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1. Introduction

For a finite group G, let w(G) be the set of element orders of G. If k € w(G) and
sk be the number of elements of order k in G, then let nse(G) = {si|k € w(G)}. J.
G. Thompson put forward a very interesting problem related to algebraic number
fields as follows (see [22], for instance).

Thompson’s Problem. Let T(G) = {(n, s,)|n € w(G) and s, € nse(G)}, where
Sp is the number of elements with order n. Suppose that T(G) =T(H). If G is a
finite solvable group, is it true that H is also necessarily solvable?

So, some authors consider these cases (see [14], [19], and [20]).

If we consider only nse(G), then whether can it characterize finite simple
groups? Some groups PSL(2,7) and S,, where r is a prime and S, is a symmetric
group of degree r, are proved valid by nse (see [2], [3]). Recently, alternating
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groups A, of special class under condition that p | |G| but p? t |G|, are cha-
racterized by nse only (see [1]). In this note, we give a new characterization of
Chevalley groups G5(q) where ¢ = —1 mod 3 and ¢ is odd. In fact, we have the
following.

Main theorem. Let p be a prime and p = ¢*> + q + 1 such that q is odd and
g =—1 mod 3. Assume that p||G|. Ifnse(G) = nse(Gs(q)), then G is isomorphic
to Ga(q).

Some notations are introduced. All groups considered are finite and p is a
prime. For a natural number n, let m(n) be the set of prime divisors of n. We
denote by 7(G) the set of prime divisors of |G| and by w(G) the set of element
orders of G. We also denote the number of elements of order k£ in G by s; and
let nse(G) = {sp : s € w(G)}. If there is no ambiguity, we write s; instead
of s1(G). Let GK(G) be a graph with vertex set 7(G) such that two primes p
and ¢ in 7(G) are joined by an edge if G has an element of order p-q. We set
s(G) denote the number of connected components of the prime graph GK(G) and
let mq, mo,- -+, my) be the connected components of GK(G). If 2 € n(G), we
assume that 2 € m;(G). |G| can be expressed as a product of co-prime positive
integers OC;,i = 1,2,--+ ,8(G). The sets of order components of finite simple
groups with disconnected prime graph can be obtained by [12] and [26]. Let r
be a prime. Then we denote the number of the Sylow r-subgroup G, of G by
n,.(G) or n,. Also, |x%| denotes the order of conjugacy class of z in G. The other
notations are standard (see [7], for instance).

2. Some preliminary results

In this section, we give some lemmas which will be used to prove the main theorem.

Lemma 1. Let G be a finite group and m be a positive integer dividing |G|. If
Lin(G) ={g € G|g™ =1}, then m||L,,(G)|.

Proof. See [§]. n

Lemma 2. Let G be a group containing more than two elements. If the maxi-

mal numbers of elements of the same order in G is finite, then G is finite and
|G| < s(s* —1).

Proof. See [21]. n

Lemma 3. Let G be a group and P be a cyclic Sylow p-subgroup of G of order
p®. If there is a prime r such that p*r € w(G), then spa, = 5,(Ca(P))spe. In
particular, ¢(r)spa | Spar, where ¢(1) is the Euler function of r.

Proof. See [18]. .

Lemma 4. Let ¢ > 1 be an integer, m be a nature number, and p be an odd
prime. If p divides ¢ — 1, then (¢™ — 1), =m, - (¢ — 1),.
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Proof. See Lemma 8(1) of [9]. .

Lemma 5. Let G be a finite group and p € w(G) be odd. Suppose that P is a
Sylow p-subgroup of G and n = p*m with (p,m) = 1. If P is not cyclic and s > 1,
then the number of elements of order n is always a multiple of p®.

Proof. See [15]. .

Lemma 6. Let a,b and n be positive integers such that (a,b) = 1. Then there
exists a prime p with the following properties:

e p divides a”™ — b",
e p does not divide a* — b* for all k < n,
with the following exceptions: a =2,b=1;n=6 and a+b= 2%, n = 2.
Proof. See [24]. n

Remark 7. If b = 1, the prime p s called the Zsigmondy prime. If p is a
Zsigmnody of a™ — 1, then Fermat’s little theorem shows that n | p — 1. Put
Zn(a) ={p: pis a Zsigmondy prime of a" —1}. If r € Z,(a) and r | a™ —1, then
n|m.

Lemma 8. If G is a finite group such that t(G) > 2, then G has one of the
following structures:

(1) G is a Frobenius group or 2-Frobenius group;

(2) G has a normal series 1 < H < K < G such that 7(G/K)Un(H) C m; and
K/H is a non-abelian simple group. In particular, H is nilpotent, G/ K <
Out(K/H) and the odd order components of G are the odd order components
of K/H.

Proof. See [23]. n

Lemma 9. Let G be a Frobenius group of even order with kernel K and comple-
ment H. Then s(G) = 2, the prime graph components of G are 7(H) and 7(K)
and the following assertions hold:

(1) K is nilpotent;
(2) |K| = 1(mod |H]|).
Proof. See [6]. n

Lemma 10. Let G be a 2-Frobenius group, i.e., G is a finite group and has a
normal series 1 < H < K < G such that K and G/H are Frobenius groups with
kernels H and K/H, respectively. Then:

(1) t¢(G)=2, m =7n(G/K)Un(H) and m = 7(K/H);
(2) G/K and K/H are cyclic, |G/K| | (|[K/H| —1) and G/K < Aut(K/H).
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Proof. See [6]. .

Lemma 11. Let G be a finite non-abelian simple group and p is the largest prime
divisor of |G| with p | |G|. Then p{ |Out(G)].

Proof. See [13]. n

3. Some information for G(q)

Let >> ={=£&,& —& |1 <14, <3, i#j} (where & + & + & = 0) be the root
system of type Ga, and choose a = &, b = & —&; for a fundamental system of roots.
Let x be a homomorphism of the root module Py (i. e. Fp is the additive group
generated by the roots) into the multiplicative group K*. Put x(§) = z;,1 = 1,2, 3.
Then the element A(y;) of Cartan subgroup H associated with $ will be denoted
by h(z1,29,23). For each r € ) there exists uniquely a homomorphism ¢, of
SL(2,K) into G such that ¢, < é ?15 ) = x,.(t), or < 115 ? ) = x_.(t) for every
t € K. Let w be an element of order 3 in K and y; € P where P is a parabolic
subgroup of GG. Let 2 < ¢ = ¢ mod 3 and assume that ¢ is odd.

We know that m;(Ga(q)) = ¢%(¢*—€)(¢*—1)(g+¢) and ma(Ga(q)) = ¢*—eq+1.

Lemma 1. In case p # 2,3, the representatives and the orders of the centralizers
in Ga(q) are given by Table 1.

Proof. See [5]. .

Lemma 2. Let L = Gy(q) with that q is odd and ¢ = —1 mod 3. Letp = ¢*+q+1
be a prime. Then

2
q-+q
s,(L) = E o= ———|L|.

|z|=p,2#1

Proof. Let p = ¢> + ¢+ 1. Then from Lemma 1, we know that the order
of the centralizers of an p-element in L is of order p and the number of the

conjugacy classes of p-elements in L is %(q2 +q—1—¢). Let ¢ = —1 mod 3.
Since s,(L) = > |z%|, and e = —1, then
|z|=p,z#1 )
q-+q
Sp(L) = ——|L]|.

Lemma 3. For u # p, then for every u € w(L), p | su(L).

Proof. It is easy to get from Lemma 1, that p | s,(L) for all u € w(L) such that
u # p. .

Let n denote the number of conjugacy classes and Z the order of centralizers
of elements of GG, respectively.
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Table 1. The representatives and the orders of the centralizers in case p # 2,3

Representatives n Z

1 1 ¢°(¢* = 1)(¢° = 1)
S

W, W, w q°(q” — 1)(g” +¢€
Mz, 274 1), 207 =1, 22 7é 1 3 qlg —1)*(¢+1)
h(z7h 271 22), 297 = 1,22 £ 1,22 £ 1 U q(q —1)* (g +1)
h(zl7z2’23)’ Z— -1 ZZZ:tl q2—8q1+217+Qe (q _ 1)2
B S R (S IV I IV B ' T PR TPR A
h(z, 274 1), 29" =1,22 #1 ; q(qg—1)(qg+1)?
]’L(Zl 29, 23) q+1 = 1, ,Z’ZZ]:t1 i 74?;5726 (q + 1)2
h(z, 2%, 277" 1),2‘1 S P | (¢=1) ¢ —1
Bz, 279, 2071), 2071 =1 295 £ 1 (q_41)2 -1
h(z, 21, zqz), LAl — 1,241 q2+q67176 P +q+1
h(z, 279, 29°), 20—t =1 23 £ 1 q27q67176 ¢ —q+1
h(—1, -1, —1)zy(1) 1 (> —1)
h(—1,—1,—1)z.(1) 1 ¢*(¢* — 1)
h(_lv_lv_l)mb(l)wc( ) 1 26]2
h(—=1, =1, =1)zp(1)ze(N) 1 2¢°
h(w,w,w)y,y € Oy or O 1 ¢*(q —¢)
hMw,w,w)y,y € ¥or Wy NT(ws) 3 3¢°
h(z, 278 Dae(1), 2970 = 1,2% # 1 2 (g —1)
h(z7h 2% 2 ay(1), 297 = 1,2 # 1,27 # 1 q_%_e q(g—1)
h(z, z’l, Dgarp(1), 29 = 1,2 # 1 = q(g+1)
h(z7, 2%, 27 agaqon(1), 297 = 1,2% # 1 q_;+6 q(g +1)

Lemma 4. Assume that L = Gs(q) where q is odd and ¢ = —1 mod 3. Let

p=¢q>+q+1 be aprime. Then sy =

mLLL in particular, p | s3.

Proof. It is known that L has one class of involutions (see [12, 17]). By Lemma 1,
the order of the centralizers and the numbers of conjugacy classes of the elements
|z, then

x of order 2 in L are ¢*(¢* —

|L|

= In particular, p | ss.

1) and 1, respectively. Since sy =

2

|z|=2,2#1

We also need the following due to Nosratpur and Darafsheh.

Lemma 5. Let L = Gs(q), where q is odd and q =

¢ +q+1.

(1) If pe (L), then |Ly| < ¢°, where L, € Syl,(L).

(2) Ifp e m(L),
Proof. See Lemma 3.2 of [16].

a|’L’ and p* _1—O’d() thenpa:q3 orpa:qG.

—1 mod 3, and d(q) =
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4. Proof of the main theorem

In the proof of main theorem, we use the order components of finite simple groups
that are listed as in Tables 1, 2 and 3 (see [10] and [23]).

Let G be a group such that nse(G) = nse(G2(q)), and s,, be the number of
elements of order n. By Lemma 2 We note that s, = k¢(n), where k is the number
of cyclic subgroups of order n. Also we note that if n > 2, then ¢(n) is even. If
m € w(@), then by Lemma 1 and the above discussion, we have

1) {¢<m> | m

m ‘ Zd\msd'

Proof of the main theorem Proof. In the proof of the main theorem, we
always assume that nse(G) = nse(Gz(q)) and L = Ga(q) where ¢ is odd and
g = —1 mod 3. We divide the proof into the following series of Lemmas.

Lemma 1. Let p #u € w(L). Then p| s,(L).

Proof. It is easy to see that p | s, by Lemma 1. In fact, we can show this by the
following.

By [4, Proposition 7], the maximal torus T of G(q) has the order (g 4 1)?
q¢> — 1, ¢> £ ¢+ 1. Then there is an element x € L and some torus 7" such that
p#|z| =uand T < Cr(x). It follows that |z”| is the multiple of % for some T.
But s,(L) = Y. |z%|. Hence p | s,(L). .

|z|=u,z#1
Lemma 2. s3(G) = so(L). In particular, p | sa.

Proof. We know that if 2 < n € w(G), then s, is even. By Lemma 1, 2 | 14s5(L).
On the other hand, in G, the only odd number in nse(G)\{1} is s2(G). Hence we
have s9(G) = so(L). By Lemma 1, p | so. .

Lemma 3. For u € w(G), p1 s.(G) if and only if s,(G) = s,(G). In particular
sp(G) = s,(L), in particular, p1 s,.

Proof. By Lemmas 2 and 3, s,(G) = s,(L) if and only if p t 5,(G). By Lemma 1,
p| 1+ s,(G) and so p 1 s,(G). Therefore, we have s,(G) = s,(L), in particular,

1 Sp. .
Lemma 4. The Sylow p-subgroup of G is of order p.

Proof. Let G, € Syl,(G). Then by Lemma 1, [Gp| | 1 + s, + -+ - + s, for some
integer i. If exp(G,) > p?, then by (4.1), ¢(p®) | s,3 and hence, p? | s,3. But there
is no number from nse(G) which is divisible by p?. Thus exp(G,) = p or p*.

Let exp(G,) = p®. Then there is an element of order p? with ¢(p?) | s,2.
Hence p(p — 1) | sp2.
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If |G] = p? then G, is cyclic and so n, = % = t for some integer .

We know that the intersection of any two Sylow p-subgroups of G may lie in
a subgroup of order p. Therefore the number of cyclic subgroups of order p
is something between 1 and the number of Sylow p-subgroups of G. It follows

2 L
that fi(qum|L| =5, < (p—1)ny,(G) = (p— 1)t and so n, > m. Thus
Sp2 > 7%1|L| > |L| since ¢ is odd, p = ¢* + ¢ + 1 with ¢ = —1 mod 3.

If |G,| > p*, then by Lemma 5, p? | s,2 and so s,2 = p*t for some integer ¢.

But the equation s,2 = p?t has no solution in nse(G), a contradiction.

Let exp(Gp) = p. Then by Lemmas 2 and 3, s, = %MJ Since

1 5 10 9 8 7 6 5 4 3 2 13¢+ 10
- —2¢°—q¢°+7q"'—7¢°—5¢°+13¢" —8¢° —6¢°+15¢g—9) + ———],
6p[(q ¢’ —q"+7¢"=7¢°=5¢°+13¢* —8¢° —6¢°+15¢—9) q2+q+1]

then |G,| = p. n

1+s, =

Lemma 5. The prime divisor of |G| is the same as |L|.

Proof. By Lemma 3, s, = W|L| Also by Lemma 4, |G,|=p=¢*+q+1.

It follows from Sylow’s theorem, that n, = ;(’]’J ) ‘L‘ . Therefore, 7(G) = w(L). =

Lemma 6. Let r € 7(G) — {p}. Thenr p & w(Q).

Proof. If 2-p € w(G), then by Lemma 1, 2-p | 1459+ 5,+ 52, and also p | 1 +s,,.
By Lemma 2, p | so. It follows that p | s2.p.
By Lemma 4, we have that |G,| = |G|, = p. Then by Lemma 3, sy, = s, - ¢
for some integer ¢ and so p | t.
Let t = pk. Then (k,p) = 1 and hence sy, = s, - pk = qH et DIE L We

know that [L| = > n and so sy, > 2|L|, a contradiction. It follows that
nénse(G)

Sap = Sp - pk & nse(G). Therefore sy, = s, also a contradiction since p { s,,.

Therefore 2 - p ¢ w(G). Similarly we can prove that r - p &€ w(G) for r €
m(G)\{2,p}- -
Lemma 7. |G| | £X4|L|.

Proof. By Lemma 6, r - p € w(G) for any prime r € 7(G) — {p}. It follows that
the Sylow r-subgroup G, of GG ac;cs fixed freely on the set of elements of order p
and so |G,| | s,. Therefore |G| | T4|L|. .

Lemma 8. There is a normal series 1 < H < K < G such that K/H is isomor-
phic to Ga(q).

Proof. By Lemma 6, s(G) > 2. Then by Lemma 8, we have the following:

(1) G is a Frobenius group or 2-Frobenius group;

(2) G has a normal series 1 < H < K < G such that 7(G/K)Un(H) C m
and K/H is a non-abelian simple group. In particular, H is nilpotent,
G/K < Out(K/H) and the odd order components of G are the odd order
components of K/H.
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First we prove that GG is neither a Frobenius group nor a 2-Frobenius group.

Let G be a Frobenius group of even order with kernel H and complement K.
Then by Lemma 9, s(G) = 2, 7(G) = {n(H),n(K)}. By Lemma 3, n(H) = {p}
or m(K) = {p}. If 7(H) = {p}, then since H is nilpotent, H, is characteristic in
H. By hypothesis, we have that HJ = G, for some g and hence, G, is normal in
G. It follows that s,(G) = p — 1, contradicting Lemma 3. Now let 7(K) = {p}.
By Lemmas 4 and 3, n, | |G| and by Lemma 7, |G| | %. So by Lemma 6,
there is a prime r € Z,,_1(2)N7(G) and so |L,| = |L|, = |¢* — 1|, = |¢+1|,. Since

K(G) ={n(K),n(H)}, then r € 7(H). Since K is nilpotent, G, is normal in G.
It follows from Lemma 6, that the Sylow p-subgroup of G acts fixed point freely
on the set of elements of order r and so p < |G,| < ¢+1 < ¢ +q+1=p, a
contradiction.

Let G be a 2-Frobenius group. Then G has a normal series 1 < H < K < G
such that 7(G/K)Un(H) C m and K/H is a cyclic group of order p and |G/ K] |
(p—1). Similarly as the argument for the Frobenius group, we get a contradiction.

Therefore G has a normal series 1 < H < K < G such that 7(G/K)Un(H) C
m and K/H is a non-abelian simple group. In particular, H is nilpotent, G/K <
Out(K/H) and the odd order components of G are the odd order components of
K/H.

According to classification theorem of finite simple groups, K/H is an al-
ternating group, sporadic group or simple group of Lie type. By Lemma 6,
s(K/H) > 2.

Let K/H = A, with m > 5, then m > p. On the other hand, by Lemma 1
of [11] there is a prime r € 7(A,,) N 7(G) such that ¢* — 1 < qﬁT_l <r<q¢® -1
and r € w(A,,) but r{ |G| by Lemma 5, a contradiction.

Let K/H be sporadic simple groups, we can rule out this case by considering
their odd order component since the odd components of K/H is p = ¢* + ¢+ 1
with ¢ odd and ¢ = —1 mod 3.

Therefore K/H is isomorphic to a simple group of Lie type. We consider the
following cases.

Case 1: Let s(K/H) = 2. Then we have that OCy(K/H) = p = ¢* + ¢+ 1 with
g odd and ¢ = —1 mod 3.
1.1. Let K/HgAp/ 1(¢") with (p',¢') # (3,2), (3,4).

Then,llp)qu,ll) @ +qg+1landsop —1=2, ¢ =q. Then by Lemma 7,

(" =D - 1)(¢*—1) | ¢ +q|L| =14 +q - q%(¢* — 1)(¢° — 1), a contradiction.
Similarly, we can rule out these cases “K/H > Ay 1(¢) and K/H =2 A, (q)".

1.2. Let K/H = By (3).

has no solution in N.

1 ¢*>+q+1. But by Lemma 6, the equation

1.3. Let K/H = C,(¢") with n = 2™ > 2/ ¢’ odd. Then g “) =¢+qg+1

and so by Lemma 6, the equation has no solution. Similarly, we can rule out
“KJH = Cy(q)
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1.4. Let K/H = Dy(q) with p' > 5,¢' = 2,3,5. Then Z5=5 = ¢* + ¢+ 1 and
so ¢ > 2¢'. By Lemma 7, ¢ | ¢" and hence, ¢ < 27¢/". If ¢ = 2, then p’ < 14.
It follows that p’ = 5,6,7,---,13. Thus order consideration rules out these cases.
Similarly, we can rule out K/H = D,,;(q") with ¢’ =2, 3.

1.5. Let K/H =* D,(q¢'), with n = 2™ > 4, then (g/;,ill) =@ +q+1. If
¢ is odd, then by Lemma 6, the equation has no solution. If ¢’ is even, then
¢™ = q(q+1), the equation has no solution. Similarly, we can rule out these cases
“K/H 2* D, (2) withn=2"+1>5 K/H = D,(3) with 5 < p # 2™ + 1 and
K/H =?D,(3) with 9 < 2™ + 1 # p".

1.6. Let K/H = Gy(¢), with 2 < ¢ =€ mod 3,e = +1, then ¢? —e¢ + 1 =

¢* + ¢+ 1 and hence, ¢'(¢ —€) = q(q + 1). If e = —1, then we have the desired
result. If e = 1, then ¢’ = 3,¢ = 2. Order consideration rule out this case.

1.7. Let K/H =2 Dy(¢'), then ¢* + ¢? +1 = ¢*> + ¢+ 1 and hence, ¢*(¢? +1) =
q(q+1). Thus ¢* = ¢, and so (¢* —1)(¢° — 1) | (¢*> — 1)(¢° — 1), a contradiction.

1.8. Let K/H = Fy(¢') with ¢’ odd, then ¢* —¢? +1 = ¢* + ¢ = 1 and hence,
¢*(¢? — 1) = q(q + 1), a contradiction.

1.9. Let K/H = Eg¢(q'), then % =q¢*+q+1. If ¢ is odd, then ¢ = ¢3, and
so ¢'? | ¢7, a contradiction. If ¢’ is even and ¢’ = 1 mod 3, then ¢3(¢"* + 1) =
3(¢*+q)+2 = 2(1—1—3‘12%), the equation has no solution. Similarly, K/H %% Es(q')

with ¢ > 2.

Case 2: Let s(L/K)=3. Then ¢* + ¢+ 1 € {OCy(K/H),0C3(K/H)}.
2.1. Let K/H =2 Ly(¢'), where 4 | ¢ +1. Then ¢ = ¢*+q+1 or q/T_l =q¢*+q+1.

If¢d =¢>+q+1,then4| ¢ +1=¢?>+q+2. So there is a prime r such
that p < r < pS and r € 7(H) or r € 7(G) \ 7(L2(¢’)) contradicting the
maximality of p. If r € w(H), then r ~ p, a contradiction. If the latter,
r | Out(Ls(q')), contradicting Lemma 11.

If ‘/T_l =¢>+q+1, then ¢ = 2p+ 1. Similarly, we can rule out this case as
above.

Similarly, K/H 2 Ls(q), with 4 | ¢ — 1 and K/H 2 Ls(q), with ¢ > 2 and ¢ even.

2.2. Let K/H =* D,y(3) with 5 < p' =2™+ 1. Then p = @ orp= #. In
both cases, by Lemma 6, there is no solution. Similarly, K/H 2* D,s41(2) with
n>2p =2"—1.

2.3. Let K/H = Gy(¢') with ¢ =0 mod 3. Then ¢ — ¢ +1 =¢*+q+1
or > +¢ +1=¢*+ q+ 1. If the former, then ¢'(¢ — 1) = ¢(¢ + 1) and so
¢ = 3,q = 2. Order consideration rules out this case. If the latter, ¢ = ¢’ and so
(> = 1)* | (¢* — 1), a contradiction. Similarly we can rule out “K/H =* G4(¢')
with ¢/ = 3*m+1 > 37,
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2.4. Let K/H = Fy(q'), where ¢’ is even. Then ¢* +1 = ¢* + ¢+ 1 or ¢* —
¢*+1 = ¢+ q+ 1. If the former, ¢* = ¢(q + 1), a contradiction. If the
latter, ¢*(¢* — 1) = q(q + 1), but the equation has no solution in N. Similarly,
K/H %% Fy(¢'), where ¢/ = 2*™+1 > 2,

Case 3: s(K/H) € {4,5}. Then p = ¢* + ¢+ 1 € {OCy(K/H), OC3(K/H),
OC,(K/H), OCs5(K/H)}.

3.1. Let K/H = L3(4) or ?Eg(2). Then 2" —1 =T or 2" — 1 = 19. If the former,
n = 3, then order consideration rules out. If the latter, it is impossible.

3.2. Let K/H 2% By(q'), with ¢/ =22, Thenp=¢*+q+1€ {¢d —1,¢ &
V2¢ + 1}. If the former, then ¢*> + ¢ +1=p = ¢ — 1. Order consideration rules
out. If the latter, then /¢’(v/q' + v2) = q(¢ + 1) or VZ(V7 — V2) = q(q + 1),

the equation has no solution in N.

3.3. Let K/H = Ey(¢/). If L=07t = g2 + g+ 1, then ¢® = 1 mod d(q). By

Lemma 5, ¢"*° = ¢% and so ¢'*?° = ¢** > ¢, a contradiction. If % = ¢*+q+1,
then ¢®> = 1 mod d(q). By Lemma 5, ¢ = ¢% and so ¢'*° = ¢*® > ¢5, a
contradiction. If ¢® +¢* +1 = ¢* + ¢+ 1, then ¢*(¢* + 1) = q(¢ + 1) and so
¢* = q. But ¢'*° = ¢*° > ¢5, a contradiction.

Hence K/H = G5(q) with ¢ = —1 mod 3 and ¢ odd. .

Lemma 9. 7(H) € m(¢*> + q).

Proof. Let r € w(H). Then r # p and by Lemma 8, H is nilpotent. It follows
that H, is normal in G. By Lemma 6, r - p € w(G), and hence, the Sylow p-
subgroup of G acts fixed point freely on the set of elements of order r. Thus
p| |H,] —1. Ifr € w(q(¢ + 1)), then by Lemma 7, |H,| | (¢* + ¢).|L|.. By the
proof of Lemma 8, we know that r 1 g(¢ + 1) and hence, |H,| | |L|,. On the other
hand, H, < ¢' — 1 for some integer t € {2,6} andsop < |H,| < ¢*+q+1=p, a
contradiction. Thus m(H) € m(¢? + q). .

Lemma 10. G is isomorphic to Go(q) with g = —1 mod 3 and q odd.

Proof. By Lemma 8, we have that K/H is isomorphic to Ga(q). We will prove
that H = 1. Assume the contrary, then by Lemma 9, H is a m-group with
m=m(¢* + q). By Lemma 6, 2 - p € w(G) and hence, the Sylow p-subgroup acts
fixed point freely on Hy—1andsop | |H|—1= (g+1)2—1 < q+1 < ¢*+q+1 = p,
where n, denotes the number such that ™ | n but r™*! { n for some integer m, a
contradiction. If 2 # r € m(q(g+1)), then we also have r-p € w(G). It follows that
the Sylow p-subgroup acts fixed point freely on H.—1l andsop | |H|—-1<qg+1<
¢ +q+ 1 = p, a contradiction. It follows that H = 1 and so K = Gy(q). We
refine the normal series into 1 < K < G and so K < G < Aut(K). If G = G5(q),
it is the desired result. If G = Aut(Ga(q)), then there is a prime r € 7(f) where
q =" (by [7, pp. xvi], |Out(Ga(q))| = f) such that s.(Aut(Ga(q))) & nse(G), a

contradiction. This completes the proof of the Lemma. .

This completes the proof. .
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5. Some applications

On Thompson’s conjecture, if G and H are of the same order type, then nse(G) =
nse(H)and |G| = |H].

Corollary 1. Let p = ¢*+q+1 be a prime and p|||G| with ¢ = —1 mod 3. Then
G = Go(q) if and only if |G| = |G2(q)| and nse(G) = nse(G2(q)).

Shi gave the following conjecture.

Conjecture. [22] Let G be a group and H a finite simple group. Then G = H if
and only if (a) w(G) =w(H) and (b) |G| = |H]|.

Then we have the following corollary.

Corollary 2. Let p = ¢*+q+1 be a prime and p|||G| with ¢ = —1 mod 3. Then
G = Ga(q) if and only if w(G) = w(Ga(q)) and |G| = |Ga(q)|.
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