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Abstract. The aim of this paper is to find under what minimal conditions the class of
faintly w-continuous multifunctions and the class of w-continuous multifunctions agree.
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1. Introduction

It is well known that the class of faintly w-continuous multifunctions contains
properly the class of w-continuous multifunctions and faintly continuous multi-
functions. Recently, Zorlutuna et al. [12] introduced and studied the concept
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of upper (lower) faintly continuous multifunctions and obtain some characteri-
zations. Also, some relationships between the concept of faint continuity and
known concepts of continuity and weak continuity are given. Noiri et al. [8] in-
troduced a new class of functions called a faintly m-continuous function, which is
a generalization of both faintly continuous functions and m-continuous functions.
Carpintero et al. [3] introduced and studied upper (lower) faintly w-continuous
multifunctions and obtain some characterizations and properties. Carpintero et
al. [2] introduced and studied a new generalization of w-continuous multifunc-
tions called weakly w-continuous multifunctions and obtain some characteriza-
tions. Also, some relationships between the concept of faint w-continuity and
known concepts of w-continuity and weak w-continuity are given. In this paper,
we find some minimal conditions in order to obtain when the class of faintly w-
continuous multifunctions and the class of w-continuous multifunctions agree, in
the same form the class of faintly w-continuous multifunctions and the class of
faintly continuous multifunctions are the same.

2. Preliminaries

Throughout this paper, (X, 7) and (Y, o) (or simply X and Y') always mean topo-
logical spaces in which no separation axioms are assumed unless explicitly stated.
Let A be a subset of a space X. For a subset A of (X, 7), Cl(A) and Int(A) denote
the closure of A with respect to 7 and the interior of A with respect to 7, respec-
tively. A subset A is said to be regular closed [10] if A = Cl(Int(A). Recently,
as generalization of closed sets, the notion of w-closed sets were introduced and
studied by Hdeib [6]. A point z € X is called a condensation point of A if for
each U € 7 with x € U, the set U N A is uncountable. A subset A is said to be
w-closed [6] if it contains all of its condensation points. The complement of an
w-closed set is said to be an w-open set. It is well known that a subset W of a
space (X, 7) is w-open if and only if for each x € W, there exists U € 7 such that
x € U and U\W is countable. The family of all w-open subsets of a topological
space (X, 7) denoted by wO(X, 1), forms a topology on X which is finer than 7.
The w-closure and the w-interior, that can be defined in the same way as CI(A)
and Int(A), respectively, will be denoted by w CI(A) and w Int(A), respectively.
We set wO(X,z) = {A: A€ wO(X,7)and v € A}. A subset N of a topological
space (X, 7) is said to be w-neighborhood of a point x € X, if there exists an
w-open set V such that x € V. C N. A point = € X is called a #-cluster point of
A [11] if CI(V) N A # & for every open set V' of X containing z. The set of all
@-cluster points of A is called the #-closure of A and is denoted by Cly(A). If A =
Clp(A), then A is said to be #-closed [11]. The complement of a f-closed set is said
to be a f-open set [11]. The union of all f-open sets contained in A C X is called
the f-interior of A and is denoted by Inty(A). It follows from [11] that the collec-
tion of f-open sets in a topological space (X, 1) forms a topology 79 on X. By a
multifunction F': (X,7) — (Y, 0), we mean a point-to-set correspondence from X
into Y, also we always assume that F'(x) # @ for all z € X. For a multifunction



MORE ON UPPER AND LOWER FAINTLY w-CONTINUOUS MULTIFUNCTIONS 201

F:(X,7) — (Y, 0), the upper and lower inverse of any subset A of Y are denoted
by FT(A) and F~(A), respectively, that is F7(A) = {x € X : F(z) C A} and
F~(A) ={zr € X : F(x) N A # &}. In particular, FF~(y) = {zr € X :y € F(x)}
for each point y € Y. A multifunction F' : (X,7) — (Y,0) is said to be sur-
jective if F(X) = Y. A multifunction F' : (X,7) — (Y,0) is said to be lower
w-continuous [13] (resp. upper w-continuous) multifunction if F~ (V) € wO(X, 1)
(resp. FT(V) € wO(X, 7)) for every V € o. A multifunction F is said to be
upper (lower) faintly continuous [12] if for each x € X and for each open set V' of
Y such that z € F*(V) (x € F~(V)), there exists an open set U of X containing
x such that U C F*(Int(Cl(V))) (U € F~(Int(Cl(V)))). A multifunction F is
faintly continuous [12] if it is both upper faintly continuous and lower faintly con-
tinuous. More generally F' is said to be upper(lower) almost w-continuous [5] if for
each 2 € X and for each open set V of Y such that z € F*(V) (x € F~(V)), there
exists a U € wO(X, x) such that U C F*(Int(C1(V))) (U C F~(Int(CL(V)))). A
multifunction F' is almost w-continuous [5] if it is both upper almost w-continuous
and lower almost w-continuous.

3. Faintly w-continuous multifunctions
Definition 1 [3] A multifunction F' : (X,7) — (Y, 0) is said to be:

1. upper faintly w-continuous at = € X if for each #-open set V of Y containing
F(x), there exists U € wO(X) containing = such that F(U) C V;

2. lower faintly w-continuous at z € X if for each #-open set V' of Y such that
F(z) NV # @, there exists U € wO(X) containing x such that F(u) NV
#+ & for every u € U;

3. upper (lower) faintly w-continuous if it has this property at each point of X.

4. faintly w-continuous if it is both upper faintly w-continuous and lower faintly
w-continuous.

Remark 3.1 It is clear that the class of faintly w-continuous multifunctions con-
tains properly the classes of w-continuous multifunctions and faintly continuous
multifunctions. As we can seen in the following examples.

Example 3.2 Let X = R with the topology 7 = {0, R, R — Q}. Define a multi-
function F': (R,7) — (R, 7) as follows:

[Q ifreR—Q
F(x)_{ R-Q ifzecQ.

Then F' is upper faintly w-continuous but is not upper w-continuous.
In a similar form, we can find a multifunction G that is lower faintly w-
continuous but is not lower w-continuous.
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Example 3.3 Let X = R with the following topologies: 7 = {0, R,Q} and
7 ={0,R,R — Q,Q}. Define a multifunction F : (R, 71) — (R, 72) as follows:

_JQ ifze@Q
F(x){ R-Q ifreR-Q.

Then F' is upper faintly w-continuous but is not upper faintly-continuous.
In a similar form, we can find a multifunction G that is lower faintly w-
continuous but is not lower faintly-continuous.

Remark 3.4 There exist any relations between the classes of w-continuous multi-
functions and faintly continuous multifunctions? In general there are no relations
between them, as we can see in the following examples.

Example 3.5 Let X = R with the usual topology 7 and Y = {a,b,c} with
topology 7v = {0,Y, {a}}. Define a multifunction F : (R,7) — (Y, 7y) as follows:

{a} if x <0
F(z) =4 {a,b} ifzx=0
{c} if x > 0.

Then F' is lower faintly continuous but is not lower w-continuous.
In a similar form, we can find a multifunction G that is upper faintly conti-
nuous but is not upper w-continuous.

Example 3.6 Let X = R with the following topologies: 71 = {0, R,Q} and
7 ={0,R,R — Q,Q}. Define a multifunction F : (R, 71) — (R, 72) as follows:

Q ifreQ
F(x):{ R-Q ifreR-Q

Then F' is upper w-continuous but is not upper faintly continuous.
In a similar form, we can find a multifunction G that is lower w-continuous
but is not lower faintly continuous.

It is possible to give some additional condition to a multifunction F' : (X, 7) —
(Y, o) that is upper (lower) faintly w-continuous in order to obtain that F' is upper
(lower) faintly continuous? In the same form to a multifunction F' : (X,7) —
(Y, o) that is upper (lower) faintly w-continuous in order to obtain that F' is
upper (lower) w-continuous? Under what condition are equivalents upper (lower)
faintly continuous and upper (lower) w-continuous multifunctions?

Definition 2 [2] A multifunction F': (X,7) — (Y, 0) is said to be:

1. lower weakly w-continuous, if for each x € X and each open set V' of Y such
that x € F~(V), there exists U € wO(X, x) such that U C F'~(Cl(V)),

2. upper weakly w-continuous, if for each x € X and each open set V of Y
such that z € F*(V), there exists U € wO(X, x) such that U C F*(CI(V)),
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3. weakly w-continuous, if it is both upper weakly w-continuous and lower
weakly w-continuous.

Remark 3.7 It is clear that the class of weakly w-continuous multifunctions con-
tains properly the classes of almost w-continuous multifunctions.

Theorem 3.8 If F : (X,7) — (Y,0) is lower (upper) weakly w-continuous then
F is lower (upper) faintly w-continuous. But the converse is not true in general.

Example 3.9 Let X = R with topology 7 = {0, R,R — Q,Q} and Y = {a,b,c}
with topology o = {0,Y, {a},{b},{a,b}}. Take A C Q and define F : (R,7) —
(Y, o) as follows:
{a}, if z€Q—-A
Fz)=«¢ {b}, f zeR-Q
{c}, if z €A,
Then F' is upper faintly w-continuous but is not upper weakly w-continuous.
In a similar form, we can find a multifunction GG that is lower faintly-w-
continuous but is not lower-w-continuous.

Theorem 3.10 Let F: (X,7) — (Y,0) be a multifunction such that F(x) is an
open set of Y for each x € X. Then the following assertions are equivalent:

(1) F is lower w-continuous,

(2) F is lower weakly w-continuous.

Proof. (1)=(2): Obvious.

(2)=(1): Let z € X and V be an open set of Y such that F(x) NV # (). Then
there exists an w-open set U containing = such that F(u) N Cl(V) # 0 for each
u € U. Since F(u) is open, F(u) NV # () for each u € U and hence F is lower
w-continuous. -

Theorem 3.11 Let F : (X,7) — (Y,0) be a multifunction such that F(x) is
closed in'Y for each x € X and Y is normal. Then the following assertions are
equivalent:

(1) F is upper weakly w-continuous,

(2) F is upper w-continuous.

Proof. (2)=(1): Obvious.

(1)=(2): Let z € X and G be an open set containing F(z). Since F'(x) is closed
in Y, by the normality of YV, there exists an open set V' such that F(x) C V C
Cl(V) C G. Since F is upper weakly w-continuous, there exists an w-open set
U containing x such that F(U) C ClI(V) C G. This shows that F is upper
w-continuous. n
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Definition 3 A topological space X is said to be almost regular if for each regular
closed set F' of X and each point = ¢ F, there exist disjoint open sets U and V
of X such that z €e U and F C V.

The following characterization of almost regular spaces obtained in [7] will be
useful in the sequel.

Theorem 3.12 A topological space X is almost reqular if and only if, for every
open set U in X, Inte(CL(U)) is a 0-open set.

Theorem 3.13 Let F : (X, 7) — (Y, 0) be an upper (lower) faintly w-continuous
multifunction and (Y, o) be an almost regular space, then F is an upper (lower)
weakly w-continuous multifunction.

Proof. We proof the theorem for upper (lower) weakly w-continuous multifunc-
tions. Let x € X and V any open set in Y with z € FH(V) (x € F~(V)).
There exists y € F(x) C V (y € F(zx)NV), sincey € V and V C CI(V),
y € Inty(ClL(V)). Using the fact that (Y, o) is almost regular, Inty(Cl(V)) is a
G-open set in Y and x € F*(Intg(CL(V))) (z € F~(Inte(C1(V)))). Since F is
upper (lower) faintly w-continuous, there exists an w-open set U of X containing
z, such that F(U) C Inty(CL(V)) (2 € U implies F(z) N 1Inty(CL(V)) # ). Hence
F(U) Cc CI(V) (F(U)NInte(CL(V)) C F(U)NCLV) # D). Therefore, F' is upper

(lower) weakly w-continuous. .

The following definition is a particular case of Definition 3.4 of [9].
Definition 4 [4] A multifunction F' : (X,7) — (Y, 0) is said to be:

1. upper slightly w-continuous at x € X if for each clopen set V of Y containing
F(z), there exists U € wO(X) containing « such that F(U) C V;

2. lower slightly w-continuous at x € X if for each clopen set V' of Y such that
F(z) NV # @, there exists U € wO(X) containing x such that F(u) NV
#+ @& for every u € U;

3. upper (lower) slightly w-continuous if it has this property at each point of X.

Remark 3.14 It is clear that every upper w-continuous multifunction is upper
slightly w-continuous. But the converse is not true in general, as the following
example shows.

Example 3.15 Let X = R with the topology 7 = {0}, R, R — Q}. Define a multi-
function F': (R,7) — (R, 7) as follows:

0 ifz cR—Q
F(x):{ R—-Q ifzeQ.

Then F'is upper slightly w-continuous but is not upper w-continuous.
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Theorem 3.16 FEvery upper (lower) weakly w-continuous multifunction is upper
(lower) slightly w-continuous. But the converse is not true in general.

Example 3.17 The multifunction defined in Example 3.9 is upper (lower) slightly
w-continuous but not upper (lower) weakly w-continuous multifunction.

Theorem 3.18 Fuvery upper (lower) faintly w-continuous multifunction is upper
(lower) slightly w-continuous. But the converse is not true in general.

Proof. Since every clopen set is a #-open set, the proof follows. .

The following example shows that the converse of Theorem 3.18 is not true
in general.

Example 3.19 Let X = R with topology 7 = {0, R,R — Q} and Y = R with
topology o as the usual topology. Define F': (R, 7) — (R,0) as F(z) = {x} for
all z € R. Tt is easy to see that F'is upper (lower) slightly w-continuous but not
upper (lower) faintly w-continuous.

Definition 5 A topological space (X, 7) is said to be an w-space [1] if every
w-open set of X is open.

Theorem 3.20 Let F' : (X,7) — (Y,0) be a multifunction and (X,7) be an
w-space. Then F is faintly w-continuous if and only if F' is faintly continuous.
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