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1. Introduction

Throughout the paper, N denotes a zero-symmetric left near ring with multiplica-
tive centre Z; and for any pair of elements x,y € N, [z, y] denotes the commutator
xy — yx while the symbol (z,y) denotes the additive commutator = +y — x — y.
A near ring N is called zero-symmetric if Ox = 0, for all x € N (recall that
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left distributivity yields that 20 = 0). The near ring N is said to be 3-prime if
xNy = {0} for z,y € N implies that z = 0 or y = 0. A near ring N is called
n—torsion-free, where n is a positive integer, if (IV,+) has no element of order
n. For x € N, C(z) = {a € N | ax = xa} denotes the centralizer of z in N. A
nonempty subset U of N is called a semigroup right (resp. semigroup left) ideal
if UN C U (resp. NU C U) and if U is both a semigroup right ideal and a
semigroup left ideal, it is called a semigroup ideal.

A mapping A : N x N x N — N is said to be permuting if A(z,y,z) =
Ay, x,z) = Alz,y,z) = Az, z,y) = Ay, z,x2) = A(z,z,y) for all z,y,z € N.
A mapping § : N — N defined by d(z) = A(x,z,z) is called trace of A,
where A : N x N x N — N is a permuting mapping. It is obvious that, if
A: Nx N x N — N is a permuting mapping which is also 3-additive (i.e.,
additive in all arguments), then the trace § of A satisfies the relation

Sz +y)=0dx)+2A(x,x,y) + Az, y,y) + Az, z,y) + 2A(x, y,y) + 0(y)

for all z,y € N.

A permuting 3-additive mapping A : N x N x N — N is called a per-
muting 3-derivation if A(zw,y,z) = A(x,y, z2)w + xA(w,y, z) is fulfilled for all
x,y, z,w € N.

Motivated by the notion of permuting 3-derivations in near rings [10], Park
and Jung [9] defined permuting 3-generalized derivations in near rings. Let
A: N xNxN — N be a permuting 3-derivation of N. A permuting 3-additive
mapping F' : N x N x N — N is said to be a permuting 3-right (resp. left) gene-
ralized derivation of N associated with A if F(zw,y, z) = F(z,y, 2)w+zA(w,y, z)
(resp. F(zw,y,z) = A(z,y,2)w + 2F(w,y,2)) for all x,y,z,w € N. Also, F is
said to be a permuting 3-generalized derivation of N associated with A if it is both
a permuting 3-right and a permuting 3-left generalized derivation associated with
A. In case of rings and near rings derivations and biderivations have received sig-
nificant attention in recent years (see [1], [2], [3], [4], [12], [13], [14]). The purpose
of the present paper is to prove some commutativity theorems in the setting of
a semigroup ideal of a near ring admitting a permuting 3-generalized derivation,
thereby extending some known results on derivations and biderivations.

Example 1.1. Let S be a commutative near-ring and let

N:{(g Z)Ia,bes}.

Then N is a near-ring under matrix addition and matrix multiplication. Define
the maps A, FF': N x N x N — N by

0 a 0 as 0 as - 0 ajasas and
0 by J7\0 by )7\ 0 bs 0 0
0 a 0 as 0 as 0 0 .
(( 0 b ) ) ( 0 by ) ; ( 0 by )) — ( 0 bubybs ) respectively.

It can be easily verified that A is a 3-derivation of N and F' is a permuting 3-right
generalized derivation of N with associated 3-derivation A.
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Example 1.2 Let S be a commutative near-ring and let

Then N is a near-ring under matrix addition and matrix multiplication. Define

the maps A, F': N x N x N — N by
aq b1 a9 b2 as bg 0 blbgbg
(a8 ) (5 0 ) (5 o)) — (07" )
((81 81 >,<32 82>,<83 83>>'_><a1652a3 8>respectively.

It can be verified that A is a 3-derivation of N and F is a 3-left generalized deriva-
tion of N with associated 3-derivation A.

Example 1.3 Let S be a commutative near-ring and let

N:{<a O>|a,b,c€S}.
b ¢

Then N is a near-ring under matrix addition and matrix multiplication. Define
maps A, FF: N x N x N — N by

ay 0 a9 0 as 0 N 0 0 and

b1 C1 ’ bg Co ’ b3 C3 blbgbg 0

a0 az 0 az 0 — O U Lespectivel
b1 C1 ’ bg Co ’ b3 C3 blbgbg 0 P Ve

It can be verified that A is a 3-derivation of N and F' is a permuting 3-right
generalized derivation and a permuting 3-left generalized derivation of N with

associated 3-derivation A and hence F' is a permuting 3-generalized derivation
of N.

2. Preliminary results

We begin with the following Lemmas. Lemmas 2.7, 2.9 and 2.10 are proved using
same techniques with some variations as those of Lemmas 7, 8 and 10 in [§].

Lemma 2.1 [2, Lemma 1.2] Let N be a 3-prime near ring.
(i) If z € Z\ {0}, then z is not a zero divisor.
(ii) If Z\ {0} contains an element z for which z+z € Z, then (N,+) is abelian.

(i) If z € Z\ {0} and z is an element of N such that vz € Z or zx € Z, then
RS

Lemma 2.2 [2, Lemma 1.3] Let N be a 3-prime near ring and U be a nonzero
semagroup ideal of N.
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(i) If v,y € N and xUy = {0}, then x =0 ory = 0.
(ii) Ifx € N and zU = {0} or Uz = {0}, then z = 0.

Lemma 2.3 [2, Lemma 1.5] If N is a 3-prime near ring and Z contains a nonzero
semagroup left ideal or a semigroup right ideal, then N is a commutative ring.

Lemma 2.4 [10, Lemma 2.4] Let N be a near ring and let A: N x N X N — N
be a permuting 3-derivation. Then we have

Az, z,w)y+ Ay, z,w)|v = Az, z,w)yv+ Ay, z,w)v for all v,w,z,y,z € N.

Lemma 2.5 Let N be a 3-prime near ring and U be a nonzero semigroup ideal
of N. If A is a nonzero 3-deriwation on N, then A #0 on U.

Proof. Suppose that A(U,U,U) = {0}. For any u,v,w € U, we have
A(u,v,w) = 0. (2.1)
Substituting ux for w in (2.1), we get
A(u,v,w)z + uA(z,v,w) =0 for all u,v,w € U and € N.
Using (2.1), we get UA(z,v,w) = {0}. Invoking Lemma 2.2 (i7), we have
A(z,v,w) =0 for all v,w € U and = € N. (2.2)
Substituting vy for v in (2.2), we get
Az, v,w)y + vA(z,y,w) =0 for all v,w € U and =,y € N.
Using (2.2), we find UA(z,y,w) = {0} and Lemma 2.2 (i7), yields that
A(z,y,w) =0 for all w € U and x,y € N. (2.3)

Substituting wz for w in (2.3), we obtain UA(x,y,z) = {0}. Another appeal to
Lemma 2.2 (ii), yields that A(z,y,z) = 0, for all x,y,z € N, which is a contra-
diction. u

Lemma 2.6 Let N be a 3!-torsion free near ring and U be a nonzero additive
subgroup of N. If A is a permuting 3-additive map with trace § such that 6(x) =0
forallx € U, then A =0 on U.

Proof. For any z,y € U, we have the relation
0(z +y) = 0(x) + 2A(z, 2, y) + Az, y,y) + Az, z,y) + 2A(z, 4, 9) + 0(y)
and so, by the hypothesis, we get

28(z, x,y) + Az, y,y) + Az, z,y) + 2A(z,y,y) =0 for all 2,y € U. (2.4)
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Substituting —z for z in (2.4), we obtain

2A(z,2,y) — Az, y,y) + Az, z,y) — 2A(x,y,y) =0 for all z,y € U.

On the other hand, for any z,y € U,

211

(2.5)

dy+x)=08y)+2Ay,y,x) + Ay, z,z) + Ay, y, z) + 2A(y, x,x) + §(x)

and thus, by the hypothesis and using the fact that A is permuting, we have

2A(z,y,y) + Az, z,y) + Az, y,y) + 2A(z,2,y) =0 for all z,y € U.

Comparing (2.4) and (2.5), we get

20(z,y,y) + Az, x,y) + Az, y,v) = Az, 2,y) — 3A(z,y,y)

which implies that

2A(z,y,y) + Az, 2, y) + Az, y,y) + 2A(2, 2, )
= Az, z,y) — 3A(x,y,y) + 2A(z, 2, y).

Hence it follows from (2.6) that

Az, z,y) — 3A(z,y,y) + 2A(z,x,y) = 0 for all x,y € U.

Substituting —x for z in (2.7), we find

Az, z,y) + 3A(x,y,y) + 2A(x, z,y) =0 for all z,y € U.

Comparing (2.7) and (2.8), we obtain
6A(x,y,y) =0 for all z,y € U.
Since N is 3!-torsion free, we get
A(z,y,y) =0 for all z,y € U.
Substituting y + z for y in (2.9) and linearizing (2.9) we obtain
A(z,y,z) =0 for all z,y € U,

i.e., A =0 on U which completes the proof.

(2.6)

(2.9)

Lemma 2.7 Let N be a 3-prime near ring and U be a nonzero semigroup ideal of
N. Let A: Nx N xN — N be a 3-derivation. If forx € N, A(U,U,U)x = {0}

(or xA(U,U,U) = {0} ), then either x =0 or A=0 on U.

Proof. Let A(y,z,w)x = 0 for all y,z,w € U. Substituting y = vy, we get
A(v, z,w)yx = 0, for all y, z,v,w € U. Hence A(v, z,w)Uz = {0} implies that

either z = 0 or A =0 by Lemma 2.2 (i).
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Lemma 2.8 Let N be a 3!-torsion free 3-prime near ring and U be a nonzero
additive subgroup and a semigroup ideal of N. If A is a permuting 3-derivation
with trace § and x € N such that x6(y) = 0 for all y € U, then either x = 0 or
A=0onU.

Proof. For any y,z € U, we have
My +2)=0(y) +2A(y,y,2) + Ay, z,2) + Ay, y, 2) + 2A(y, 2, 2) + 0(2).
By hypothesis
2eA(y,y, 2) + Ay, 2, 2) + ©A(y, y, 2) + 22A(y, 2z, 2) = 0 for all y, z € U. (2.10)
Substituting —y for y in (2.10), it follows that
2eA(y,y, 2) — cA(y, 2, 2) + tA(y, y, 2) — 22A(y, z,2) = 0 for all y, z € U. (2.11)
On the other hand,
8(z+y) =0(z) +2A(z, 2,y) + A(z,9,y) + Az, 2,9) + 2A(2,y,y) + 0(y)
Again using hypothesis, we have
20A(z, 2,y) + Az, y,y) + A(z, 2,y) + 22A(z,y,y) = 0.
Since A is permuting, we get
2eA(y, z,2) + Ay, y, 2) + ©A(y, 2z, 2) + 22A(y,y,z) = 0 for all y, z € U. (2.12)
Comparing (2.10) and (2.11), we get
2e0A(y, z,2) + ©A(y, y, 2) + *A(y, 2, 2) = 2A(y,y, 2) — 3zA(y, 2, 2)

i.e.,
20A(y, 2, 2) + vA(y,y, 2) + Ay, 2, 2) + 22A(y, y, 2)

= xA(y7y> Z) - BxA(:% Z, Z) + QLUA(y,y, Z)'

Now, from (2.12), we obtain
*A(y,y,2) — 3xA(y, 2, 2) + 20A(y,y,2) =0 for all y, z € U. (2.13)
Substituting —y for y in (2.13), we find
rA(y,y, z) + 3xA(y, 2, 2) + 2eA(y,y,z) =0 for all y,z € U. (2.14)
Comparing (2.13) and (2.14), we obtain
6xA(y,z,z) =0 for all y,z € U.
Since N is 3!-torsion free, we get

rA(y,z,z) =0forall y,z € U. (2.15)
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Substituting z + w for z in (2.15), we have
rA(w,y,z) =0 for all w,y,z € U. (2.16)
Hence by Lemma 2.7 either t =0 or A =0 on U. u

Lemma 2.9 Let N be a 3!-torsion free 3-prime near ring and U be a nonzero
additive subgroup and a semigroup ideal of N. Let A : N Xx N x N — N be a
3-derivation.

(i) If F is a permuting 3-right generalized derivation of N associated with A
and x € N such that xf(y) = 0 for all y € U, then either xt =0 or A =0
on U.

(ii) If F is a permuting 3-generalized derivation of N associated with A and
x € N such that zf(y) = 0 for ally € U, then either x =0 or F =0 on U.

Proof. (i) For any y,z € U, we have
fly+2)=Ffy) +2F(y,y,2) + Fly,2,2) + F(y,y,2) + 2F(y, 2, 2) + f(2).
Using hypothesis, we obtain
20F (y,y,2) + 2F(y, z,2) + ®F(y,y,2) + 20F (y,2,2) =0 for all y,z € U. (2.17)
Substituting —y for y in (2.17), it follows that
20F (y,y,2) —2F(y, 2,2) + 2F(y,y,z) — 22 F (y,2,2) =0 for all y, z € U. (2.18)
On the other hand, for any y, 2z € U,
flz+y) = f(2) +2F(2,2,y) + F(2, 9, y) + F(2, 2,9) + 2F (2,9, y) + f(y)
and so, by the hypothesis, we have
20F (z,2,y) + 2 F(2,y,y) + *F(z,2,y) + 20F (z,y,y) =0
Since F'is permuting, we get
20F(y, z,2) + F(y,y,2) + *F(y, z,2) + 20F (y,y,2) = 0 for all y, z € U. (2.19)
Comparing (2.17) and (2.18), we get
20F (y,z,2) + oF(y,y,2) + xF(y,z,2) = xF(y,y,2) — 3xF(y, 2z, 2)
which implies that

20F(y, 2,2) + wF(y,y,2) + ©F(y, 2, 2) + 22F (y,y, 2)
- l’F(y,y, Z) - SIF(:% z, Z) + QZEF(y, Y, Z)
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Now, from (2.19), we obtain
2F(y,y,2) —3xF(y,2,2) + 2eF(y,y,2) = 0 for all y, z € U.
Substituting —y for y in (2.20), we have
*F(y,y,2) +3xF(y, z,2) + 2¢F (y,y,z) = 0 for all y, z € U.
Combining (2.20) and (2.21), we obtain
6xF(y,z,2) =0 forall y,z € U.
Since N is 3!-torsion free, we get
rF(y,z,2z) =0forall y,z € U.
Substituting z + w for z in (2.22), we find that

zF(w,y,z) =0 for all w,y,z € U.

(2.20)

(2.21)

(2.22)

(2.23)

Replacing y by yv in (2.27) and using (2.23), we get xyA(v,z,w)=0 for all
u,v,w,z,z € U. Hence zUA(v, z, w)=0 implies that either z = 0 or A(v, z,w) = 0

for all u,v,w € U by Lemma 2.2 (i).

(ii) Let = be a nonzero element of N. Thus from (i) we obtain A=0. Re-
placing y by yv in (2.23) and using hypothesis, we get zyF (v, z, w)=0, for all
v,w,z,y,z € U. Hence xUF (v, z,w) = {0}, again application of Lemma 2.2 (i)

yields that £/ =0 on U.

Lemma 2.10 Let N be a near ring and let A : NXN XN — N be a 3-derivation.

(i) If F is a 3-right generalized derivation of N associated with A, then

[F(x, 2, w)y + 2y, 2, w)]o = Flo, 2, w)yo + 2A(y, 2, w)o,
for all v,w,x,y,z € N.
(ii) If F' is a 3-left generalized derivation of N associated with A | then

(A, 2, w)y + oF (y, 2, w)]o = A, 2, w)yo + 2Py, 2, w)o,
for all v,w,z,y,z € N.

Proof. (i) Let F' be a 3-right generalized derivation of N associated with A.

Then
F((ag)v, 2, w) = Floy, 2 w)o + myA, 2, w)
= [F(z,2,w)y +zA(y, 2, w)]v + zyA(v, 2, w)
for all v,w,x,y,z € N.

(2.24)
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On the other hand,
Fz(yv), z,w) = F(x,z,w)yv + zA(yv, 2, w)
F(z, 2z, w)yv + z[A(y, 2, w)v + yA(v, 2, w)] (2.25)
— Flz,zw)yo + 2y, 7wy + 2yAv, 2, w) |

for all v, w,x,y,z € N.

Comparing (2.24) and (2.25), we get

[F(z,z,w)y + Ay, z,w)|v = F(z, z,w)yv + zA(y, z,w)v for all v,w,z,y,z € N.

(i) Let F" be a 3-left generalized derivation of N associated with A. Then

F((ay)o, z,w) = Alwy, 7, w)o +2yF(o, 2,w)
= [A(z,z,w)y + Ay, z,w)]v + 2y F (v, z, w) (2.26)

for all v, w,x,y,z € N.

On the other hand,

F(z(yv), z,w) = Az, z,w)yv + o F(yv, z, w)

Az, z,wyv + z[Aly, z, w)o + yF(v, 2, w)] (2.27)
= Az, z,w)yv + zA(y, z, w)v + vy F (v, z, w) '

for all v, w,x,y,z € N.
Comparing (2.26) and (2.27), we get
Az, z,w)y +zF(y, z,w)]v = Az, z,w)yv + 2 F(y, z,w)v for all v,w,z,y,z € N.

Lemma 2.11 Let N be a 3-prime near ring and U be a nonzero semigroup ideal
of N. If F is a nonzero 3-right (or left) generalized derivation of N associated
with a nonzero 3-derivation A, then F # 0 on U.

Proof. Let F' be a nonzero 3-right generalized derivation of N such that
F(U,U,U) ={0}.

Then for all z,y,z € U, we have F(z,y,z) = 0. Replacing z by zw, we get
F(z,y,2)w + zA(w,y,z) = 0 for w,z,y,z € U. Hence UA(w,y,z) = {0} and
Lemma 2.2 (i7) gives that A(w,y,z) = 0, for all w,y,z € U, a contradiction by
Lemma 2.5 which completes the proof. n

3. The condition F(U,U,U) C Z

The theorems that we prove in this section will extend the results proved in
[1, Theorem 2.1, 3.1 and 3.3], [2, Theorem 2.1 and 4.1], [3, Theorem 2 and 3],
[8, Theorem 4 and 5] and [9, Theorem 3.1 and 3.2].
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Theorem 3.1 Let N be a 3-prime near ring and U be a nonzero semigroup ideal
of N which is closed under addition. Suppose F' is a nonzero 3-right generalized
derivation of N associated with a nonzero 3-derivation A. If F(U,UU) C Z,
then (N,+) is abelian.

Proof. Suppose that z,y,z € U such that 0 # F(x,y,z) € Z\ {0}. Then
F(z,y,z+ 2) = F(x,y,2) + F(x,y,z) € Z, since F is nonzero on U by Lemma
2.11. Hence (N, +) is abelian by Lemma 2.1 (ii). .

Theorem 3.2 Let N be a 3!-torsion free 3-prime near ring and U be a nonzero
additive subgroup and a semigroup ideal of N. Suppose A is a permuting 3-deri-
vation and F' is a nonzero permuting 3-generalized derivation of N associated with
A such that f(U) C U, where f is the trace of F. If F(U,U,U) C Z, then N is

a commutative ring.

Proof. Suppose that A = 0 on U. Then F(zy,z,w) = F(z,z,w)y € Z for
all w,z,y,z € U gives that F(x, z,w)yv = vF(x, z,w)y for all w,z,y,z € U and
v € N this implies that [y, v]f(x) = 0 for all v, z,y € U. Applying Lemma 2.9 (ii),
we get [y,v] =0 for ally € U and v € N and U C Z. Hence N is a commutative
ring by Lemma 2.3.

Now, let us consider the case A # 0 on U. Using the hypothesis, we get
F(z,y,2)w = wF(z,y, 2) for all z,y,z € U and w € N. Replacing z by zv, we
obtain

F(z,y, 2)vw + zA(v,y, 2)w = wF (x,y, 2)v + wxA(v,y, 2)

(3.1)
for all v,z,y,2 € U and w € N.
Replacing = by rf(z) in (3.1) and using (3.1), we have
rA(f(x),y, z)[v,w] =0 for all r,v,x,y,z € U and w € N. (3.2)

Thus UA(f(x),y,2)[v,w] = 0 and by Lemma 2.2 (ii) A(f(z),y,2)[v,w] = 0.
Substituting ry for y, we obtain A(f(z),r, z2)U[v,w] = {0}. Using Lemma 2.2 (i),
we get either A(f(x),y,z) =0 or [v,w] = 0. Later yields that N is a commutative
ring by Lemma 2.3.

Now, suppose that

A(f(z),y,z) =0 for all z,y,z € U. (3.3)

Substituting = + v for = in (3.3) and using the fact that N is 3!-torsion free, we
get that
A(F(xz,v,v),y,z) =0 for all v, z,y, z € U. (3.4)

Replacing v by v + r in (3.4), we get

A(F(z,v,r),y,z) =0 for all r,v,z,y,z € U. (3.5)
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Taking zt instead of z in (3.5) and using (3.5), we have

Fla,0,r) ALy, 2) + A, y, 2)A(E v, 7) + 2A(A(E v, 1), g, 2) = 0
for all r t,v,z,y,z € U.

(3.6)
Substituting f(r) for r in (3.6) and using (3.3), we get
F(f(r),z,v)A(t,y,z) =0 for all r,v,t,z,y,z € U.
Substituting uv for v, we obtain
F(f(r),z,u)UA(t,y, z)={0}.
Again, by Lemma 2.2 (i), we get either
F(f(r),x,u) =0 or A(t,y,z) = 0.

If A(t,y,z) =0, for all t,y,z € U, then A = 0 on U, a contradiction. Thus we
find that

F(f(r),z,v) =0 for all r,v,x € U. (3.7)

Taking 7 + s instead of r in (3.7) and using (3.7) and the fact that N is 3!-torsion
free, we obtain

F(F(r,r,s),,v) =0 for all r,s,2,v € U. (3.8)

Substituting r + z for 7 in (3.8) and using (3.8), we have
F(F(r,z,s),z,v) =0 for all r,s,v,z,z € U. (3.9)
Replacing r by 7t in (3.9) and using (3.9), we get

F(r,z,8)A(t,z,v) + F(r,x,v)A(t, z, ) + TA(A(t, 2, 8),2,v) =0

(3.10)
for all r,s,v,t,xz,z € U.
Substituting f(r) for r in (3.10) and using (3.7), we get
fMA(A(t, z,8),z,v) =0 for all r;s,v,t,x,2 € U,
i.e.,
A(A(t, z,8),z,0)f(r) =0 for all r,s,v,t,2,z € U.
Applying Lemma 2.9 (ii), we obtain
A(A(t, z,8),z,v) =0 for all s,v,t,z,z € U. (3.11)

Taking wy instead of w in (3.11) and using (3.11), we get
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A(t, z,8) Ay, z,v) + A(t,x,v)A(y, z,8) = 0 for all s,v,t,z,y,z€ U.  (3.12)
Replacing z, z,s,v by t in (3.12), we get

(t)A(y,t,t) =0 for all t,y € U. (3.13)
Taking yr instead of y in (3.13) and using (3.13), we get

S(t)yA(r,t, t) =0

and so

S(t)US(t) = {0} for all t € U.

By Lemma 2.2 (i), we get 6(¢) = 0, for all t € U. Applying Lemma 2.6, we get
A =0 on U, a contradiction. .

4. Traces of permuting 3-generalized derivations

Ozturk and Yazarli [7, Theorem 3] proved that if N is a 2-torsion free 3-prime
near ring and Dy, Dy are nonzero symmetric (o, 7)-biderivations of N with trace
d; and dj respectively such that da(y), d2(y) +do(y) € C(Dy(z, 2)), the centralizer
of (Dy(z,z2), for all z,y,z € N, then (IN,+) is abelian and do(N) C Z. Later
in [8, Theorem 5] they obtained that if N is 2, 3-torsion free 3-prime near ring
and F' is a nonzero permuting 3-right generalized derivation of N with associated
3-derivation D such that f(z), f(z) + f(z) € C(D(y, z,w)) for all w,z,y,z € N,
where f is the trace of F', then (N, +) is abelian and f(z) € Z for all x € N. Now
we prove the following:

Theorem 4.1 Let N be a 3!-torsion free 3-prime near ring and U be a nonzero
additive subgroup and a semigroup ideal of N. Suppose A is a nonzero 3-derivation
of N and F is a nonzero permuting 3-right generalized derivation of N associated
with A. If f(z), f(x)+ f(z) € C(A(y, z,w)), for all w,z,y,z € U, where f is the
trace of F', then (N,+) is abelian. Moreover, if §(U) C U, where § is the trace of
A, then f(U) C Z

Proof. For all v,w,z,y,z € U
Al +y,zw)(f(x) + f(z))
= (f(z) + f(@)A(v +y, z,w)

= (f(2) + f(2)[Av, 2,w) + Aly, 2, w)]

= (f(2) + f(@)Av, z,w) + (f(z) + f(2)) Ay, 2, w) (4.1)
(v, 2, w)(f(z) + f(2)) + Aly, 2, w)(f (z) + f(2))
(v, 2 w) () + Av, 2, w) f(2) + Aly, 2, w) f(x) + Aly, z,w) f(z)
f(@)Av, z,w) + f(z)A (v,zaw)+f(x)A(y,Z,w)+f(fL") (y, 2, w).

A
A
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On the other hand,
A(v+y,z,w)(f(z) + f(z))
= A(v+y,z,0)f(2) + Alv+y, z,w) f(2)
= f(@)A( +y,z,w) + f@)A(v +y,2,w)
= f(@)[A(v, 2, w) + Ay, z, w)] + f(2)[Av, z,w) + Ay, 2, w)]
= f(@)Av, z,w) + f(2)Aly, z,w) + f(2)Av, 2, w) + f(2)A(y, z,w),

(4.2)

for all v,w,x,y,z € U.
Comparing (4.1) and (4.2), we obtain

f(@)A((v,y), z,w) =0 for all v,w,z,y,z € U.
By hypothesis we get

A((v,y), z,w) f(x) =0 for all v,w,z,y,2z € U.

Hence it follows from Lemma 2.9 (i), that
A((v,y), z,w) =0 for all v,w,z,y,z € U.
Replacing v by sv and y by sy, we get
A(s,z,w)(v,y) =0, for all s € U.
Replacing v by vr and y by vp, we get
A(s, z,w)v(r,p) = 0, for all s,v,w,z € U and r,p € N,

ie.,

A(s, z,w)U(r,p) = {0}.

Using Lemma 2.2 (i) we get either A(s, z,w) =0 or (r,p) = 0. If A(s,z,w) =0,
for all s,z,w € U, then A = 0 on U, a contradiction by Lemma 2.4. Hence
(r,p) =0, for r,p € N and (N, +) is abelian.

Since f(z) € C(A(y, z,w)), for all z,y, z,w € U, we have

f@)Ay, z,w) = Ay, z,w) f(x) for all z,y,z,w € U. (4.3)
Replacing y by yv in (4.3), we obtain

f(@)Aly, z,wpv + f(2)yAv, z,w) = Aly, z, w)v f(x) + yAv, z,w) f(x)  (4.4)

Replacing y by 0(y) in (4.4), and using the hypothesis, we get

A(d(y), z,w)[v, f(x)] =0 for all v,w,x,y,z € U. (4.5)
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Substituting zt for z in (4.5), we get

A(d(y), z,w)t[v, f(z)] =0 for all t,v,w,z,y,z € U

ie.,

A(0(y), z,w)Ulv, f(x)] =0 for all v,w,z,y,z € U.

By Lemma 2.2 (i), we get either A(d(y), z,w)=0 or [f(x), v]=0 for v, w,z,y,z € U.
Suppose that A(d(y), z,w) = 0 for all y, z,w € U. Taking y+v instead of y, we get

A(d(y), z,w) + A(0(v), z,w) + 3A(A(y,y,v), z,w) + 3A(A(y,v,v), z,w) = 0.

Since A(d(y), z,w) = 0 and N is 3l-torsion free, we get

A(A(y,y,v), z,w) + A(A(y,v,v), z,w) =0 for all v,w,y,z € U. (4.6)

Replacing y by —y in (4.6), we have

A(A(y,y,v), z,w) — A(A(y,v,v), z,w) =0 for all v,w,y,z € U. (4.7)
Combining (4.6) and (4.7), we obtain

A(A(y,v,v),z,w) =0 for all v,w,y,z € U. (4.8)

Replacing y by yz in (4.8) and using (4.8), we have

Ay, v,0)Ax, z,w) + Ay, z, w)A(z,v,v) = 0 for all v,w,x,y,z € U.

Taking xt instead of z in the above relation, we get

Ay, v,v)zA(t, z,w) + Ay, z,w)zA(t,v,v) = 0 for all t,v,w,y,z € U.  (4.9)

Replacing t,w,y,z by v in (4.9), we get d(v)xd(v) = 0, for all z,v € U i.e.,
d(v)Ud(v) = {0}. By Lemma 2.2 (i), we get 6(v) = 0, for all v € U. Lemma
2.6 yields that A = 0 on U, a contradiction by Lemma 2.5. Thus [f(x),v] = 0,
for all v,x € U. Replacing v by vr, for all » € N, we get v[f(x),r] = 0, i.e.,
Ulf(z),r] = 0 for all z € U and r € N. Again by Lemma 2.2 (ii), we get
[f(z),r] =0for all x € U and r € N. Hence f(U) C Z. n

Theorem 4.2 Let N be a 3!-torsion free 3-prime near ring and U be a nonzero
additive subgroup and a semigroup ideal of N. Let A be a 3-derivation on N. If
F is a nonzero permuting 3-generalized derivation of N associated with A such
that f(x), f(x) + f(z) € C(F(u,v,w)), for all u,v,w,z € U, where f is the trace
of F, then (N,+) is abelian.
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Proof. For all p,u,v,w,z € U

Flu+p,v,w)(f(x) + f(z))
= (f(z) + f(2))F(u+p,v,w)

= (f(z) + f(@)) F(u,v,w) + (f(2) + f(2)) F(p, v, w) (4.10)
= F(u,0,w)(f(2) + f(2)) + F(p,v,w)(f(z) + f(x))
= F(u,v,w)f(z) + F(u,v,w)f(x) + F(p,v,w) f(z) + F(p,v,w) f(z)
= f(@)F(u,v,w) + f(2)F(u,0,w) + f(2)F(p,v,w) + f(2)F(p, v, w).
On the other hand,
Fu+p,v,w)(f(z) + f(x))
= F(u+p,v,w)f(x) + Fu+p,v,w)f(z)
= f(@)F(u+p,v,w) + f(z)F(u+p,v,w)
= f(@)[F(u, v,w) + F(p,v,w)] + f(2)[F(u, v, w) + F(p, v, w)]
= f(@)F(u,v,w) + f(2)F(p,v, w) + f(2)F(u, v, w) + f(2)F(p, v, w)

for all p,u,v,w,x € U.

(4.11)

Comparing (4.10) and (4.11), we obtain

f(x)F((u,p),v,w) =0 for all p,u,v,w,x € U.
By hypothesis we get

F((u,p),v,w)f(z) =0 for all p,u,v,w,z € U.
Hence it follows from Lemma 2.10 (ii), that

F((u,p),v,w) =0 for all p,u,v,w € U. (4.12)

First, let us consider the case A = 0. Substituting uz for u and up for p in
(4.12), we get

F(u,v,w)(z,p) + uA((z,p),v,w) = 0 for all p,u,v,w,z € U. (4.13)
Thus

F(u,v,w)(z,p) =0 for all p,u,v,w,z € U. (4.14)
Replacing z by zr and p by zs in (4.14), we get
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F(u,v,w)z(r,s) =0 for all u,v,w,z € U and r,s € N

i.e.,

F(u,v,w)U(r,s) =0 for all u,v,w € U and r,s € N. (4.15)

Invoking Lemma 2.2 (i), either (r,s) = 0 or F(u,v,w) = 0. Later yields a contra-
diction by Lemma 2.11. Hence (r,s) = 0 for all ;s € N and (N, +) is abelian.

Now, let us consider the case A # 0. Again substituting uz for v and up for
pin (4.12), we get

A(u,v,w)(z,p) + uF((z,p),v,w) =0 for all p,u,v,w,z € U.
Using (4.12) we have
A(u,v,w)(z,p) =0 for all p,u,v,w,z € U. (4.16)
Replacing z by zr and p by zs in (4.16), we obtain
A(u,v,w)z(r,s) =0 for all u,v,w,z € U and r,s € N

ie.,

A(u,v,w)U(r,s) = {0} for all u,v,w € U and r,s € N. (4.17)
Applying Lemma 2.2 (i), we get either (r,s) = 0 or A(u,v,w) = 0. Later yields
a contradiction by Lemma 2.5. Hence (r,s) = 0 for all r,s € N and (N,+) is
abelian. .

Theorem 4.3 Let N be a 3!-torsion free 3-prime near ring and U be a nonzero
additive subgroup and a semigroup ideal of N. Suppose A is a 3-derivation on
N and F is a nonzero permuting 3-generalized derivation of N associated with
A such that f(U) C U and §(U) C U, where f and & are the trace of F' and A
respectively. If f(x), f(z) + f(z) € C(F(u,v,w)), for all u,v,w,z € U, then N is
a commutative ring.

Proof. First, let us consider the case A = 0. Then
F(zy, z,t) = F(z, 2, t)y + 2A(y, z,1)

and we have
F(zy,z,t) = F(x,z,t)y for all t,z,y, z € U. (4.18)

On the other hand,
F(zy, z,t) = Az, z,t)y + 2 F (y, 2, 1),

and we have
F(zy,z,t) = xF(y,z,t) for all t,z,y,2 € U. (4.19)



SEMIGROUP IDEALS AND PERMUTING 3-GENERALIZED DERIVATIONS ... 223

Comparing (4.18) and (4.19) we obtain
F(z,z,t)y = xF(y,z,t) for all t,z,y,2 € U. (4.20)
Replacing z by y in (4.20), we obtain
[F(y, z,t),y] =0 for all t,y,z € U. (4.21)
Substituting zr for z in (4.21), we get
[F(y,z,t)r,y] =0for all t,y,z € U and r € N.
Using (4.21), we find
F(y,z,t)[r,y] =0 for all t,y,z € U and r € N. (4.22)
Substituting rs for r in (4.22) and using (4.22), we get
F(y,z t)rls,y] =0for all t,y,z € U and r,s € N,

ie.,
F(y,z,t)N[s,y] =0 for all t,y,z € U and s € N.

Since N is a 3-prime near ring, then either [s,y] = 0 or F(y, z,t) = 0. Later yields
a contradiction by Lemma 2.11. Thus [s,y] = 0 for all y € U and s € N. Hence
U C Z and N is a commutative ring by Lemma 2.3.

Now, let A # 0. By hypothesis

[f(z), F(u,v,w)] =0 for all u,v,w,z € U. (4.23)
Replacing = by = + y in (4.23) and applying Theorem 4.2, we obtain
[F(z,z,y), F(u,v,w)]+[F(z,y,y), F(u,v,w)] = 0 for all u,v,w,z,y € U. (4.24)
Setting y = —y in (4.24) and comparing the result with (4.24), we obtain
[F(z,y,y), F(u,v,w)] =0 for all u,v,w,x,y € U. (4.25)

Replacing y by y + z in (4.25) and using (4.25) and the fact that F' is permuting,
we have
[F(z,y,2), F(u,v,w)] =0 for all u,v,w,x,y,z € U

-i.e.,
F(z,y,z2)F(u,v,w) = F(u,v,w)F(z,y, z) for all u,v,w,z,y,z € U. (4.26)
Substituting ut for v in (4.26) and applying Lemma 2.7 (ii), we obtain
Au,v,w)tF(x,y, z) — F(z,y, 2) A(u,v,w)t + uF(t,v,w)F(z,y, z)

—F(z,y,z)uF(t,v,w) = 0 for all t,u,v,w,z,y,2z € U. (4.27)
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Substituting f(u) for v in (4.27) and then using hypothesis and (4.27), we get
A(f(u),v,w)tF(x,y,2) — F(z,y, 2) A(f(u),v,w)t =0 (4.28)
Now replacing ¢ by f(t), we have
A(f(u), v, w) () F(x,y,2) = F(z,y, 2)A(f (u),0,w) f(t) = 0 —i.e.,
A(f(u), v, w)F(x,y,2) f(t) = F(z,y, 2)A(f (u), v, w) f(t) = 0.
Applying Lemma 2.4, we get
[A(f(w), v, w)F(z,y,2) = F(z,y, 2) A(f(w), v, w)]f(t) = 0
Using Lemma 2.9 (ii)
A(f(u),v,w)F(z,y,z) = F(x,y, 2) A(f(u),v,w) for all u,v,w,z,y,z € U
and (4.28) yields that
A(f(u),v,w)lt, F(z,y,z)] =0 for all t,u,v,w,z,y,z € U. (4.29)
Replacing w by ww' in (4.29), we have
A(f(u),v,w)w'[t, F(z,y,z)] =0 for all t,u,v,w,w',x,y,z2 € U

ie.,
A(f(u),v,w)Ult, F(x,y, z)] = 0 for all t,u,v,w,z,y,z € U.

From Lemma 2.2 (i), either A(f(u),v,w) = 0 or [t, F(z,y,2)] = 0. If
A(f(u),v,w) = 0 for all u,v,w € U, then arguing in the similar manner as in
the proof of Theorem 3.2, we arrive at a contradiction. Thus

[t, F(x,y,2)] =0 forall t,z,y,z € U. (4.30)
Substituting tr’ for ¢ in (4.30), we get
tir', F(z,y,2)] =0for all t,z,y,z € U and 7' € N

i.e.,

Ulr', F(z,y,2)] =0 for all ,y,z € U and " € N. (4.31)

By Lemma 2.2 (ii), we get [/, F(z,y,2)] = 0 for all z,y,z € U and v € N and
F(z,y,2z) € Z for all z,y,z € U and N is a commutative ring by Theorem 3.2. u

The following examples show that the conditions in the hypothesis of Theorems
4.1, 4.2 and 4.3 are not superfluous.

Example 4.1 In Example 1.1 if we take U to be the set of all matrices of the
type( 8 2 ), then U is an additive subgroup but not a semigroup ideal of N. N
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is not a 3-prime near ring. It can be easily verified that 6(U) C U, f(x), f(z)+f(x)
€ C(A(u,v,w)), for all u,v,w,z € U. But (N,+) is not abelian and f(U) € Z.
Hence N to be 3-prime near ring and U to be a semigroup ideal are essential in
the hypothesis of Theorem 4.1.

Example 4.2 In Example 1.3 if we take U to be the set of all matrices of the
type( 8 8 ) Then U is an additive subgroup but not a semigroup ideal of N.

N is not a 3-prime near ring and 6(U) C U, f(U) C U, f(z), f(x) + f(z) €
C(F(u,v,w)), for all u,v,w,z € U and F(U,U,U) C Z. But neither (N, +) is
abelian nor N under multiplication is commutative. Hence N to be 3-prime near

ring and U to be a semigroup ideal are essential in the hypothesis of Theorems
4.2 and 4.3.
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