active state and assigns a single
output membership value to it.

Let Qac(ti) be the set of all active states at time t; for all i > 0. We have
Qact(tO):R and Qact (tz):{(Q7 /’Lti (q)a vl (Q>> | El(qla /Jlti_l (q,)a Vti_l(q/>) € Qact (tifl)a
Jda € X,6(¢,a,q) € A, u'i(q) > 0} for all positive integer i.

Since Qqq(t;) is an ILFS, to say that a state ¢ belongs to Qu.(t;), we write
q € Domain(Q.«(t;)) and for simplicity of notation we denote it by ¢ € Quet(t;).
The combination of the operations of functions F{l and FJ® (FY and Fy7T) on
a multi-membership (multi- non-membership) state ¢; will lead to the multi-
membership (multi-non-membership) resolution algorithm. Also, the set of all
transition of IGLFA F is denoted by A.

Algorithm: Multi-membership resolution (multi-non-membership resolution)
for transition function.

If there are several simultaneous transitions to the active state g; at time t+1, then
the following algorithm will assign a unified membership value (non-membership
value) to that

1. Each transition membership value (transition non-membership value)
01(qis ak, ¢j) (02(qi, ax, q;)) together with u'(q;) (v'(¢;)), will be processed
by the membership (non-membership) assignment function F{ (F?) and
will produce a new membership value (non-membership value) as follows:

01((qi, 1 (@), V(@) any @;) = FE (pt(a:), 01(qi, an, q5)),

(52((Qi7ﬂt(%),Vt(Qi)),amq]') = Fig(’/t(%%52(Qi7aka%)))-

2. These new membership (non-membership) values are not necessarily equal.
Hence, they will be processed by Fi® (FyT), which is called the multi-
membership (multi-non-membership) resolution function. By some mani-
pulation on the product results by F¥' (F?), we obtain just one element, say
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the instantaneous membership value (non-membership value) of the active
state g;

it g) = (FESY =Yy, 2g, oy 20),

(Vt+1(qj) = (F?:GT)n_l(mh L2y -0y In))v

where

e 1 is the number of simultaneous transitions to the active state g; at time

t+ 1 and z; = F(u(¢:), 61(qis ar, g;)) (@ = FY (V(qr), 02(q5, ar, q5))),
1< <n,

o 01(qi,ak, q;)(02(¢i, ak, q;)) is the membership (non-membership) value
of transition from ¢; to ¢; upon input ay,

e 1'(q;) (V'(g;)) is the membership (non-membership) value of ¢; at time ¢,

Algorithm: Multi-membership resolution (Multi-non-membership resolution)
for output function

If there are several simultaneous output to the active state ¢; at time ¢, the fol-
lowing algorithm will assign a unified membership value (non-membership value)
to that

1. Each output membership value (non-membership value) wi(g;,bx)
(wa(qi, br)) together with p'(q) (v*(¢;)), will be processed by the member-
ship (non-membership) assignment function Fy (F3) and will produce a
new output membership value (non-membership value) as follows:

&1 (g0, 1'(@), v"(@)) bk) - = Fy (@), wi(gi bi))
(@2((@i, (@), V' (@), bk) = F5 (V') walgs, br)))-

2. These new output membership (non-membership) values are not necessarily
equal. Hence, they will be processed by Fy° (F{T), which is called the
output multi-membership (multi-non-membership) resolution function. By
some manipulation on the product results by 7 (Fy), we obtain just one
element, say the instantaneous output membership value (non-membership
value) of the active state g;.

(QZ) - (ng)n_l<x17x27"‘7xn)7

(@) = (FP)"Yay, za,..., 7)),

w

¢
1
(w5

where

e n is the number of simultaneous outputs to the active state ¢; at time
t, x; = Fy (u"(q0), wi(@i, b)) (2 = F3 (V' (), w2(ai, by))), 1 < j <, for
some a € X and ¢; is an active state at time ¢,

o wi(gi,b;)(w2(gi, b)) is the membership (non-membership) value of out-
put from ¢; on by,
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o 1'(q;) (¥'(g:)) is the membership (non-membership) value of ¢; at time ¢,

o wi(q) (Wi(g)) is the output membership (non-membership) value of ¢;
at time ?.

Remark 1.2 We let for all ¢ € Q such that ¢ ¢ R, '°(q) = 0 and v'(q) = 1 and
for all ¢ € R, u*(q) >, 0.

Note 1.3 In this paper, we assume that the max-min IGLFA has a finite number
of states.

Definition 1.4 Let F' = (Q, X, R, Z,5,&, Fy, F», Fy, Fy) be an IGLFA. We define
the max-min intuitionistic general L-fuzzy automaton F™ = (Q,X,R, Z, 6@, F,
F27 FB) F4) such that (5* : Qact x X* % Q_)L X L7 where Qact = {Qact(t0)7 Qact(tl)a

Qact(t2), ...} and for every i > 0,

(1.7) o1 ((q, n"(q), V" (q)), A, p) = .

0 otherwise,
and
(1.8) 05 ((q, n"(q), V" (q)), A, p) = .

1 otherwise.

Also for every i > 0, 67((q, 1" (q), v (q)), uir1,p) = 01((q, 1" (q), v (q)), tiz1,p)
and 5;((q7 :U“ti (Q)a I/ti (Q)), Ui+1,p) = 52((@], ILLti (Q), Vti (Q)), Ui+1, p) and I"GCUI'SiVGIY7

SI((Q»th%Q),I/to(q)),ulug...un,p) :~
V {(51((%#%(({), v (q)), w1, p1) A 51((p1,ut1(291), VL (1)), g, p2) A .

(1.9) N
A 61 (P, 1 (Pre1), V"1 (Pp—1)), tn, ) |
p1 € Qact(h), eeiyPn—1 € Qact(tn—1>},
3 ((a. 1 (a). V() stz p) =
(1.10) A {02((q, 1 (q), v (q)), ur, p1) V 02 ((p1, 1™ (p1), v (p1)), U2, ) V ...

\% 82((pn—1; ,utnfl(pn—l), th71<pn—1))7un7p) |
D1 S Qact(tl)a vy Pn—1 € Qact(tnfl)}:

in which u; € X for all 1 < i < n and assume that u;,; is the entered input at
time ¢;, for all 0 <7 <n —1.

4. Minimal intuitionistic general L-fuzzy automata

Definition 4.1 Let [* = (Q, X, R, Z,6*,&, I\, Fy, F3, F}) be a max-min IGLFA.
Suppose that o, 5 € L and o« <, N(f3). Then we say that
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1. F* is (a, B)-complete, if for any ¢ € Q,a € X there exists p € Q such that
61(Q7a7p) > o and 62(Q7a7p) <L 67

2. q€Qis (e, B)-accessible if there exist p € R,z € X* such that
01 ((p, u™(p), v (p)), x,q) >1 o, and d3((p, u*(p), v (p)). x,q) <1 B,

3. F*is (a, 3)-accessible if for any ¢ € Q, ¢ is an (o, §)-accessible.

Definition 4.2 Let F* = (Q, X, R, Z,0*,&, F1, Fy, F, F}) be a max-min IGLFA,
Then we say that F* is deterministic if there exists a unique py € R such that
p'(pg) >1 0, and for any ¢ € Q,a € X there exists at most one p € @ such that
da(q,a,p) <p 1.

Example 4.3 Consider the complete lattice L = (L <r,T,5,0,1) as in Figure 1,
where L = {0,a,b,¢,d,1} and N(0) =1, N(1) =0, N(a) = b, N(b) = a, N(c) = d,
N(d) =c.

L 1

0
Figure 1: The complete lattice L of Example 4.3

Let the max-min IGLFA F* = (Q, X, R, Z, 6, @, Fy, Fy, Fy, F)) as in Figure 2,

where Q = {QO7C]1>Q27€I3}7X = {U,U},R = {(QO7 170)}7 Z = {0} and 0 : QXXXQ :
L x L is defined as follows:

6(q0>u7Q1) = (CL?O) 5((]1,?},(]3) = (a7b)
g, u,qn) = (1,0)  6(qe,v,90) = (c,0)

d(q,z,q") = (0,1) for all other (¢,z,¢') € @ x X xQ and w: Q X Z : L x L is
defined by: w(qy,0) = (0,1) and w(q,e) = (1,0) for all other (g,e) € Q X Z. q; is
(0, )-accessible, (d, 3)-accessible, where o € {a,b,¢,d, 1} and 5 € {a,b,c,d}, g3 is
(0, 1)- accessible, (0, ¢)- accessible, (d, ¢)- accessible but g3 is not (d, 1)- accessible,
since d £ N(1) = 0. F* is not (o, 3)-accessible, not («, 3)- complete, for any
(a, B) € L in which a <; N(f). Clearly, it is deterministic.
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1% (g) =1 u- (a, 0} W

Vﬂ(gn):()

Figure 2: The IGLFA of Example 4.3

Theorem 4.4 Let F* = (Q, X, {p}, Z, 6, &, Fy, Fy, Fs, Fy) be a deterministic maz-
min IGLFA. If

01 ((p 1 (p), v (), . q) A &5 ((p, 1™ (p), V™ (p)), 2, ¢) >1 v,
and 3 3
05 ((p, ™ (p), v (p)), ,7) V 01 ((p, 1 (p), V™ (p)), 2, 7") <1 B,
then ¢ = ¢ =r =17, where q,¢',r, 7" € Q,x € X*, o, € L and o <p, N(f3).

Proof. First, let x = A. Then we have

01((p, o (p), v (p)), A, q) A 01 ((p, pio (p), v (p)), A, ¢') >1 o, and
02 ((p, o (p), v (p)), A, 1) V 82 ((p, ' (p), ¥ (p)), A, 1) <, B,

which implies that p = ¢ = ¢ = r = r’. Thus the theorem holds for x = A.
Now, we continue the proof for any z € X* and = ¢ A by induction on |z|.
Suppose that |z| = 1. Then

01((p, o (p), v (p)), x, q) = F{ (11 (p), 61(p, x,q)) > « and

o1 ((p, ' (p),v(p)), x,q') = F (1 (p),0:1(p, x,q)) > a

and

CEz((Pa o (p), v (p)), x,r) = Ff (V' (p),01(p,z,r)) < B and

02((p, p'o(p), v (p)), x, ") = FY (v (p), 01 (p, x,1")) <r S
These imply that

61(p,z,q) AN oi(p,z,q') >1 o and 8a(p, z,7) V da(p, z,7") <z, 3.

Since 01(p,x,q) A d1(p,x,q") > «, then da(p,x,q) V d2(p,z,q¢') < N(a) <p 1.
Then by Definition 4.2, g =¢ =r =1'.

Now, suppose the claim holds for all y € X* such that |y| =n —1 and n > 1.
Let © = ya, where y € X* a € X and |y| =n — 1. Then

55 ((p, po(p), v (p)), =, q) = V{55 ((p, u® (p), v (D)), y. ')
Ao (!, ot =L (p'), vt (p)) a, @)l € Q) >
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and

3 ((p, pho(p), ' (p)), =, ¢') = V{d;((p, u®(p), V' (p)), y, ')
AO1((p/, ot n=L(p), v+ (p)), a,¢') | P € Q} >1 av.

So, there exist d,d € @) such that

VA8 ((p. (p), v (p)), y, ') A O3 (P, ™ (), v 1)), a,q) | P € Q}
= 87 ((p, 1 (p), " (p)), y. d) A oy ((d, p'o ™71 (d), v+ H(d)), a, q) >1 o,

and

VLS ((pos(p), v (p)), y, ') A SL (0, 1o (@), 9 (1)) 0, ) | 9 € Q)
=6 ((p, 1 (p), v (p)), y. d') A Oy ((d, plo = H(d'), v N(d)), a,q) > a.

Also there exist s, s’ € ) such that

05((p, ' (p), v (p)), . )
= M5 (. 1 (p). v (), y.1) v Oa((pf, (), T (W) ar) | W € Q)
= 85((p, 1" (), " (D)), Y 8) V Oa((s, "1 (5), " (s)) 1) <1 6,

and

5((p, ' (p), v (p)), x,1”)
= {\{53((19, u“’(p),V“’(p)),y,p’)~v Sa((p/, o (), VO (), ) | 0 € Q)
= 03((p, 1 (p), V™ (p)), y, ') V S (8, o™= (s), 101 (s')), a7 ) <1 B

Therefore, by the induction hypothesis, s = s’ = d = d’. Hence
51(<d7 :ut0+n71(d)> VtOJrnil(d))’ a, Q) A 51((d> :utOJrnil(d)? Vt0+n71(d))> a, q/) >LQ,

and

Oa((s, o+ (s), 07N (s), @, ) V B (s, w0 (), 0 (s)) ) <i B,

imply that d1(d,a,q) A 01(d,a,q") > a and da(s,a,r) V da(s,a,r") < B. Then
qg = ¢ =r =r". Hence the claim is hold. .

Corollary 4.5 Let F* = (@, X, R, Z, 5*,&),F1,F2,F3,F4) be a maz-min IGLFA.
Notice that if F* is an («, B)-complete and deterministic maz-min IGLFA, then

foranyp € Q,a € X there exists exactly one state ¢ € Q such that 61(p, a,q) > «
and 8a(p,a,q) <p B, where a, f € L and o <;, N(3).

Example 4.6 Consider the complete lattice L = (L, < L, T,5,0, 1) a as in Example
4.3, where L = {0, a,b, c,d, 1}. Let the max-min IGLFA F* = (Q X, R, Z,6*, &, F,
F27F37F4) as in Figure 37 where Q = {QO7QI7Q27(]3}7X = {U} R = {(QOaa7 b)}u
Z ={o}and §: Q x X x @Q : L x L is defined as follows:
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4i(g)=a

u. (c, d}

u. (1,0)

Figure 3: The IGLFA of Example 4.6

6(qo, u, 1) = (¢, d) 5(q1,u, q2) = (1,0)
6(g2,u, q1) = (¢,0) 5(gs,u, g2) = (1,0)

d(q,z,q") = (0,1) for all other (¢,z,¢') € @ x X xQand w: Q X Z — L x L is
defined by: w(q1,0) = (1,0) and w(q, e) = (0,1) for all other (¢,e) € @ x Z. Then
F* is (a,b)-complete and deterministic.

Definition 4.7 Let F* = (Q, X, R, Z,0*,&, Fy, F», Fy, Fy) be a max-min IGLFA.
Then the («, #)-language recognized by F* is a subset of X* defined by:

LAB(F*) = {x € X7 | 01((p, p (p), V™ (p)), %, )
A1 ((g, pot (g), t”'”(fl)) b) > a,
(4.1) 03((p, ' (p), v (p)), #, )
Va((g, pot(g), t”"”‘( ), V) < B,
for some p € R,q € Q,b,b € Z}.

Definition 4.8 Let X be a nonempty finite set. Then subset £ of X* is called
recognizable (o, B)- language, if there exists a max-min IGLFA F* such that
L = LY(F*), where o, 8 € L and o <j, N(3).

Theorem 4.9 Let [* = (Q, X, R, Z,0*,&, Fy, Fy, F3, Fy) be a maz-min IGLFA.
Then there ezists an (o, 3)- complete IGLFA F*¢ such that Lo°(F*) = L%F(F*¢),
where a, f € L and o <p, N(3).

Proof. Let F* = (Q, X, R, Z,0*,&, F\, Fy, Fj, Fy) does not be an («, #)-complete
max-min IGLFA. Let Q¢ = @ U {t}, where t is an element such that ¢t ¢ Q.
Consider v,n € L, where v >, o, n <;  and v <, N(n). We now give an
algorithm in which the output is an («, 3)-complete max-min IGLFA for a given
(o, B)-incomplete max-min IGLFA as input.
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Algorithm: (to make («, §)-complete)

Step 1 input incomplete F* = (Q, X, R,Z,6*,&, F, Fy, F3, Fy),
where Q = {q17QZ7 aQn}aX = {alaa'Qv "-7am}7
Step 2 =1,
Step 3 7 =1, if i <n go to the next step, else go to Step 7,
Step 4 if j < m, then T = {q | 01(¢i, aj,q) >1 a}
else i =141 go to Step 3,
Step 5 if T =0, then 6§(q;, a;,t) =, 05(qi, aj,t) =n,7 = j + 1, go to Step 4,
else go to Step 6,
Step 6 for ¢ € T if 05(q;, a;,q) <r B, then j = j+ 1 and go to Step 4,
else T'=T — {q} and go to Step 5,

Step 7 5?(]%“#1) = 51(p7a7Q)7 and (55(29,(1,(]) = 52(29,(1,(]), for all D, q € Qaa € Xa
(t,a,t) =, 65(t,a,t) =n for all a € X,

Step 8 Q°= QU {t}, wi(p,b) = {:1(10, b) Z; i i Z, and
7b ] 5
@mwz{f@> A

Step 9 output F*¢ = (Q°, X, R, Z,0*,&¢, Fy, Fy, Fy, F)).

It is easy to see that the max-min IGLFA ch = (Q°, XLR, Z,6% &, Fy, Fy, Fs, Fy)
is (@, 3)- complete. It is clear that LOB(F*) C LY (F*). Let x = uyuy...upy1 €
LeP(F*). Then there exist p € R,q € Q°,b,b' € Z such that

01((p, '™ (p), V' (p)), z, @) A& ((q, p' ™ (q), "M (), 0) >1 o,

and
03°((p, ' (p), ' (p)), , @) V @5 ((q, p' ™ (q), V"M (), 1) <1, 5.

These imply that ¢ € @ and there exist p1, pa, ..., Pk, P}, Ph, -, D) € @ such that
(4.2) 55((p, 1 (0), " (P))s wr, 1) Ao AST (Do 1T (pi), ¥ (1)), s 4) > 1 v

and

(4.3) 85((p, 1 (p), V' (), ur, PV .. VS (0l 1 (1), O (D)), ke, q) <1 B.

Definition 2.2 and (4.2) imply that u'(p) >1 a, 6$(p, u1,p1) >1 o, 05(p1,ug, p2) >1,
a, ..., 05 (p, ug, q¢) >1 . Now, suppose that p;,1 < j < k, be the first state that
85 (pj, uj, pi+1) >r a and 61 (p;, uj, pj+1) was undefined. Then p;; = ¢. Therefore
Dj+1 = Dj+2 = ... = ¢ = t, which is a contradiction. Hence

01 ((p, 1 (p), V™ (p)), x, q) A & (g, T (q), v T"(q)),b) >1 a.
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In a similar manner we obtain

03 ((p, 1 (p), " (p)), ., q) V @a((q, p'* ") (q), v 1) (q)), ¥) <1 B.

Then the claim is hold. "

Example 4.10 Consider the complete lattice L = (L,<p,T,S,0,1) defined in
Example 4.3, and max-min IGLFA F* = (Q, X, R, ) cD,Fl,FQ,Fg,F4) as in

Figure 4,
£ (gy) =1 u. (3, 0) W
V2(g,)=0 O /QD

{pe)n

Figure 4: The IGLFA of Example 4.10

where @ = {q, q1,92, 33}, X = {ao = u,a, = v},é = {(¢,1,0)},Z = {0} and
0:Q x X xQ — L x L is defined as follows:

5(Q0au7QI) = (G,O) 5(QIaU Q3) (CL d)

5(Q27U7Q1) = (170) 5(Q27U7q0) = (Cv d)
d(q,x,q") = (0,1) for all other (¢,2,¢') € @ x X x Qand w: Q x Z — L x L is
defined by: w(q1,0) = (1,0) and w(q,e) = (0, 1) for all other (¢,e) € @ x Z.

Now, considering the complete algorithm in the proof of Theorem 4.9, and
a =a, 0 =d, we have

Stage 1 Leti=0,7 =0. Then T = 0 and 6¢(qo, u,t) = ¢, §5(qo, u,t) = 0.
Stage 2 Leti=0,j =1. Then T = 0 and 6¢(qo, v, t) = ¢, 05(qo, v, t) = 0.
Stage 3 Leti=1,7=0. Then T = 0 and 6$(q1,u,t) = ¢, 65(qr,u,t) = 0.
Stage 4 Leti=1,57=1. Then T = () and §¢(q1,v,t) = ¢, 85(q1, u,t) = 0.
Stage 5 Leti=2,7=0. Then T = {¢,} and we have d5(g2,u,q1) =0 <y, d.

Stage 6 Leti=2,5=1. Then T = {q}. Since d2(q2,v,qo) = d,

thus T'=T — {qo} = 0. Then 0(qe,v,t) = ¢, 05(q2,v,t) = 0.
Stage 7 Let i =3,7=0. Then T = 0 and 065(gs, u,t) = ¢, 85(g3, u,t) = 0.
Stage 8 Leti=3,7=1. Then T = 0 and (g3, v,t) = ¢, 85(g3,v,t) = 0.
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Therefore, we have an (a, d)-complete F** = (Q°, X, R, Z, 6%, ¢, Fy, Fy, Fs, F,) as
in Figure 5.

\
2o (g =1 u. (a, 0) 0.0
““‘\—_‘______‘) /
Ve (%)—0 4

Figure 5: The (a, d)-complete F*¢ of Example 4.10

Theorem 4.11 Let F* = (Q, X, R, Z,6*,&, Fy, Fy, F3, Fy) be a maz-min IGLFA
and R # 0. Then there exists a deterministic maz-min IGLFA Iy such that
LAB(F*) = LYB(Fy), where o, 3 € L and o <;, N(B).

Proof. Let
I, ={q' € Q| 3q € R such that &;((p, u"(p), V" (p)), x.¢') >
g;((pa :uto(p)7 Vto(p>>7 x, q,) <L 6}7

for all z € X*. Then Iy = {¢ € Q | ¢ € R}.
Let Qq = {I, | x € X*}. Define 64 : Q4 X X x Qq — L x L, where

(4.4)

71 if Ix = Iym

o1 (Ly,a,1,) =
a(ly ) {O otherwise,
it I, = I,

1 otherwise,

(5d2(Iy7 a, Ix) = {771

and wy : Qg X Z3 — L X L, where

if z € LOP(F*),
(4.5) war(Le) = 42 L@ € L2E)
0  otherwise,

if v € LOP(F*
(4.6) war(Iye) =47 HESS (F7),
1 otherwise,
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where v1,71,%2,m2 € Lyyi Ave >p a,m Ve <gp B, 1 <p N(m) and 72 <p N(n2).
Consider o (Iy) = V{o(q) | g € Iy}, ¥(In) = A{v'5(q) | g € Iy} and Zg = {e}.
Now, suppose that Fj = (Qq, X, In, Zy, S;;,a;d, Fy, Fy, F3, Fy). Tt is clear that d 4 is
well defined. Now, we show that w, is well defined. Let I, = I, and e € Z;. If
x e Ea’ﬂ(ﬁ*), then there exist ¢ € R,p € Q,b,b' € Z such that

07 (g, (), (), =, p) A ((p, o (p), v (p)), b) > a,

and
03((q, 1" (q), v (q)), @, p) V @o((p, p'o T (p), v ) (p)), ) <1, B.
Thus p € I, = I,,. Therefore
01 ((g, 1" (q),v"(q)),y,p) >1 a and &3((gq, u*(q),v"(q)),y,p) <1 B

for some ¢ € R. Also wy(p,b) > o and wy(p,b) <1 B. Hence y € L¥P(F*). In a
similar way, if y € £L%%(F*), then x € L*P(F*). Hence wy(I,,e) = wa(ly,e).

Since there exists ¢ € R such that p’(q) > 0, then p'(I)) >, 0. It is easy
to see that the max-min IGLFA F* is deterministic. We show that £%F(F*) =
LAB(EFL). Let © = ujug..upyy € LY (F*). Then there exist ¢ € R, p € Q,
b,/ € Z such that

07 (g, 1 (q), v (q)), 2, p) A@r((p, o (p), v ) (p)), b) > a,

and
03((q, 1 (q), v (q)), 2, p) V @a((p, p'o " (p), v ) (p)), ) < 8.

Since
0 (@, (@), "*(a)), wa-ups1,p) >1 @ and 05((q, 1°(q),V"°(q)), wr..upr1,p) <r B,
then p'o(q) > a,v'(q) <; B. Thus p'o(Iy) > o and v'(Iy) <1, (. Also
O (Lns " (1), V° (1)), Luy) = FY (' (1n), 8ar (Tns wr, Ly)) =1 @,
thus p(1,,) > a. Also we have
Oar ((Luys 1 (Luy ) V' (1)) s Tuyua) = FT (1 (L) O (L iz, Luy)) 21 v
So if we continue this process, then by some manipulation we get that
521(<]A7MtO(IA)a Vto(]A))»xa]z) > Q.
Also, we have
0o (I, " (1) V° (1)), Ly ) = F{P (VO (In), dan(Insun, L)) <1 3,

then v'*(I,,) <; 3. Therefore

SdQ((Iup ,utl (]u1)7 th (Iul))a Uz, Iu1u2> SL ﬁ
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By continuing this process we obtain that

Oaa((In, ' (In), v (1)), &, 1) <1 5.

Also we have wdl(lx,e)~: 72 and wge(I,,e) = no. Hence x € E“’B(Fj). Now,
suppose that x € L2P(F;). Then

O ((Ias (1), v (10)), 2, L) A @ar (T, pF (1), 4L, €) > 1 o
and

0z ((Ins 1 (In), v (In) 2, L) NV @ (L, p* (1), 0 (1)) €) <1 B.
Since way (Iy,€) >1 o and waa(I,, €) <z 3, then by (4.5) and (4.6) z € LY (F*). m

Theorem 4.12 Let F* = (Q, X, R, Z,6*,&, Fy, Fy, F3, Fy) be a maz-min IGLFA
and R # (). Then there exists an («, 3)-accessible maz-min IGLFA I such that
LAB(F*) = LYB(FY), where o, B € L and o <p, N(3).

Proof. By Theorem 4.11, without loss of generality we assume that F* is deter-
ministic. Let S={¢ € Q | ¢ be an (a, §)-accessible state}, R.={(q, ' (q), " (q)) |
q € Slp}, Za = Z, 60 = Olsxxxs, and w, = w|gxz, i.e., §, is the restriction
of 9 to S x X x S and w, is the restriction of w to S x Z. Then the max-min
IGLFA E* is (a, B)-accessible. It is clear that £¥(EF*) C L*P(F*). Now, let
T = Uylsg...Upyy € LYP(F*). Then there exist ¢ € R,p € Q,b € Z such that

07 ((q, 1" (q), v"(q)), =, p) A @1 ((p, po ™1 (p), v (p)), b) > a,

and
05((g, 1 (9), " (a)), . ) V Da((p, p* T (p), 41 (p)), 0) <1 3.
Therefore, there exist p1, po, ..., Pk, P1, Db, .., D), € @ such that

5 ((q, 1'°(q), v"°(q)), wr, 1) A e A6 ((prs 2 (pi), ' (P1)), i1, D) >1

and
05 (4, 1" (q), v (9))s s D) Voo V 05 (s ™ (1) V1 (91)) i ) <1 -
These imply that ¢ € R, and, since F* is a deterministic, then
P1 = Dy, D2 = Py oo Dk = D

Thus pq, po, ..., pr, p € S. Hence

01 (g, 1 (@), V(@) 2, p) A @ ((p, 1 (), v (p)), ) > 1,
and

02 (0, 1™ (@), 1" (a)), 2, p) V @aa((p, 1 (p), 7 (p)), 1) <1 5.

Then € LYP(F*). Hence L&P(F*) C L%P(F*). Thus the claim is hold. .
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Example 4.13 Consider the complete lattice L = (L, <, T,S,0,1) defined in
Example 4.3, and max-min IGLFA F* = (Q, X, R, Z,6*,0, F1, F», F3, Fy) as in
Figure 6,

Figure 6: The IGLFA of Example 4.13

where Q = {qo, q1, @2, 43, @1 }, X = {u, v}, R = {(qo, 1,0)}, Z = {o}. It is clear that
L(F*) = {u, v} uv{u,v} U {u,v}*vufu,v}. Considering the proof of Theorems
4.9, 4.11, 4.12, we obtain an (a,b)-complete, deterministic and (a,b)-accessible
max-min IGLFA F, as in Figure 7, such that £%(F*, ) = LY(EF*),

u.(c, d)

Figure 7: The (a, b)-complete, deterministic and (a, b)-accessible F*, of Example
4.13
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Definition 4.14 Let F* = (Q, X, {q}, Z, 0%, @, Fy, Fy, Fy, Fy) be an (o, B)-acces-
sible, (v, #)-complete, deterministic max-min IGLFA, where o, € L and o <,
N(B). We define a relation on @Q by q1p%”qy, if and only if the following two sets
are equal

(0 {we X[ 05 ((qu, 1 (@), v (@) w, ) A @r((g, 11 (q), 141N (q)), b) >1 a,
05 ((q1, 1 (q0), V" (1)), w, q) V (g, p 11 (q), 1/ (q)), b) <1 3,
for some b,V € Z,q € Q}

and

(i) {we X~ |~5i‘((qQ,utj(%),vtj(%))awa@ A& ((g, pa 1 (q), v1it1¥)(q)), b) > 1,
03 ((q2, 1 (q2), V" (q2)), w, @) V @a((g, 511 (q), 51l (q)), ) <1, B,
for some b,V € Z,q € Q},

where ¢1 € Quet(ti) g2 € Quer(t;). 1t is clear that p*? is an equivalence relation.

Definition 4.15 We say that the (o, 3)-accessible, (a, 3)-complete, deterministic
max-min IGLFA F*, where o, 8 € L and a <; N(f3), is (a, 8)-reduced if q; 0% ¢
implies that ¢; = ¢, for any ¢, ¢ € Q.

Let F* = (Q, X, {q}, Z, 5*,&),F1,F2,F3,F4) be an («, 3)-accessible, («, (3)-
complete, deterministic max-min IGLFA, where o, 5 € L and o <;, N(). Now,
suppose that p*# be the equivalence relation defined in Definition 4.14. Consider

Q/p™? = {qp™” | g € Q} and R/p™" = qop™”, pi* (qop™®) = ' (q0), V" (qop™”) =
v (qo). We define 6, : Q/p*P x X x Q/p** — L x L by:

( 71 Z..]c(51<q17a7(]é> >« & 52((117@7%) <r /67
5,)1(Q1Pa”6, a, g2p™’) = where ¢p*Pqy

[ 0 otherwise,

(

m lf 51((]17 a, QQ) >« & 52(@17 a, qé) <r ﬁa
Sp2(q1p™”, a, gap™?) = ¢ where ¢}p*qy
1  otherwise,

\

where vy1,m € L,v1 > o,y <g ( and v <p N(m).
Define w, : Q/p*® x Z — L x L by:

(47 (0™ D) Yo ifwi(q V) > a & 6(qi, 0") <p B,
. Worlgip ", =
’ 0  otherwise,

(48> WPZ(QIPQ,B7 b) - {Th Z.fWI(ql’ b/) e & 52<qb b/,) <L 67

1 otherwise,
for some V', 0" € Z and y9,m9 € L,ve >1 a, 1m0 <p, B and 7o <p N(12).

Theorem 4.16 Suppose that o, 5 € L, < N(3). Then the following properties
hold:
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1. 0, and w, are well defined,

2. F*/p*f = (Q/p™P, X, qop®?, Z, (5p,wp, Fy, Fy, F3, Fy) is an («a, 3)-reduced maz-
min IGLFA,

3. LYO(E[p™P) = LY (F).

Proof. 1. Let q1p™?, q2p™”, p1p™?, pap®™® € Q/p*P, q1p™F = p1p™” and gop™F =
pap®B. Then qp*Pp; and gop®’py. Therefore

A={w e X* | 5;((qr, " (@), V" (@), w, @) A& (g, w11 (q), v H1I(g)), ) > 1, a,
05 ((qu, 1t (1), V" (q)), w ) Do((q, ptt1(q), v (g)), ) <1 B,
for some b,V € Z,q € Q} =

{we X | 67((pr, 1 (pr), V5 (p1)), w, 9) A @ ((g, w51 (), 5414 (), b) > a,
03 ((p1, 1 (p1), v (p1)), w, q) V @2 ( (g, w1 (q), 510(q)), 1) <1, 3,
for some b,V € Z,q € Q} = B.

Let 8,1 (q1p™?, a, qap™?) = ~v and &,0(q1p™7?, a, 2p™?) = n, where v,n € L and
v <t N(n). Then there exists ¢, € Q such that ¢,p®’q, and §,(q1,a,q)) >1 «
and 02(q1,a,qh) <p 5. We have w € A if and only w € B, for all w € X*. This
holds in particular for all w € aX*. Then

{aw € aX* | 51((qu, 1 (@), V5 (1)), @, gb) A 05 (g, 1+ (qh), 5+ (gh)) s w, q)
A @1 ((q, pt 1 (q), v (q)),b) > a,
0o (g1, 1 (qn), v (@), a, 4) V 03 ((qh, b+ (gh), Vo (b)), w, q)
V @o((g, it (q), vt (), b)) <1, B,
for some b,V € Z,q,¢, € Q} =

{aw € aX* | 6 ((pr, 1 (p1), v (1)), @, p') A &3 (P, o (p'), v+ ('), w, q)

i (

((g, p't1el(q), vl (), b)
(', pharr (p), v+ (p), w, q)
@a((q, ph ¥l (q), vl (g)), 0) <1 B,

(:} > Q,
V03

0a((pr, 1 (p1), v (p1)), @, )

for some b, 0 € Z,q,p' € Q}.

These imply that

{we X* | 57((gh, 1+ (h), v+ (b)), w, @) A @1 ((g, 1) (q), vt (q)), b) > a,
05 ((dh, 1 (h), V' (b)), w, @) V @a((q, 1)), 1)), ) <1, 3,
for some b,V € Z,q € Q} =

{we X* | 5;((p, ubrer(p), v+ (p), w, ) A @ ((q, 1 (q), 5741 (), 0) > o,
O3((p', pb+1 (p'), v+ (p)), w, @) V @a((q, 10l (q), v+l (), b)) <1 B,
for some b,V € Z,q € Q}.
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Thus P/ p*Pqbp®Paap™Ppy ie., p'p®Ppy. Also, F* is (o, B3)-complete and deter-
ministic, therefore d1(p1, a,p’) >1 a and d9(p1,a,p’) < (. Hence

01 (p1p™7, @, pap™P®) = 7y and 8,9(p1p™?, a, p2p™’) = 1.

S0 9, is well defined.

Now, let g1p*% = p1p®P. If wyi(q1p™?,b) =+ and wye(qip®?,b) = 1/, where
v,n" € L and v <; N(), then wi(q1,0) >; a and wy(qr,b”) <p B, for some
be Z,b,b" € Z. Since F*is (o, B)-accessible, then there exists a positive integer
J such that p%(q1) >, o and v (q1) < 5. These imply that A € A. Therefore
A € B. Then wq(g2,b') > o and wy(gq,b”) <p, 3, for some b',b” € Z. Hence

wo1(g2p™?,b) =" and wya(g2p™”,b) =17
Then w, is well defined.

2. Let (q1p™%)p*?(q2p*"). Now, we have to show that ¢ p®° = gop®°. It suf-
fices to show that ¢, p*°qs.
Let for w € X~

ST«QM Mti(QI)v Vti<QI))7 wapl) N (Dl((pb Mti—i_‘w‘(pl)v Vti+|w|(p1))7 b) >LQ,
05 (a1, 1" (q0), v (q)), w, p1) V @a((pr, 1 (o), 41 (p1)), V) <1 3,

for some b,0' € Z. Then

)7 w, plpaﬂ)
V Gpa((prp™?, ptit 1wl (py poof), vt (py pB)) 0y <o, B,

for some b, € Z. Therefore

551 (g™, 1 (qap™P), 113 (gop™P)), w, 1 )
A Gp1 ((php™P, plithol(ph pB) pt el (p) pBY)) b)) > 1

pip™P € Q/p*P for some bl € Z. Since F* is (a,3)-accessible, then there
exists a positive integer j' such that '’ (qq) >7 o and V' (q) <z, 3. Thus

(g2, 19 (2), V' (g2)), w, p) A @i ((p, o T (p), Vi H 1L (p)), b) > @,

5
03 (g2, 119" (g2), V' (ga)), w, p) V @a((p, s Tl (p), i Tl (p)), 1) <1 B,
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where pp®Pp) for some b,V € Z. The converse follows in a similar manner. Hence

{we X" | 5 ((qu, 1" (@), V' (@), w, q) A ((g, p 1 (q), ' 1I(q)), b) > e,
03((qu, 1" (q1), v (@), w, q) V @a( (g, pt 1) (q), 11l (q)), b) <, 3,
for some b0/ € Z,q € Q} =

{we X" | 5((q2, 1 (q2), V9 (q)), w, @) A&y (g, 41l (q), vi5+101(g)),0) > 1 «,
03 ((q2, 1 (q2), V17 (q2)), w, q) V @a((g, ps*1!(q), i+ 1wl (q)), 1) <, B,
for some b,V € Z,q € Q}.

Hence the claim is hold.
3. Considering the proof of 2, it is trivial. u

Example 4.17 Consider the complete lattice L = (L,<;,T,S5,0,1) defined in
Example 4.3, and the max-min IGLFA F*,_ = (Q, X, R, Z,0*,&, F\, Fy, Fs, F}) as
in Figure 7. By the Definition 4.14, I,,,p**Ly0up® Lyusp®*Iy,. Then the max-min
IGLFA F*/p“’b has the state diagram as in Figure 8.

G\

u.i\c.

u. (c, d)

u. (c, d)

u, v. (c, d)

Figure 8: The reduced F*/p™" of Example 4.17

Definition 4.18 Let
Fl*:(Q17X7R17217g*7@7F17F27F37F4) and
Fy = (Qo, X, R, 25,07, &', Fy, I, F3, Fy)
be two max-min IGLFA. A homomorphism from 7 onto Fy with threshold (a, 3),

where «, 5 € L and a <, N(f), is a function ¢ from ); onto )5 such that for
every ¢, q" € Q1, u € X and by, by € Z the following conditions hold:
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1. (ugl(q) >ral& VQ (q) <1 B)
if and only 1f( LE(d) >rak u&(é(q’)) <t B),
2. (01(q,u,q") > a & 5a2(¢',u,q") <p B)
if and only if (61(£(q'),w,&(q")) > a & 05(€(d'),w, &(q7)) <r B),

3. (wi(¢ 1) > a & wa(q',b2) <1 B)
implies (w](&(¢'),b) > a & wa(&(¢'), b2) <p B) for some b, b € Z'.

We say that £ is an isomorphism with threshold («, ) if and only if £ is a
homomorphism with threshold (a, ) that is one-one and (w;(¢’,b;1) >1 « and
wa(q',by) <y, B) if and only if (wj(£(¢),b) > « and wh(£(q'),ba) <1, 3), for some
b,b € Z'.

Definition 4.19 Let £ be an («, §)-language, where o, 5 € L and o <; N(f).
A relation R, on X* is defined by:

for any two strings x and y in X*, xR,y if, for all z € X*,
either zz,yz € L or xz,yz ¢ L.

Definition 4.20 Let F* = (Q, X, {q}, Z, 0, &, Fy, Fy, Fs, Fy) be a deterministic
max-min IGLFA. Then for any «, § € L, where a <; N([3), define a relation R?B
on X*. For strings = and y in X, xR%Jﬁ y if and only if there exists ¢ € @ such
that

03 ((q0, 1(q0), v (0)), 7, ¢) >z o and  85((qo, 1™ (q0), ¥ (q0)), 2, q) <z B,
iff

0% ((go, 1 (q0), v (q0)), 9, @) >z o and  65((qo, 1 (q0), v (90)), ¥» q) <1, B-

Now, we show that R%” is an equivalence relation. It is clear that zR%’z and
if Ry, then yR% .

Now, let :ER?;B y and yR%”B z. Suppose that there exists ¢ € ) such that
57 (g0, 1" (q0) " (q0)), . @) >1 o and 55 ((qo, 1" (q0). " (q0)), #,4) <1 .
Then
01 (g0, 1 (90), V" (0)), ¥, 9) >1 @ and 03((g0, 1™ (90), V" (0)), ¥, 9) <1 5,
and, since yR?;ﬁ z, then
07 (g0, 1 (90), ¥ (@0)), 2,9) >1 @ and 35((q0, 1" (90), ¥"* (), 2, 4) <1 B.
Similarity we can obtain the converse, i.e.,
ST((QO,HtO(QO),Vto(Qo)),Z,Q) >r o and SS((QO,MtO(QO)’Vto(Qo))aZ’Q) <z 0,
implies that
07 ((q0, 1™(q0), " (q0)), =, q) >1 o and 83 ((go, 1" (q0), " (q0)), %, q) <L B.
Then zR%"z. Hence the claim is hold.
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Note 4.21 By Definition 4.20, for any (o, 3)-complete and deterministic max-
min IGLFA F*, the number of classes of equivalence relation R?,’ﬂ is less than or
equal to the number of states of F™.

Theorem 4.22 Let o, § € L, where a <, N(f3). Suppose that L be a recogni-
zable (o, B)-language where £ = L%P(F*), for some (o, B)-complete and deter-
ministic maz-min IGLFA F* = (Q, X, {q}, Z. 5*,&),F1,F2,F3,F4). Then for a
given equivalence class [w] RO of RY’ there is an equivalence class [w]g, of Ry
such that [w]RaF,g C [w]r

finite union of equivalence classes of R?’ﬁ .

.- Each equivalence class [w]|g, of the relation Ry is a

Proof. Let [w] R be an equivalence class of R%’B . Now, suppose that z € [w] RO
Since F* is an («, 3)-complete, then there exists ¢ € Q such that
07 ((q0, 1(q0), " (q0)), . q) >1 o and 83 ((go, 1" (q0), " (q0)), %, q) <L B-

Therefore

07 ((qo, 1" (q0), V" (q0)), w, ) > a and &3((go, 1 (g0), " (q0)), w, q) <1, -

By the («, §)-complete property of F*, for any y € X*, there exists ¢ € Q such
that

07 (o, 1" (q0), V" (q0)), 2y, ¢') A 05 (g0, 1 (q0), V™ (20)), wy. ¢) >1 a,
and

03 (o, 1" (q0), V" (q0)), 2y, @) V 03 (g0, 1 (q0), V™ (00)), wy, &) <1 5.

If there exist b, b’ € Z such that wy(q¢’,b) >, a and wy(¢',b) <y, B, then zy, wy € L
otherwise zy, wy ¢ L. Then 2R w. Thus x € [w]g, and [w]gzes C [w]g,. Suppose
F

that [w]g, is an equivalence class of R.. It is obvious that if w ¢ £, then for any
x € [w]g,, v ¢ L and if w € L, then for any = € [w]g,, v € L. If w ¢ L, then for
any q € Q,b,b' € Z we have

07 ((q0, 1 (0), V" (0)), w, @) A @1 ((q, p* ™1 (q), v ()),b) <1 o,

03 (g0, 1°(q0), " (q0)), w, @) V @a((q, p' ™I (), v (q)),0) =1, B.

If 67 ((do, 1" (a0), " (a0)) w, ¢) >1 o and 63 ((go, 1" (d0), v (¢0)), w, @) <p. B then
wi(q,0) <p a or wy(q,b) =1 B.
The set
S ={qe Q|5 (g0, 1" (q0), V' (q0)), 2, q) >1 e, and
05((q0: 1" (d0), V" (90)), 2 ) <1 B, € [w], },

is finite. Then we have wi(q,b) <p a or wy(q,b) > [ for all ¢ € S and b € Z,
or for all ¢ € S there exist b,0 € Z such that wi(q,b) > « and wy(q, V) <p S.
Therefore the equivalence class [w]g, of R, is a finite union of the equivalence

classes [w] pa.s Of R%? where q € S. .
F

(4.9)
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Theorem 4.23 Let L be a recognizable (c, 3)-language. Then there is an (a, 3)-
complete and deterministic IGLFA F* such that LYP(F*) = L and FY is a
minimal automaton, where a, 3 € L and o <y, N([3).

Proof. Let F* = (Q, X, R, Z, 5*,&),F1,F2,F3,F4) be an (a, 3)-complete and de-
terministic max-min IGLFA such that £ = £%7(F*). By Theorem 4.22, we have
that the number of equivalence classes of R, is finite. Let (),, be the set of
equivalence classes of R, i.e., @, = {[w] | [w] is an equivalence class of R.}. Let

R, = {([A},71,72) }, where y1,72 € L,y >1 a, 72 < f and 71 <p N(92). Define
Om : Qm X X X Q,, = L x L by
M if [za] = [z],

0 otherwise,

(4.10) om1([2], a, [z]) = {

and

(4.11) 5ma[2], @, [2]) :{ n2 if 2] = la]

1  otherwise,
Also define wy, : Q,, x {b} — L x L by

v ifweL,

(4.12) Wit ([w], b) = {

0 otherwise,

and

Y2 ifU)EE,

1 otherwise.

(4.13) wmz([w], b) = {

It is clear that F* = (Qm, X, Ry, Z' = {b},0%,,@m, F1, Fy, F3, Fy) is an (a, B)-
complete and deterministic IGLFA. Clearly, ¢,, and w,, are well defined.
Let w € L. Then, we have

0 (([A, o ([A]), v ([A])),
O ([A], o ([A]), v ([A])),

,[w]) >L o and

w
w, [UJ]) <r ﬁa
and
w1 ([W],0) =71 >La, wpa([w],b) =y <rB.
These imply that w € LY (F*). )
Now, suppose that w € £L*9(F). Then there exist [2] € Q,,,b € Z such that
(4.14)

Sr*nl(([A]’ Mto([A])v Vto([A]))a w, [2])/\(:)7”1(([2], Mt0+|w|([z])v Vt0+|w|<[z]))7 b) =L,

and
(4.15)

5;2(([/“7”%([/\])7 Vto([A]))’ w, [ZDV(DWQ(([ZL Nt0+‘w‘([z])v Vt0+|w|([z]))’ b) <LB'
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Considering (4.10), (4.11), (4.14) and (4.15) we have [z] = [w]. Then wy,; ([w], b) >,
o and wpa([w],b) <p B. Then w € L. Hence L*(F*) = L. By Theorem 4.22, we
have that the number of equivalence classes of R, is less than or equal to that of
equivalence classes of R?,’ﬂ , and by Note 4.21, the number of classes of equivalence
relation R%’ﬁ is less than or equal to the number of states of F*. Hence the claim
holds. "

Example 4.24 Let the complete lattice L = (L,<;,T,S5,0,1) defined in
Example 4.3, and the max-min IGLFA F* = (Q, X, R, Z,0*,&, F, Fy, F3, F}) as
in Figure 6. Considering Definition 4.19, we find [u], [v], [uv] = [vu], [u?] = [u],
[v?] = [v], [uv®] = [uv] and [uvu] = [uw]. Then we have F* as in Figure 9. It is

&)

u.'\‘-'

u. (c, d)

u. (c, dj

o u, v. (c, d)

Figure 9: The minimal F? of Example 4.24

obvious that F™* /p®? as in Figure 8, and FT’; as in Figure 9, have the same number
of states.

Theorem 4.25 For every recognizable (e, B)—language L, the minimal maz-min
IGLFA F* defined in proof of Theorem 4.23, is («, 3)-reduced, where o, 3 € L
and o <y N(3).

Proof. Let F* be an (a, 3)-accessible, (a, 3)-complete, deterministic max-min
IGLFA. Suppose that ¢; = [u1], g2 = [ug] be equivalence classes of R;. Now, let
q1p*%gs. Then

A= {wEX*\5T(([ ]M ([w]), v'i([w])), w, @) A& (g, 1 (q), 1)), b) >,
05 (([wr], s ([wr]), v ([wa])), w, @) Vo (g, 1)), 1)), ) <1, 3,

~ for some b,V € Z,q is an equivalence classes of R}
={w € X*[67(([ua], uj([Uz]%th([m]))?w,CJ)A@l((q it (q), viatvl(g)), b) >,
05 (([ua], 1 ([ua]), v ([ua])), w, q) Vs (g, 511 (q), v571!(q)), ¥) <1, 3,
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for some b, 0/ € Z,q is an equivalence classes of R} = B.

Therefore w € A <= w € B, for all w € X*, this implies that vyw € L <=
ugw € L, for all w € X*. Then [uy] = [ug]. Hence F* is an (a, )-reduced. .

Theorem 4.26 Let L be a recognizable (a, 3)-language, where o, € L and
o <p N(B). Let E* be the maz-min IGLFA defined in the proof of Theorem 4.23,
and F* be an (o, B)- complete, (a, 3)-accessible, deterministic and (o, 3)-reduced
maz-min IGLFA. Then ¥ and F* are isomorphism with threshold (c, 3).

Proof. Let Fr = (Q., X, {[A]}, {b}, 0%, &, Fi, Fa, Fs, Fy) and F* = (Q, X, {q},
Z7 6*7@7F17F27F37 F4) Define f Q Qm by €<q) = [u]? where

ST((qutO(QO)u Vto (QO))7ua q) >« and S;((q07MtO<QO)7 Vto(‘]())))“a Q> <z ﬁ

Since F* is (o, 3)-accessible, then ug(qo) > o and 1/8 (qo) <1 .
Also, g, ([A]) >pa and v, ([A]) <¢ 6.
Let ¢1,¢2 € Q and ¢ = ¢o. Then ¢1p*”q,. Therefore

{we X* [ 5 ((qu, (@), V' (1)), w, @) A @ ((q, w1 (q), vt (), 0) > o,
3 ((qu, 1 (qr), V' (1)), w, @) V @a((q, pt 11 (q), 11l (), b) <1 B,
for some b, 0/ € Z,q € Q} =

(€ X |81 i (2), 7 (02),0,0) A (g 7). ), 0

,q) A
03 ((q2, 1 (q2), v (q2)), w )V 2((q, 71 (q), vt 1l(q)), V) < B,
for some b,V € Z,q € Q}

Since p'i(q1) > o, v'i(q1) <p B and p'(q2) >1 o, (q2) <z (3, then there exist
u,v € X*, where |u| =1i,|v| = j, and

SI((q(h Ht0(90>7 Vto (QO))a u, Q1) >L o and S;((QO» utO(QO)v VtO(QO))y u, Ql) <r ﬁa

and

07 ((go, 11" (q0), ¥ (q0)), v, g2) >1 a and 33 ((qo, 2 (g0), ¥ (q0)), v, @2) <1 B-

Thus uz € Lif and only if vz € L for all z € X*. Then [u] = [v], i.e., {(q1) = £(q2).
Hence ¢ is well defined. .

Let [u] € Q.. By the («, §)-complete property of F*, there exists ¢ € @) such
that

SI((qm MtO(QO)a Vto (QO))7 u, Q) >« and S;((QO» utO(QO)v VtO(QO))7 u, Q) <r 5

Then £(q) = [u]. Therefore ¢ is surjective. )
Now, let §1(q,a,q') >; a and d5(q,a,q’) <; B. Since F* is («, [3)- accessible,
then there exists u € X* such that

SI((QO)MtO(QO)a Vto (QO))7ua Q) >« and S;((Q())/Lto(QO)a Vto(q()))7ua Q) <r ﬁ
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Therefore

07 ((q0, 14" (¢0), V" (q0)), ua, ¢') > a and 63((qo, 1™ (q0), " (q0)), ua, ¢') <z B-

Hence £(q)—[u] and £(¢’)—[ua] and 8,1 (€(a), 0, €(¢)) >1 0, bma(€(@), 0,E(2) <18
Lot 6,1 (€(q). 0. £(¢)) >1 o and 8,12(&(0). 0, €(¢")) <1 B, where £(q) = [u] and
£(¢") = [v]. Then [ua] [v]. Thus

ST((qutO(QO)a Vto (QO))7U7 q) >« and S;((q07MtO<QO)7 Vto(q())))ua Q) <L 67

and

ST((QO? /j’to <QO)7 Vto (QO)>7 ua, q/> >« and S;((Q(]? /j’to <QO)7 Vto (QO)>7 ua, q/> <L ﬁ

Since F* is deterministic, then 01(q, a,q') > o and d2(q, a,q') <z, S
Let ¢ € @ and wq(q,b) > a and wy(q,b’) < B for some b0 € Z. By the
(e, B)-accessibility property

07 (g0, 14" (q0), V" (q0)), u, @) >1 o and 83((qo, (o), V" (q0)), u, @) <1 B-

Then u € L. Therefore wy,;([u],b) >1 a and wya([u],b’) < G for some b, € Z.
Hence wy,1(£(q),b) >1 a and wp2(€(q), ") < B for some b, b € Z.

Then 15;; and F* are homomorphism with threshold (v, B). Now, let ¢q1,¢q2 € Q
and £(q1) = &(q2). Then there exist x,y € X* such that [z] = {(q1) = &(q2) = [y]-
Therefore ¢, p*?qy. Since F* is (c, B)-reduced, then ¢; = go. Thus & is one-one.

Now, let wm1(£(q),0) > a and w,2(£(q),0') <r B for some b, b € Z, where
€(q) = [u]. On the other hand, wy;([u],b) >r « and wpe([u],b’) <p 5 for some
bt € Z. These imply that v € £. Then

ST((Q(), :U’to (CIO)7 2 (QO)), u, q,) N @1(((]/7 :U’tO—Hu‘ (q/)> Vt0+|u| (q,>>7 b) >LQ,
85((%)7 :uto (CIO)7 2 (QO)); u, q,) v @2(((]/7 :U’to—Hu‘ (q,)> ylotlul (q,>>7 b,) <L 57

for some b, 0’ € Z. Also, we have

ST((QO7MtO(QO)7 Vto (QO))7U7 q) >« and S;((q07MtO<QO)7 Vto(q())))ua Q> <r ﬁ

Since F* is deterministic, then ¢ = ¢/. Therefore wy(q,b) >; a and ws(q, b) <. B
for some b,0' € Z.
Hence F and F* are isomorphism with threshold («, [3). .

5. Conclusion

In this paper, we present the notions of intuitionistic general L-fuzzy automata
based on lattice valued intuitionistic fuzzy sets, («, 3)-language, («, 3)-accessible,
(e, B)-reduced, (v, B)-complete, deterministic and isomorphic with threshold («, 3).
Afterthat, it is shown that for any recognizable («, 3)-language over a bounded
lattice L, there exists a minimal («, 3)-complete and deterministic IGLFA, which
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preserve («, 3)-language. Finally, we show that for any given (a, 3)-language L,
the minimal (o, #)-complete and deterministic IGLFA recognizing £ is isomor-
phic with threshold (a, 3) to any («, 3)-complete, («, 3)-accessible, deterministic,
(e, B)-reduced IGLFA recognizing L.

Now, there is an important question:

Suppose that there is a max-min IGLFA, say F*. Is there a mini-
mal intuitionistic general L-fuzzy automata with more that one initial

state, in which it has the same (a, 3)-language as the («, 3)-language
of F*?
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