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Abstract. Let G2(q) be a Chevalley group over a finite field K = Fq of characteristic
p. For a group G, let nse(G) = {sk

∣∣k ∈ ω(G)} where ω(G) is the set of element orders
of G and sk is the number of elements of order k in G. In this note, we give a new
characterization of some special Chevalley groups G2(q) by nse.
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1. Introduction

For a finite group G, let ω(G) be the set of element orders of G. If k ∈ ω(G) and
sk be the number of elements of order k in G, then let nse(G) = {sk

∣∣k ∈ ω(G)}. J.
G. Thompson put forward a very interesting problem related to algebraic number
fields as follows (see [22], for instance).

Thompson’s Problem. Let T (G) = {(n, sn)
∣∣n ∈ ω(G) and sn ∈ nse(G)}, where

sn is the number of elements with order n. Suppose that T (G) = T (H). If G is a
finite solvable group, is it true that H is also necessarily solvable?

So, some authors consider these cases (see [14], [19], and [20]).
If we consider only nse(G), then whether can it characterize finite simple

groups? Some groups PSL(2, r) and Sr, where r is a prime and Sr is a symmetric
group of degree r, are proved valid by nse (see [2], [3]). Recently, alternating
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groups Ap of special class under condition that p | |G| but p2 - |G|, are cha-
racterized by nse only (see [1]). In this note, we give a new characterization of
Chevalley groups G2(q) where q ≡ −1 mod 3 and q is odd. In fact, we have the
following.

Main theorem. Let p be a prime and p = q2 + q + 1 such that q is odd and
q ≡ −1 mod 3. Assume that p||G|. If nse(G) = nse(G2(q)), then G is isomorphic
to G2(q).

Some notations are introduced. All groups considered are finite and p is a
prime. For a natural number n, let π(n) be the set of prime divisors of n. We
denote by π(G) the set of prime divisors of |G| and by ω(G) the set of element
orders of G. We also denote the number of elements of order k in G by sk and
let nse(G) := {sk : sk ∈ ω(G)}. If there is no ambiguity, we write sk instead
of sk(G). Let GK(G) be a graph with vertex set π(G) such that two primes p
and q in π(G) are joined by an edge if G has an element of order p · q. We set
s(G) denote the number of connected components of the prime graph GK(G) and
let m1,m2, · · · ,ms(G) be the connected components of GK(G). If 2 ∈ π(G), we
assume that 2 ∈ m1(G). |G| can be expressed as a product of co-prime positive
integers OCi, i = 1, 2, · · · , s(G). The sets of order components of finite simple
groups with disconnected prime graph can be obtained by [12] and [26]. Let r
be a prime. Then we denote the number of the Sylow r-subgroup Gr of G by
nr(G) or nr. Also, |xG| denotes the order of conjugacy class of x in G. The other
notations are standard (see [7], for instance).

2. Some preliminary results

In this section, we give some lemmas which will be used to prove the main theorem.

Lemma 1. Let G be a finite group and m be a positive integer dividing |G|. If
Lm(G) = {g ∈ G

∣∣gm = 1}, then m
∣∣|Lm(G)|.

Proof. See [8].

Lemma 2. Let G be a group containing more than two elements. If the maxi-
mal numbers of elements of the same order in G is finite, then G is finite and
|G| ≤ s(s2 − 1).

Proof. See [21].

Lemma 3. Let G be a group and P be a cyclic Sylow p-subgroup of G of order
pa. If there is a prime r such that par ∈ ω(G), then spar = sr(CG(P ))spa. In
particular, φ(r)spa | spar, where φ(r) is the Euler function of r.

Proof. See [18].

Lemma 4. Let q > 1 be an integer, m be a nature number, and p be an odd
prime. If p divides q − 1, then (qm − 1)p = mp · (q − 1)p.
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Proof. See Lemma 8(1) of [9].

Lemma 5. Let G be a finite group and p ∈ π(G) be odd. Suppose that P is a
Sylow p-subgroup of G and n = psm with (p,m) = 1. If P is not cyclic and s > 1,
then the number of elements of order n is always a multiple of ps.

Proof. See [15].

Lemma 6. Let a, b and n be positive integers such that (a, b) = 1. Then there
exists a prime p with the following properties:

• p divides an − bn,

• p does not divide ak − bk for all k < n,

with the following exceptions: a = 2, b = 1; n = 6 and a + b = 2k; n = 2.

Proof. See [24].

Remark 7. If b = 1, the prime p is called the Zsigmondy prime. If p is a
Zsigmnody of an − 1, then Fermat’s little theorem shows that n | p − 1. Put
Zn(a) = {p : p is a Zsigmondy prime of an− 1}. If r ∈ Zn(a) and r | am− 1, then
n | m.

Lemma 8. If G is a finite group such that t(G) ≥ 2, then G has one of the
following structures:

(1) G is a Frobenius group or 2-Frobenius group;

(2) G has a normal series 1 ≤ H ≤ K ≤ G such that π(G/K)∪π(H) ⊆ π1 and
K/H is a non-abelian simple group. In particular, H is nilpotent, G/K .
Out(K/H) and the odd order components of G are the odd order components
of K/H.

Proof. See [23].

Lemma 9. Let G be a Frobenius group of even order with kernel K and comple-
ment H. Then s(G) = 2, the prime graph components of G are π(H) and π(K)
and the following assertions hold:

(1) K is nilpotent;

(2) |K| ≡ 1(mod |H|).
Proof. See [6].

Lemma 10. Let G be a 2-Frobenius group, i.e., G is a finite group and has a
normal series 1 ≤ H ≤ K ≤ G such that K and G/H are Frobenius groups with
kernels H and K/H, respectively. Then:

(1) t(G) = 2, π1 = π(G/K) ∪ π(H) and π2 = π(K/H);

(2) G/K and K/H are cyclic, |G/K| | (|K/H| − 1) and G/K ≤ Aut(K/H).
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Proof. See [6].

Lemma 11. Let G be a finite non-abelian simple group and p is the largest prime
divisor of |G| with p | |G|. Then p - |Out(G)|.
Proof. See [13].

3. Some information for G2(q)

Let
∑

= {±ξi, ξi − ξj | 1 ≤ i, j ≤ 3, i 6= j} (where ξ1 + ξ2 + ξ3 = 0) be the root
system of type G2, and choose a = ξ2, b = ξ1−ξ2 for a fundamental system of roots.
Let χ be a homomorphism of the root module P0 (i. e. P0 is the additive group
generated by the roots) into the multiplicative group K∗. Put χ(ξ) = zi, i = 1, 2, 3.
Then the element h(χ1) of Cartan subgroup H associated with H will be denoted
by h(z1, z2, z3). For each r ∈ ∑

, there exists uniquely a homomorphism φr of

SL(2, K) into G such that φr

(
1 t
0 1

)
= xr(t), φr

(
1 0
t 1

)
= x−r(t) for every

t ∈ K. Let ω be an element of order 3 in K and yi ∈ P where P is a parabolic
subgroup of G. Let 2 < q ≡ ε mod 3 and assume that q is odd.

We know that m1(G2(q)) = q6(q3−ε)(q2−1)(q+ε) and m2(G2(q)) = q2−εq+1.

Lemma 1. In case p 6= 2, 3, the representatives and the orders of the centralizers
in G2(q) are given by Table 1.

Proof. See [5].

Lemma 2. Let L = G2(q) with that q is odd and q ≡ −1 mod 3. Let p = q2+q+1
be a prime. Then

sp(L) =
∑

|x|=p,x6=1

|xL| = q2 + q

6(q2 + q + 1)
|L|.

Proof. Let p = q2 + q + 1. Then from Lemma 1, we know that the order
of the centralizers of an p-element in L is of order p and the number of the
conjugacy classes of p-elements in L is 1

6
(q2 + q − 1 − ε). Let q ≡ −1 mod 3.

Since sp(L) =
∑

|x|=p,x6=1

|xL|, and ε = −1, then

sp(L) =
q2 + q

6(q2 + q + 1)
|L|.

Lemma 3. For u 6= p, then for every u ∈ ω(L), p | su(L).

Proof. It is easy to get from Lemma 1, that p | su(L) for all u ∈ ω(L) such that
u 6= p.

Let n denote the number of conjugacy classes and Z the order of centralizers
of elements of G, respectively.
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Table 1. The representatives and the orders of the centralizers in case p 6= 2, 3

Representatives n Z
1 1 q6(q2 − 1)(q6 − 1)
h(−1,−1, 1) 1 q2(q2 − 1)2

h(ω, ω, ω) 1 q3(q2 − 1)(q3 + ε)
h(z, z−1, 1), zq−1 = 1, z2 6= 1 q−3

2
q(q − 1)2(q + 1)

h(z−1, z−1, z2), zq−1 = 1, z2 6= 1, z3 6= 1 q−4−ε
2

q(q − 1)2(q + 1)

h(z1, z2, z3), z
q−1
i = 1, ziZ

±1
j

q2−8q+17+2ε
12

(q − 1)2

h(z−1, z−1, z2), zq+1 = 1, z2 6= 1, z3 6= 1 q−2+ε
2

q(q − 1)(q + 1)2

h(z, z−1, 1), zq+1 = 1, z2 6= 1 q−1
2

q(q − 1)(q + 1)2

h(z1, z2, z3), z
q+1
i = 1, ziZ

±1
j

q2−4q+5−2ε
12

(q + 1)2

h(z, zq, z−q−1), zq2−1 = 1, zq±1 6= 1 (q−1)2

4
q2 − 1

h(z, z−q, zq−1), zq2−1 = 1, zq±1 6= 1 (q−1)2

4
q2 − 1

h(z, zq, zq2
), zq2+q+1 = 1, z3 6= 1 q2+q−1−ε

6
q2 + q + 1

h(z, z−q, zq2
), zq2−q+1 = 1, z3 6= 1 q2−q−1−ε

6
q2 − q + 1

h(−1,−1,−1)xb(1) 1 q2(q2 − 1)
h(−1,−1,−1)xc(1) 1 q2(q2 − 1)
h(−1,−1,−1)xb(1)xc(1) 1 2q2

h(−1,−1,−1)xb(1)xc(λ) 1 2q2

h(ω, ω, ω)y, y ∈ Φb or Φ∗
b 1 q3(q − ε)

h(ω, ω, ω)y, y ∈ Ψ or Ψ2 ∩ Γ(ω2) 3 3q3

h(z, z−1, 1)xc(1), zq−1 = 1, z2 6= 1 q−3
2

q(q − 1)
h(z−1, z2, z−1)xb(1), zq−1 = 1, z2 6= 1, z3 6= 1 q−1−ε

2
q(q − 1)

h(z, z−1, 1)x2a+b(1), zq+1 = 1, z 6= 1 q−1
2

q(q + 1)
h(z−1, z2, z−1)x3a+2b(1), zq+1 = 1, z3 6= 1 q−1+ε

2
q(q + 1)

Lemma 4. Assume that L = G2(q) where q is odd and q ≡ −1 mod 3. Let
p = q2 + q + 1 be a prime. Then s2 = 1

q2(q2−1)
|L|, in particular, p | s2.

Proof. It is known that L has one class of involutions (see [12, 17]). By Lemma 1,
the order of the centralizers and the numbers of conjugacy classes of the elements
x of order 2 in L are q2(q2 − 1) and 1, respectively. Since s2 =

∑
|x|=2,x6=1

|xL|, then

s2 = |L|
q2(q2−1)

In particular, p | s2.

We also need the following due to Nosratpur and Darafsheh.

Lemma 5. Let L = G2(q), where q is odd and q ≡ −1 mod 3, and d(q) =
q2 + q + 1.

(1) If p ∈ π(L), then |Lp| ≤ q6, where Lp ∈ Sylp(L).

(2) If p ∈ π1(L), pα | |L|, and pα − 1 ≡ 0 | d(q), then pα = q3 or pα = q6.

Proof. See Lemma 3.2 of [16].
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4. Proof of the main theorem

In the proof of main theorem, we use the order components of finite simple groups
that are listed as in Tables 1, 2 and 3 (see [10] and [23]).

Let G be a group such that nse(G) = nse(G2(q)), and sn be the number of
elements of order n. By Lemma 2 We note that sn = kφ(n), where k is the number
of cyclic subgroups of order n. Also we note that if n > 2, then φ(n) is even. If
m ∈ ω(G), then by Lemma 1 and the above discussion, we have

(4.1)

{
φ(m) | sm

m | ∑d |m sd.

Proof of the main theorem Proof. In the proof of the main theorem, we
always assume that nse(G) = nse(G2(q)) and L = G2(q) where q is odd and
q ≡ −1 mod 3. We divide the proof into the following series of Lemmas.

Lemma 1. Let p 6= u ∈ π(L). Then p | su(L).

Proof. It is easy to see that p | su by Lemma 1. In fact, we can show this by the
following.

By [4, Proposition 7], the maximal torus T of G2(q) has the order (q ± 1)2,
q2 − 1, q2 ± q + 1. Then there is an element x ∈ L and some torus T such that
p 6= |x| = u and T ≤ CL(x). It follows that |xL| is the multiple of |L|

|T | for some T .

But su(L) =
∑

|x|=u,x6=1

|xL|. Hence p | su(L).

Lemma 2. s2(G) = s2(L). In particular, p | s2.

Proof. We know that if 2 < n ∈ ω(G), then sn is even. By Lemma 1, 2 | 1+s2(L).
On the other hand, in G, the only odd number in nse(G)\{1} is s2(G). Hence we
have s2(G) = s2(L). By Lemma 1, p | s2.

Lemma 3. For u ∈ ω(G), p - su(G) if and only if su(G) = sp(G). In particular
sp(G) = sp(L), in particular, p - sp.

Proof. By Lemmas 2 and 3, su(G) = sp(L) if and only if p - su(G). By Lemma 1,
p | 1 + sp(G) and so p - sp(G). Therefore, we have sp(G) = sp(L), in particular,
p - sp.

Lemma 4. The Sylow p-subgroup of G is of order p.

Proof. Let Gp ∈ Sylp(G). Then by Lemma 1, |Gp| | 1 + sp + · · · + spi for some
integer i. If exp(Gp) ≥ p3, then by (4.1), φ(p3) | sp3 and hence, p2 | sp3 . But there
is no number from nse(G) which is divisible by p2. Thus exp(Gp) = p or p2.

Let exp(Gp) = p2. Then there is an element of order p2 with φ(p2) | sp2 .
Hence p(p− 1) | sp2 .
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If |G| = p2, then Gp is cyclic and so np =
sp2

p(p−1)
= t for some integer t.

We know that the intersection of any two Sylow p-subgroups of G may lie in
a subgroup of order p. Therefore the number of cyclic subgroups of order p
is something between 1 and the number of Sylow p-subgroups of G. It follows
that q2+q

6(q2+q+1)
|L| = sp ≤ (p − 1)np(G) = (p − 1)t and so np ≥ |L|

6(q2+q+1)
. Thus

sp2 ≥ p−1
6
|L| > |L| since q is odd, p = q2 + q + 1 with q ≡ −1 mod 3.

If |Gp| ≥ p3, then by Lemma 5, p2 | sp2 and so sp2 = p2t for some integer t.
But the equation sp2 = p2t has no solution in nse(G), a contradiction.

Let exp(Gp) = p. Then by Lemmas 2 and 3, sp = q2+q
6(q2+q+1)

|L|. Since

1+sp =
1

6
p2[(q10−2q9−q8+7q7−7q6−5q5+13q4−8q3−6q2+15q−9)+

13q + 10

q2 + q + 1
],

then |Gp| = p.

Lemma 5. The prime divisor of |G| is the same as |L|.
Proof. By Lemma 3, sp = q2+q

6(q2+q+1)
|L|. Also by Lemma 4, |Gp| = p = q2 + q + 1.

It follows from Sylow’s theorem, that np = sp

φ(p)
= |L|

6p
. Therefore, π(G) = π(L).

Lemma 6. Let r ∈ π(G)− {p}. Then r · p 6∈ ω(G).

Proof. If 2 ·p ∈ ω(G), then by Lemma 1, 2 ·p | 1+s2 +sp +s2·p and also p | 1+sp.
By Lemma 2, p | s2. It follows that p | s2·p.
By Lemma 4, we have that |Gp| = |G|p = p. Then by Lemma 3, s2·p = sp · t

for some integer t and so p | t.
Let t = pk. Then (k, p) = 1 and hence s2·p = sp · pk = q(q+1)|L|

6
k. We

know that |L| =
∑

n∈nse(G)

n and so s2·p > 2|L|, a contradiction. It follows that

s2·p = sp · pk 6∈ nse(G). Therefore s2·p = sp, also a contradiction since p - sp.
Therefore 2 · p 6∈ ω(G). Similarly we can prove that r · p 6∈ ω(G) for r ∈

π(G)\{2, p}.
Lemma 7. |G| | q2+q

6
|L|.

Proof. By Lemma 6, r · p 6∈ ω(G) for any prime r ∈ π(G)− {p}. It follows that
the Sylow r-subgroup Gr of G acts fixed freely on the set of elements of order p
and so |Gr| | sp. Therefore |G| | q2+q

6
|L|.

Lemma 8. There is a normal series 1 ≤ H ≤ K ≤ G such that K/H is isomor-
phic to G2(q).

Proof. By Lemma 6, s(G) ≥ 2. Then by Lemma 8, we have the following:

(1) G is a Frobenius group or 2-Frobenius group;

(2) G has a normal series 1 ≤ H ≤ K ≤ G such that π(G/K) ∪ π(H) ⊆ π1

and K/H is a non-abelian simple group. In particular, H is nilpotent,
G/K . Out(K/H) and the odd order components of G are the odd order
components of K/H.
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First we prove that G is neither a Frobenius group nor a 2-Frobenius group.

Let G be a Frobenius group of even order with kernel H and complement K.
Then by Lemma 9, s(G) = 2, π(G) = {π(H), π(K)}. By Lemma 3, π(H) = {p}
or π(K) = {p}. If π(H) = {p}, then since H is nilpotent, Hp is characteristic in
H. By hypothesis, we have that Hg

p = Gp for some g and hence, Gp is normal in
G. It follows that sp(G) = p − 1, contradicting Lemma 3. Now let π(K) = {p}.
By Lemmas 4 and 3, np | |G| and by Lemma 7, |G| | (q2+q)|L|

6
. So by Lemma 6,

there is a prime r ∈ Zn−1(2)∩π(G) and so |Lr| = |L|r = |q2−1|r = |q +1|r. Since
GK(G) = {π(K), π(H)}, then r ∈ π(H). Since K is nilpotent, Gr is normal in G.
It follows from Lemma 6, that the Sylow p-subgroup of G acts fixed point freely
on the set of elements of order r and so p ≤ |Gr| ≤ q + 1 < q2 + q + 1 = p, a
contradiction.

Let G be a 2-Frobenius group. Then G has a normal series 1 ≤ H ≤ K ≤ G
such that π(G/K)∪π(H) ⊆ π1 and K/H is a cyclic group of order p and |G/K| |
(p−1). Similarly as the argument for the Frobenius group, we get a contradiction.

Therefore G has a normal series 1 ≤ H ≤ K ≤ G such that π(G/K)∪π(H) ⊆
π1 and K/H is a non-abelian simple group. In particular, H is nilpotent, G/K .
Out(K/H) and the odd order components of G are the odd order components of
K/H.

According to classification theorem of finite simple groups, K/H is an al-
ternating group, sporadic group or simple group of Lie type. By Lemma 6,
s(K/H) ≥ 2.

Let K/H ∼= Am with m ≥ 5, then m ≥ p. On the other hand, by Lemma 1

of [11] there is a prime r ∈ π(Am) ∩ π(G) such that q2 − 1 ≤ q6−1
2

< r < q6 − 1
and r ∈ π(Am) but r - |G| by Lemma 5, a contradiction.

Let K/H be sporadic simple groups, we can rule out this case by considering
their odd order component since the odd components of K/H is p = q2 + q + 1
with q odd and q ≡ −1 mod 3.

Therefore K/H is isomorphic to a simple group of Lie type. We consider the
following cases.

Case 1: Let s(K/H) = 2. Then we have that OC2(K/H) = p = q2 + q + 1 with
q odd and q ≡ −1 mod 3.

1.1. Let K/H ∼= Ap′−1(q
′) with (p′, q′) 6= (3, 2), (3, 4).

Then q′p
′−1−1

(q′−1)(p′,q′−1)
= q2 + q + 1 and so p′ − 1 = 2, q′ = q. Then by Lemma 7,

(q4 − 1)(q3 − 1)(q2 − 1) | q2+q
6
|L| = q2+q

6
· q6(q2 − 1)(q6 − 1), a contradiction.

Similarly, we can rule out these cases “K/H ∼=2 Ap′−1(q
′) and K/H ∼=2 Ap′(q

′)”.

1.2. Let K/H ∼= Bp′(3). Then 3p′−1
2

= q2 + q + 1. But by Lemma 6, the equation
has no solution in N.

1.3. Let K/H ∼= Cn(q′) with n = 2m ≥ 2, q′ odd. Then q′n+1
(2,q−1)

= q2 + q + 1
and so by Lemma 6, the equation has no solution. Similarly, we can rule out
“K/H ∼= Cp′(q

′)”.
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1.4. Let K/H ∼= Dp′(q
′) with p′ ≥ 5, q′ = 2, 3, 5. Then q′p

′−1
(2,q′−1)

= q2 + q + 1 and

so q ≥ 2q′. By Lemma 7, q′p
′ | q7 and hence, q′p

′
< 27q′7. If q′ = 2, then p′ < 14.

It follows that p′ = 5, 6, 7, · · · , 13. Thus order consideration rules out these cases.
Similarly, we can rule out K/H ∼= Dp′+1(q

′) with q′ = 2, 3.

1.5. Let K/H ∼=2 Dn(q′), with n = 2m ≥ 4, then q′n+1
(2,q′+1)

= q2 + q + 1. If

q′ is odd, then by Lemma 6, the equation has no solution. If q′ is even, then
q′n = q(q +1), the equation has no solution. Similarly, we can rule out these cases
“K/H ∼=2 Dn(2) with n = 2m + 1 ≥ 5, K/H ∼=2 Dp(3) with 5 ≤ p 6= 2m + 1 and
K/H ∼=2 Dn(3) with 9 ≤ 2m + 1 6= p”.

1.6. Let K/H ∼= G2(q
′), with 2 < q′ ≡ ε mod 3, ε = ±1, then q′2 − εq′ + 1 =

q2 + q + 1 and hence, q′(q′ − ε) = q(q + 1). If ε = −1, then we have the desired
result. If ε = 1, then q′ = 3, q = 2. Order consideration rule out this case.

1.7. Let K/H ∼=3 D4(q
′), then q′4 + q′2 + 1 = q2 + q + 1 and hence, q′2(q′2 + 1) =

q(q + 1). Thus q′2 = q, and so (q3 − 1)(q6 − 1) | (q2 − 1)(q6 − 1), a contradiction.

1.8. Let K/H ∼= F4(q
′) with q′ odd, then q′4 − q′2 + 1 = q2 + q = 1 and hence,

q′2(q′2 − 1) = q(q + 1), a contradiction.

1.9. Let K/H ∼= E6(q
′), then q′6+q′3+1

(3,q′−1)
= q2 + q + 1. If q′ is odd, then q = q′3, and

so q12 | q7, a contradiction. If q′ is even and q′ ≡ 1 mod 3, then q′3(q′3 + 1) =

3(q2+q)+2 = 2(1+3 q2+q
2

), the equation has no solution. Similarly, K/H �2 E6(q
′)

with q′ > 2.

Case 2: Let s(L/K) = 3. Then q2 + q + 1 ∈ {OC2(K/H), OC3(K/H)}.
2.1. Let K/H ∼= L2(q

′), where 4 | q′+1. Then q′ = q2 + q +1 or q′−1
2

= q2 + q +1.

If q′ = q2 + q + 1, then 4 | q′ + 1 = q2 + q + 2. So there is a prime r such
that p < r < p6 and r ∈ π(H) or r ∈ π(G) \ π(L2(q

′)) contradicting the
maximality of p. If r ∈ π(H), then r ∼ p, a contradiction. If the latter,
r | Out(L2(q

′)), contradicting Lemma 11.

If q′−1
2

= q2 + q + 1, then q′ = 2p + 1. Similarly, we can rule out this case as
above.

Similarly, K/H � L2(q), with 4 | q− 1 and K/H � L2(q), with q > 2 and q even.

2.2. Let K/H ∼=2 Dp′(3) with 5 ≤ p′ = 2m + 1. Then p = 3p′−1+1
2

or p = 3p′+1
4

. In
both cases, by Lemma 6, there is no solution. Similarly, K/H �2 Dp′+1(2) with
n ≥ 2, p′ = 2n − 1.

2.3. Let K/H ∼= G2(q
′) with q′ ≡ 0 mod 3. Then q′2 − q′ + 1 = q2 + q + 1

or q′2 + q′ + 1 = q2 + q + 1. If the former, then q′(q′ − 1) = q(q + 1) and so
q′ = 3, q = 2. Order consideration rules out this case. If the latter, q = q′ and so
(q2 − 1)3 | (q2 − 1)2, a contradiction. Similarly we can rule out “K/H ∼=2 G2(q

′)
with q′ = 32m+1 > 3”.
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2.4. Let K/H ∼= F4(q
′), where q′ is even. Then q′4 + 1 = q2 + q + 1 or q′4 −

q′2 + 1 = q2 + q + 1. If the former, q′4 = q(q + 1), a contradiction. If the
latter, q′2(q′2 − 1) = q(q + 1), but the equation has no solution in N. Similarly,
K/H �2 F4(q

′), where q′ = 22m+1 > 2.

Case 3: s(K/H) ∈ {4, 5}. Then p = q2 + q + 1 ∈ {OC2(K/H), OC3(K/H),
OC4(K/H), OC5(K/H)}.
3.1. Let K/H ∼= L3(4) or 2E6(2). Then 2n − 1 = 7 or 2n − 1 = 19. If the former,
n = 3, then order consideration rules out. If the latter, it is impossible.

3.2. Let K/H ∼=2 B2(q
′), with q′ = 22m+1. Then p = q2 + q + 1 ∈ {q′ − 1, q′ ±√

2q′ + 1}. If the former, then q2 + q + 1 = p = q′ − 1. Order consideration rules
out. If the latter, then

√
q′(
√

q′ +
√

2) = q(q + 1) or
√

q′(
√

q′ − √2) = q(q + 1),
the equation has no solution in N.

3.3. Let K/H ∼= E8(q
′). If q′10−q′5+1

q′2−q′+1
= q2 + q + 1, then q′30 ≡ 1 mod d(q). By

Lemma 5, q′30 = q6 and so q′120 = q24 > q6, a contradiction. If q′10+q′5+1
q′2+q′+1

= q2+q+1,

then q′15 ≡ 1 mod d(q). By Lemma 5, q′15 = q6 and so q′120 = q48 > q6, a
contradiction. If q′8 + q′4 + 1 = q2 + q + 1, then q′4(q′4 + 1) = q(q + 1) and so
q′4 = q. But q′120 = q30 > q6, a contradiction.

Hence K/H ∼= G2(q) with q ≡ −1 mod 3 and q odd.

Lemma 9. π(H) j π(q2 + q).

Proof. Let r ∈ π(H). Then r 6= p and by Lemma 8, H is nilpotent. It follows
that Hr is normal in G. By Lemma 6, r · p 6∈ ω(G), and hence, the Sylow p-
subgroup of G acts fixed point freely on the set of elements of order r. Thus
p | |Hr| − 1. If r 6∈ π(q(q + 1)), then by Lemma 7, |Hr| | (q2 + q)r|L|r. By the
proof of Lemma 8, we know that r - q(q + 1) and hence, |Hr| | |L|r. On the other
hand, Hr ≤ qt − 1 for some integer t ∈ {2, 6} and so p ≤ |Hr| ≤ q2 + q + 1 = p, a
contradiction. Thus π(H) j π(q2 + q).

Lemma 10. G is isomorphic to G2(q) with q ≡ −1 mod 3 and q odd.

Proof. By Lemma 8, we have that K/H is isomorphic to G2(q). We will prove
that H = 1. Assume the contrary, then by Lemma 9, H is a π-group with
π = π(q2 + q). By Lemma 6, 2 · p 6∈ ω(G) and hence, the Sylow p-subgroup acts
fixed point freely on H2−1 and so p | |H|−1 = (q+1)2−1 < q+1 < q2+q+1 = p,
where nr denotes the number such that rm | n but rm+1 - n for some integer m, a
contradiction. If 2 6= r ∈ π(q(q+1)), then we also have r ·p ∈ ω(G). It follows that
the Sylow p-subgroup acts fixed point freely on Hr−1 and so p | |H|−1 ≤ q+1 <
q2 + q + 1 = p, a contradiction. It follows that H = 1 and so K ∼= G2(q). We
refine the normal series into 1 < K < G and so K < G < Aut(K). If G ∼= G2(q),
it is the desired result. If G ∼= Aut(G2(q)), then there is a prime r ∈ π(f) where
q = r′f (by [7, pp. xvi], |Out(G2(q))| = f) such that sr(Aut(G2(q))) 6∈ nse(G), a
contradiction. This completes the proof of the Lemma.

This completes the proof.
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5. Some applications

On Thompson’s conjecture, if G and H are of the same order type, then nse(G) =
nse(H) and |G| = |H|.
Corollary 1. Let p = q2 + q +1 be a prime and p‖|G| with q ≡ −1 mod 3. Then
G ∼= G2(q) if and only if |G| = |G2(q)| and nse(G) = nse(G2(q)).

Shi gave the following conjecture.

Conjecture. [22] Let G be a group and H a finite simple group. Then G ∼= H if
and only if (a) ω(G) = ω(H) and (b) |G| = |H|.

Then we have the following corollary.

Corollary 2. Let p = q2 + q +1 be a prime and p‖|G| with q ≡ −1 mod 3. Then
G ∼= G2(q) if and only if ω(G) = ω(G2(q)) and |G| = |G2(q)|.
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