ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 35—2015 (243—264) 243

MORE ON KRASNER (m,n)-HYPERRINGS

Jinyan Wang!
Jingli Wu
Zhixin Li

Guangzi Key Lab of Multi-source Information Mining & Security
Guangxi Normal University

Guilin, 541004

China

College of Computer Science and Information Technology
Guangxi Normal University

Guilin, 541004

China

Abstract. In this paper, we introduce (idealistic) soft Krasner (m,n)-hyperrings based
on the soft set theory, and derive three isomorphism theorems of soft Krasner (m,n)-
hyperrings. Furthermore, we consider T-fuzzy hyperideals and falling fuzzy hyperideals
of Krasner (m,n)-hyperrings by using triangular norms and the theory of falling sha-
dows, respectively, and discuss the relationships among idealistic soft Krasner (m,n)-
hyperrings, fuzzy hyperideals, T-fuzzy hyperideals and falling fuzzy hyperideals.
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1. Introduction

The theory of algebraic hyperstructures, introduced by Marty in 1934 [26], is a nat-
ural generalization of the theory of algebraic structures. In recent years, algebraic
hyperstructures have attracted wide attention and had applications in many ar-
eas such as probabilities, fuzzy sets, rough sets, cryptography, automata, artificial
intelligence, and so on [10]. n-ary hyperstructures, as a generalization of alge-
braic hyperstructures, introduced by Davvaz and Vougiouklis [13], were studied
by many researchers [23], [42], [48]. Recently, the concept of Krasner (m,n)-ary
hyperrings was defined by Mirvakili and Davvaz [27], which is a generalization of
Krasner hyperrings [22]. Furthermore, Ameri and Norouzi [6] studied the prime
and primary hyperideals in Krasner (m, n)-hyperrings. Also, they introduced mul-
tiplication (m,n)-hypermodules (with canonical (m,n)-hypergroups) over a given
Krasner (m,n)-hyperring [7].
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After the introduction of fuzzy sets by Zadeh in 1965 [44], the theory was de-
veloped into many directions [45]. In algebraic structures, Rosenfeld [31] defined
the fuzzy subgroup of a group in 1971, which initiated the study of fuzzy algebraic
structures [9], [17]. In 1979, Anthony and Sherwood [8] redefined the fuzzy sub-
group by using the notion of statistical triangular norms, which was proposed by
Schweizer and Sklar [32] in order to generalize the ordinary triangular inequality in
a metric space to the more general probabilistic metric space. Furthermore, Yuan
and Lee [43] established a theoretical approach of the fuzzy algebraic systems
based on the theory of falling shadows [36]. The study of connections between the
fuzzy sets and algebraic hyperstructures was initiated by Zahedi et al. [46], and
continued by many researchers [24], [47]. For further development, Davvaz and
Corsini [12] applied the fuzzy set theory to n-ary hyperstructures and defined the
concept of fuzzy n-ary subhypergroup of an n-ary hypergroup, as a generalization
of the concept of fuzzy subhypergroup. As a continuation of ideas presented in
[12], Davvaz [11] introduced the notion of fuzzy hyperideals of a Krasner (m,n)-
hyperring and extended the fuzzy results to Krasner (m, n)-hyperrings. Moreover,
Zhan et al. [48] introduced the T-fuzzy n-ary subhypergroups of an n-ary hyper-
group by using triangular norms, and considered the probabilistic version of n-ary
hypergroups by using random sets.

On the other hand, soft set theory, introduced by Molodtsov [28] in 1999,
has been considered as an effective mathematical tool for modeling uncertainties.
Different from traditional mathematical tools for dealing with uncertainties, such
as probability theory, fuzzy set theory [44], vague set theory [16] and rough set
theory [29], soft set theory is free from the inadequacy of the parametrization
tools of these theories [28]. Molodtsov demonstrated that soft set theory has
potential applications in many directions, including Riemann integration, function
smoothness, game theory, measurement theory and operations research [28]. Also,
soft set theory has been applied to association rules mining [18], forecasting [39],
[40], mobile cloud computing [35], and decision making [14], [21, 50]. Recently,
many researchers studied the algebraic structures of soft sets. Aktag and Cagman
[3], [4] defined soft groups and showed that fuzzy groups can be considered a
special case of soft groups. Moreover, some basic properties of soft semirings [15],
soft rings [2] and soft modules [33] were introduced. Also, Jun et al. [19], [20],
[49] considered the applications of soft sets in BCK/BCI-algebras, BCH-algebras
and BL-algebras. Furthermore, Yamak et al. [41] introduced soft hypergroupoids,
and we presented the soft polygroups [37] and soft hypermodules [38].

In this paper, we define (idealistic) soft Krasner (m,n)-hyperrings, and inves-
tigate some related properties. Furthermore, we introduce T-fuzzy hyperideals by
using triangular norms, and discuss the relationships among idealistic soft Kras-
ner (m,n)-hyperrings, fuzzy hyperideals and T-Fuzzy hyperideals. Moreover, we
give the concept of falling fuzzy hyperideals of Krasner (m,n)-hyperrings based
on the theory of falling shadows, and consider the relationships among idealistic
soft Krasner (m,n)-hyperrings, T-fuzzy hyperideals and falling fuzzy hyperideals.
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2. Preliminaries

In this section, we review some notions and results concerning n-ary hypergroups,
Krasner (m,n)-hyperrings, and soft sets.

Let H be a non-empty set and f be a mapping defined by f : Hx H — Z*(H),
where &*(H) is the set of all non-empty subsets of H. Then f is called a binary
hyperoperation on H. Let H™ denote the cartesian product H x ... x H. A map-

——

ping f : H" — 2*(H) is called an n-ary hyperoperation. A non-empty set H with
an n-ary hyperoperation f, denoted by (H, f), is called an n-ary hypergroupoid.
If Ay, ..., A, are subsets of H, then f(Ay,....,A,) = U{f(ai,...,a,) | a; € A,
i=1,...,n} [13]. For convenience, a{ is used to denote the sequence a;, a;i1, ..., a;.
When j < 1, af is the empty set.

An n-ary hypergroupoid (H, f) is called an n-ary semihypergroup [13] if the
following associative axiom are satisfied:

C N (G RO B G (G Rty

for every i,j € {1,2,...,n} and x1, 29, ..., 29,1 € H. If for all 2 € H, the set
f(xy, 9, ..., z,) is a singleton, then f is called an n-ary operation and (H, f) is
called an n-ary groupoid (respectively, n-ary semigroup if the n-ary operation is
associative).

An n-ary semihypergroup (H, f) in which the equation b € f(a{™", z;,al’,,) has
a solution z; € H for every a’fl,aﬁrl,b € Hand 1 <1 < n, is called an n-ary
hypergroup [13]. An n-ary hypergroup (H, f) is commutative, if for every permu-
tation o € S,, and for all af € H we have f(a1,...,an) = f(aoq), s o)) [11].

A commutative n-ary hypergroup (H, f) [23] is called canonical n-ary hyper-
group if

(1) there exists a unique e € H, such that for all z € H,

(2) for all z € H there exists a unique z~! € H, such that

e€ flz,x7 e, ... e);
——

n—2

(3) if z € f(a7}), then for all 1 < i < n, we have

-1 -1 -1 -1
T € f(@, 07 X, Ty e Ty ).

e is the scalar identity of (H, f) and x™! is the inverse of z. The inverse of ¢ is e.
A Krasner (m,n)-hyperring [27] is an algebraic hyperstructure (R, f, g) which
satisfies the following axioms:
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(1) (R, f) is a canonical m-ary hypergroup;
(2) (R,g) is an n-ary semigroup:;

(3) the n-ary operation g is distributive with respect to the m-ary hyperopera-
tion f, i.e., for every a’l_l,aﬁrl, e R, 1<i<n,

g(a’il_lv f(‘r?lﬂ)’ a?—i—l) = f(g(ai_lwrlv a?—&-l)? "'vg(a§_17xm7 a?—i—l));

(4) 0 is a zero element (absorbing element) of the n-ary operation g, i.e., for
every xy € R we have

9(0,25) = g(x2,0,23) = ... = g(3y,0) = 0.

It is clear that every Krasner hyperring [22] is a Krasner (2, 2)-hyperring. Also,
every Krasner (m, 0)-hyperring is a canonical m-ary hypergroup and every Krasner
(0, n)-hyperring is an n-ary semigroup. Let S be a non-empty subset of a Krasner
(m,n)-hyperring (R, f,g). If (S, f, g) is a Krasner (m, n)-hyperring, then S called
a subhyperring of R.

Let I be a non-empty subset of a Krasner (m,n)-hyperring R and 1 < i < n.
We call I an i-hyperideal of R [27] if

(1) I is a subhypergroup of the canonical m-ary hypergroup (R, f), i.e., (I, f)
is a canonical m-ary hypergroup;

(2) for every 2} € R, g(x3 ', I,2%,,) C I.

If for every 1 < ¢ < n, [ is an ¢-hyperideal, then [ called a hyperideal of R.
Clearly, every hyperideal of R is a subhyperring of R. Furthermore, we have that
a non-empty subset I of a Krasner (m,n)-hyperring R is a hyperideal if

(1) for every > € I, f(x) C I;
(2) for every x € I, —x € I;
(3) for every 27 € Rand 1 <i <mn, g(x{", 1,27 ,) C I.

A hyperideal I of a Krasner (m,n)-hyperring R is called normal if and only if
(m=3)
for every r € R, f(—r,I,r, 0 ) C I. Suppose that I is a normal hyperideal of

R, then the relation I* defined by

(m=2)
xI*y if and only if f(x,—y, 0 )NI#0,Ve,y € R

is an equivalence relation on R [27]. Let I*[z] be the equivalence class of the
(m—2

)
element z € R, then I*[z] = f(I,z, 0 ). Also, we have I*[(f(a]"))] = I*[a] for all
a € f(a") and ai* € R. The set of all equivalence classes [R : I*] = {I*[z]|z € R}
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is a Krasner (m,n)-hyperring with the m-ary hyperoperation f/I and the n-ary
operation g/I defined by

fII(I 2], I xy)) = {I7[2] | 2 € f(I"[xa], ., I [2m]) }, VT € R,

g/ ([l oo Ilan]) = Mg (2y)], Vat € R.

Let (R1, f1,91) and (Ra, f2,92) be two Krasner (m,n)-hyperrings. A map-
ping ¢ : Ry — R, is called a homomorphism if for all z]* € R; and y € Ry,
Sp(fl(xh A xm)) = fQ(SO(xl)’ e So(xm))7 and (P(gl(yla X yn)) = gQ(@(?ﬁ)? A (p(yn))
A homomorphism ¢ is an isomorphism if ¢ is injective and surjective. Ry = Ry
is used to denote that R; is isomorphic to Ry [27].

Let ¢ : Ry — Ry be a homomorphism, then (1) ¢(0g,) = Og,; (2) for all z € R,
o(—z) = —p(x); (3) let kerp = {z € Ri|¢(z) = Og,}, then ¢ is injective if and
only if kerg = {0g, }.

Now, we review some notions about soft sets. See [5], [15], [20], [25], [28]
for the following definitions. Let U be an initial universe set and E be a set of
parameters. Z(U) denotes the power set of U and A C E.

A pair (F,A) is called a soft set over U, where F' is a mapping given by
F:A— 2(U). In fact, a soft set over U is a parameterized family of subsets of
the universe U. For e € A, F(e) may be considered as the set of e-approximate
elements of the soft set (F, A). There are several examples in [25]. For a soft set
(F, A) over U, the set Supp(F,A) = {z € A | F(z) # @} is called the support of
the soft set (F, A). A soft set (F, A) is non-null if Supp(F, A) # @. For two soft
sets (F, A) and (G, B) over U, we say that (F, A) is a soft subset of (G, B), denoted
by (F,A)C(G, B),if AC B and for all e € A, F(e) C G(e). Two soft sets (F, A)
and (G, B) over U are called soft equal if (F, A)C(G, B) and (G, B)C(F, A).

Let (F;, A;)ien be a non-empty family of soft sets over U, then

(1) the extended intersection (union) of (Fj, A;)ica is the soft set (G, B) =
(Ng)iea(Fi Ai) (Ug)iena(F5, A;)), where B = J;c5 Ai, and for all e € B,
G(e) = Nieage Fi(e) (Uicae File)) and Ale) = {i € Af e € A;};

(2) the restricted intersection (union) of (Fj, A;)iea is the soft set (G,B) =
(n&])ZEA(FzyAZ) ((U@)zéA(E;Az))y Where B = miEA Az §£ %] and fOI' all
¢ € B, G(e) = Niep File) (Uien File));

(3) the A-intersection (V-union) of (Fj, A;);en is the soft set (G, B) = KieA(E, A;p)
(Viea(F, A;)), where B = [[,., A; and for all e = (€;)icn € B, G(e) =
Niea Files) (Uien Filed));

(4) the cartesian product of (F;, A;)iea is the soft set (G,B) = [,
where B = [[,., A; and for all e = (e;)ien € B, G(e) = [[;cp File

A(Fi7 AZ)7
i)-
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3. Soft Krasner (m,n)-hyperrings

In this section, we firstly introduce the concepts of soft Krasner (m, n)-hyperring
and idealistic soft Krasner (m, n)-hyperring. Then, we consider isomorphism theo-
rems of soft Krasner (m, n)-hyperrings. In what follows, let R be a Krasner (m, n)-
hyperring.

Definition 3.1. Let (F, A) be a non-null soft set over R. Then (F, A) is called an
(idealistic) soft Krasner (m,n)-hyperring over R if F'(x) is a subhyperring (hyper-
ideal) of R for all x € Supp(F, A).

Obviously, every idealistic soft Krasner (m, n)-hyperring over R is a soft Kras-
ner (m,n)-hyperring over R. Let (F,A) be an idealistic soft Krasner (m,n)-
hyperring over R, then (F,A) is called a trivial (whole) idealistic soft Krasner
(m,n)-hyperring over R if F(x) = {0} (F(z) = R) for all x € A.

Example 3.2. Let R = {0, 1,2,3} be a set with a 2-ary hyperoperation + and
an n-ary operation g defined by

+lo 1 2 3
0]0 1 2 3
11 {0,1} 3 {2,3}
212 3 0 1
313 {23} 1 {0,1}

ﬂ:{Qﬁﬂeﬁﬁh

g(x3 0 else.

It follows that (R, +, g) is a Krasner (2, n)-hyperring [27]. Let N be the set of na-
tural numbers and (F, A) be the soft set over R, where A = Nand F : A — Z(R)
is the set-valued function defined by

| R if 2 |z,
Fle) = { {0,2} otherwise

for all x € A, then (F, A) is an idealistic soft Krasner (2,n)-hyperring over R.
Also, (F, A) is a soft Krasner (2, n)-hyperring over R.

Theorem 3.3. Let (F;, A;)ica be a non-empty family of (idealistic) soft Krasner
(m,n)-hyperrings over R, then

(1) the extended intersection ((g)iea(F;, Ai) is an (idealistic) soft Krasner (m,n)-
hyperring over R if it is non-null;

(2) the restricted intersection ([, )iea(Fi, Ai) is an (idealistic) soft Krasner
(m,n)-hyperring over R if it is non-null;
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(3) if AiNA;=0 for alli,j € A and i#j, then the extended union (g )iea(Fi, A;)
is an (idealistic) soft Krasner (m,n)-hyperring over R;

(4) the A-intersection /~\i€A(FZ-, A;) is an (idealistic) soft Krasner (m,n)-hyperring
over R;

(5) the cartesian product [[,.,(Fi, Ai) is an (idealistic) soft Krasner (m,n)-
hyperring over R.

Proof. We only prove (1), and the other proofs are similar. We can write
(Ng)iea(Fs, Ai) = (G, B), where B = (J;c) Ai and G(z) = [Nz Fi(z) for all
z € B. For all # € supp(G, B), G(z) = (Nicaq) Fi(x) # 0, that is, Fi(z) # 0 for
all i € A(z). Also, F;(z) is a subhyperring (hyperideal) of R, since (Fj, A;)ica be
a non-empty family of (idealistic) soft Krasner (m,n)-hyperrings over R. There-
fore, we have that G(z) = (;ca,) Fi(z) is a subhyperring (hyperideal) of R for
all x € supp(G, B). So ((e)iea(F;, Ai) = (G, B) is an (idealistic) soft Krasner
(m, n)-hyperring over R. .

Definition 3.4. Let R; and Ry be two Krasner (m,n)-hyperrings, (F, A) and
(G, B) be soft Krasner (m,n)-hyperrings over R; and Rj, respectively, and
¢ : Rl — Ry and v : A — B be two mappings. If ¢ is a homomorphism,
and p(F(z)) = G(¢(x)) for all x € A, then (p, 1)) is called a soft homomorphism,
and (F, A) is soft homomorphic to (G, B), denoted by (F, A) ~ (G, B).

In Definition 3.4, if ¢ is a monomorphism (resp. epimorphism, isomorphism)
and 1 is an injective (resp. surjective, bijective) mapping, then (¢,) is called
a soft monomorphism (resp. epimorphism, isomorphism), and (F,A) is soft
monomorphic (resp. epimorphic, isomorphic) to (G, B). (F,A) ~ (G, B) is used
to denote that (F, A) is soft isomorphic to (G, B).

Example 3.5. Let R be the Krasner (2,n)-hyperring and (F, A) be the soft
Krasner (2, n)-hyperring over R described in Example 3.2. Let (G, B) be the soft
set over R, where B =N and G : B — Z(R) is the set-valued function defined by

G<x):{ {0,2} if2|a,

0 otherwise

for all x € B, then (G, B) is a soft Krasner (2,n)-hyperring over R.
Let ¢ : R — R be the mapping defined by

[ 2 ifxe{23},
pla) = { 0 otherwise

for all x € R, then ¢ is a homomorphism. Define the mapping ¢ : A — B by
Y(z) = 2z for all z € A. Tt is easy to check that p(F(z)) = G(¢(x)) for all z € A.
Therefore, (¢, 1) is a soft homomorphism and (F, A) ~ (G, B).
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Next, we establish three isomorphism theorems of soft Krasner (m,n)-hyper-
rings. In the following theorems, we write ([F' : [*], A), which means that
[F' @ I*|(x) = [F(x) : I*] for all x € A, I C F(x) for x €Supp(F,A) and
[F: I*](z) = 0 for x € A—Supp(F, A), where (F,A) is a soft Krasner (m,n)-
hyperring over R, and [ is a normal hyperideal of R.

Theorem 3.6. (First Isomorphism Theorem) Let (F, A) and (G, B) be soft Kras-
ner (m,n)-hyperrings over Krasner (m,n)-hyperrings Ry and Ry, respectively. If
(p, 1) is a soft epimorphism from (F, A) to (G, B) such that I = kery is a normal
hyperideal of Ry and I C F(x) for x €Supp(F, A), then

(1) ([F: I}, A) = (o(F), A);

(2) if ¢ is bijective, then ([F : I*],A) ~ (G, B),
where o(F)(x) = @(F(x)) for all z € A.

Proof. (1) Clearly, ([F : I*], A) and (p(F'), A) are soft Krasner (m, n)-hyperrings
over [Ry : I*] and Ry, respectively. Define @ : [Ry : I*] — Ry by @(I*[x]) = ¢(z),

for all x € R;. We show that ¥ is well-defined. Suppose that xl*y, then we
(m=2) (m—2)
have fi(z,—y, Or, ) NI # (), that is, there exists z € fi(x,—y, Og, ) N I.

(m—2)
Thus, we have ¢(z) = Og, and ¢(2) € ¢(fi(z,—y, Og, )), which imply that

(m—2)
Ogr, € fa(o(x), —¢(y), Or, )), i.e., p(x) = p(y). We can check easily that @ is sur-
m—2)
jective, since ¢ is surjective. If p(x) = p(y), we have Og, € fo(p(x), —p(y), 032 )
(m—2)
which implies that there exists 2 € fi(z,~y, Ogr, ) such that z € kery, ie.,
(m—2)

filz, =y, Or, ) NI # (. It follows that I*[z] = I*[y]. So P is injective. Also, we
have

PN 2], o Iam])) = P({T7[2]|2 € AT 2], o I [2m]) )

(m—2)
@({]*[ZHZ € fl(] fl(xT)7 ORl )})
(m—2)
(filZ, fi(@]"), O, )
(m—2)

@
falo(I), o(f1(x7")), ¢(OR,))

(m—2)
b

2<OR2af2( ( ) "'790(93771))’ 032)
(p(z1), - p(Tm))
@I [a]), - BT [2m])),

P /I, o Ilan])) = P g2 (T[], s I en])]}) = (g2 (T[], ooy T []))
= ga(e(I*[11]), .o (I [n]))

m—2 m—2)

92(f2(0R27 (,0(1‘1), (0R2))7 ) f2(0R27 (,D(Jin), (0R2 ))
= g2(p(@1), -, p(@n)) = g2(B(I*[21]), ... P(I*[n]))-

fa
fa
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So P is an isomorphism. Next, we define ¢ : A — A by ¥ (z) = x for all x € A.
Clearly, 1 is a bijective mapping. For all # € A, we have p([F(z) : I*]) =
o(F(2)) = p(F((x))) = o(F)(¢(z)). It follows that (@,) is a soft isomorphism
and ([F : I*], A) ~ (p(F), A).

(2) From the proof above, we have % is an isomorphism. % is bijective and
P([F(x) : I']) = o(F(z)) = G(¢(x)) for all z € A. Therefore, (¢,v) is a soft
isomorphism, and ([F': I*], A) ~ (G, B). n

Theorem 3.7. (Second Isomorphism Theorem) Let I7* be hyperideals of R, and
there exists 1 < j < m such that I; is a normal hyperideal of R. If (F,A) is a
soft Krasner (m,n)-hyperring over f(I7",0, I7 ), then

([F - (fU0,50) N L) A) = ([Fiypo 2 1], A),
where for all v € A, Fp(z) = f(T{fl,Ij,ml) if we assume that F(x) =

—m —_

0T, T C Iy k€ {1, j = 1,5 4+ 1,.,m}, and f(I71,0,17,) N I, C
F(x) for x € Supp(F, A).

Proof. It is easy to deduce that ([F : (f(I77",0, I )NI)*], A) and ([Fr, 0 ¢ I7], A)
are soft hyperideals over [f(]{_l,O,]j’»le) : (f([f_l,O,Iﬁl)ﬂIj)*] and [f(IT") : I7],
respectively. We define ¢ : f([ffl,O,Ijﬁl) — [f(I7") : I7] by ¢(x) = I;[z] for all
x € f(If_l,O,Ij’CLrl). Clearly, ¢ is a homomorphism. For any I7[y] € [f(I1") : I]],
where y € f(I]"), i.e., there exist ay € Iy, k € {1,...,m} such that y € f(a}"),

(m—2) . (m—2)

we have I]*[y] = I]*[f(agn)] = f(IJGf(agn)? 0 ) = f(ajl 17f<]j>aja 0 )7a§ﬁ-1) =

. . m—2 .
f(ajl_1>lj7a§)}i-1) = f([j? f(ajl_la 07(17}1-1)’( 0 )) = I;I::'E] = 90@:)73: € f(ajl_laova?ff—l)
C f( 0, I7h,). Tt follows that  is an epimorphism. Now, we define ¢ : A — A
by ¢¥(x) = x for all z € A. 1 is a bijective mapping. For all x € A, we have
(@) = {I:la] | a € F(2)} = [Fryp0 : L)) = [Frjo: EI(0()).

Next, we give the proof of {I5[a] | a € F(x)} = [F1;0 : [}](7). Clearly,
{la] | a € F(x)} C [Frp0 @ I](x). For any I7[b] € [F1,0 : I;](z), where
be Fy, jo(x), which implies that there exist a; € I, C L, ke{l, .. j—1,j+1,..,m}

and a; € I; such that b € f(a]*), we have I;‘[b]zfj[f(a]”)]:f(fj,f(a’ln),(maz))
@ Py, "0 e = ] L) = £ fal0,am), 0 =
Lt(t € f(ajl_l,O,aﬁl) C F(z)) € {I;la] | a € F(z)}. Thus, (¢,v) is a soft
epimorphism from (F, A) to ([Fy,y0 : 7], A). Because (o, ) Nijis a
normal hyperideal of f(I77",0, I7% ), if we have kerp = f(E o, I7 ) N I, then
([F: (f({10,1m) N 1;)*), A) = ([Fyyp : I3, A). For any @ € f(I{71,0,1m)),

J
m—2)

(
r € kerp & p(x) = I;[0] = I; & I}[x] = f(I;,7, Op, ) = I; & x € I; (since
ze fI0,Im))e e ;N f(I7,0,10,). So kerg = f(I7,0,Im )N ;.
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Theorem 3.8. (Third Isomorphism Theorem) Let I and N be normal hyperideals
of R such that I C N. If (F,A) is a soft Krasner (m,n)-hyperring over R, and
N C F(z) for all x € supp(F, A), then ([[F : I*] : [N : I*]*], A) ~ ([F : N*], A).

Proof. We can obtain that [N : [*] is a normal hyperideal of [R : I*]. I and N
are normal hyperideals of R, and I C N, then [[R : I*] : [N : I*]*] is defined. Also,
it is easy to obtain that ([F' : [*], A), ([F : N*|,A) and ([[F : [*] : [N : [*]*], A)
are soft Krasner (m,n)-hyperrings over [R: I*], [R: N*] and [[R : [*] : [N : I*]*],
respectively. ¢ : [R : I*] — [R : N*|, defined by ¢(I*[x]) = N*[z], is an epi-
morphism, and ¢ : A — A, defined by ¥(z) = x for all x € A, is a bijec-
tive mapping. Also, we have ¢([F(z) : I*]) = [F(z) : N*] = [F(¢(x)) : N,
for all x € A. Therefore, (¢,1) is a soft epimorphism from ([F : I*], A) to
([F': N*|,A). According to the first isomorphism theorem, if kerp = [N : I*],
then ([[F : I*] : [N : I*]*],A) ~ ([F : N*],A). For any I*[x] € [R : I],

(m-2)

I'[z] € kereo & o(I*[z]) = N*[0] = N & N¥z] = f(N,z, 0 ) = N &
x € N & I*[z] € [N : I"]. Tt follows that kery = [N : I*]. .

4. The relationships among idealistic soft Krasner (m,n)-hyperrings,
fuzzy hyperideals and T-Fuzzy hyperideals

Let ¢ be a fuzzy subset of R, and 1 < ¢ < n. Then p is called a fuzzy i-hyperideal
of R if u is a fuzzy subhypergroup of the canonical m-ary hypergroup (R, f), and
p(z;) < plg(ah)), for all 27 € R. If for every 1 < i < n, u is a fuzzy i-hyperideal,
then p is called a fuzzy hyperideal of R [11]. Therefore, there is the following
definition.

Definition 4.1([11]). A fuzzy subset u of R is called a fuzzy hyperideal of R if
the following conditions hold:

(1) min{u(xy),..., w(xyn)} < inf {p(z)}, for all 27" € R;

ze f(x")
(2) p(z) < p(—=x), for all = € R;

(3) max{u(xy), ..., u(xn)} < p(g(xy)), for all 27 € R.

A triangular norm (t-norm) [8] is a function 7" : [0,1] x [0,1] — [0, 1], such
that for all z,y, z € [0, 1] the following axioms are satisfied:
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Obviously, the function min, defined by min(a, b) = min{a, b} for every a,b € [0, 1],
is a t-norm. There are many other t-norms. Ty . and Tp.,q are two ¢-norms
used frequently, defined by T}, ,(a,b) = max{a + b — 1,0} and Tp.a(a,b) = ab,
respectively, for all a,b € [0,1]. Every t-norm T has the following property:
T(a,b) < min{a,b} for all a,b € [0,1]. Let T" be a t-norm. Then the fuzzy set
p of a non-empty set X satisfies the imaginable property if Im(u) C Ag, where
Ar ={a€[0,1] | T(a, ) = a} [30].

Definition 4.2. Let p be a fuzzy subset of R. Then p is called a T-fuzzy
hyperideal of R if the following axioms hold:

(1) To(p(zq), ..oy () < inf ){u(z)}, for all 27" € R;

zE€f(x

(2) p(z) < p(—=x), for all = € R;

(3) max{u(z1), ..., u(wm)} < p(g(at)), for all 7 € R,

where T is a t-norm and for ai,...,a, € [0,1], if m > 2, T, (a,...,a,) =
T(ay, Trn—1(a1, ooy @1, 541, -y a)); To = T; Ty = id(identity)[1]. For conve-
nience, we write 7T,,, by T.

Example 4.3. Consider the Krasner (2, n)-hyperring described in Example 3.2.
We define a fuzzy set uin R by u(0) = p(1) = 0.8 and u(2) = p(3) = 0.6. Then
p is a Ty, -fuzzy hyperideal of R.

For a fuzzy point x; and a fuzzy set p in a non-empty set X, we say z; € u,
which means that p(x) > t. Let A C [0,1]. Consider the set-valued function
F:A— P(X), defined by t +— uy = {x € X | x4 € u}, then (F, A) is called a
e-soft set over X [49].

Theorem 4.4. Let p be a fuzzy set of R, and (F, A) be a €-soft set over R with
A=[0,1]. Then p is a fuzzy hyperideal of R if and only if (F, A) is an idealistic
soft Krasner (m,n)-hyperring over R.

Proof. Assume that p is a fuzzy hyperideal of R. Let t € Supp(F,A) and
', x € F(t). Then we have (z;); € p for all 1 < ¢ < m and z; € u. Since
t < min{u(zy), ..., pu(zn)} < inf ){,u(z)} and t < pu(x) < p(—x), we obtain

z€f(z
f(z) C F(t) and —z € F(t). If 207" 2%, € R and z; € F(t), then (z;); € p.
So we have t < p(z;) < max{u(xy),....,pu(z,)} < p(g(2})), which implies that
wu(g(zh)) € F(t), ie., u(g(xy, F(t),2™)) C F(t). Hence (F, A) is an idealistic soft
Krasner (m,n)-hyperring over R.

Conversely, let (F, A) be an idealistic soft Krasner (m,n)-hyperring over R.
For all 2" € R, if there exists z € f(z]") such that u(z) < min{u(z1), ..., p(xm)},
then choose t € A such that p(z) < t < min{pu(zy),...,u(zy)}. It follows that
(x;)r € pforall 1 <i<m,but z;€u. This contradicts to that F(t) is a hyperideal
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of R. So we have min{u(z1), ..., pu(zm)} < inf {u(z)}. For all x € R, assume

zef(27")
that pu(—z) < p(x), then there is r € A such that pu(—x) < r < p(z). Thus, we
have (z), € u, but (—x),€u, which is a contradiction. So we have u(x) < p(—=x)
for all x € R. Let x} € R. Suppose that s = p(x;) = max{pu(z1), ..., u(x,)}, then
x; € F(s). Since F(s) is a hyperideal of R, g(x7) € F(s), i.e., u(g(x})) > s, which
implies that max{u(z1), ..., u(xn} < p(g(z})). Therefore, p is a fuzzy hyperideal
of R. n

Theorem 4.5. Let i be an imaginable T-fuzzy hyperideal of R, then u is a fuzzy
hyperideal of R.

Proof. Since p is an imaginable T-fuzzy hyperideal of R, for all z1* € R, we have
T(p(w1), .oy () < inf e pemy p(2). Furthermore, we obtain min{ (1), ..., u(2m)}
T (in{a(n)s o )} o (1), s i)} S T((0)s oo i)
< min(p(zy), ooy (). That is, T(u(x), ..., 1(Ty)) = min(p(zy), ..., p(zm)).
It follows that min(u(z1),..., (7)) < inf.cpem)pu(z). Therefore, p is a fuzzy
hyperideal of R. n

Theorem 4.6. Let 1 be an imaginable fuzzy subset of R and (F,A) be a €-soft
set over R with A=[0,1]. Then p is a T-fuzzy hyperideal of R if and only if (F, A)
is an idealistic soft Krasner (m,n)-hyperring over R.

Proof. Assume that p is a T-fuzzy hyperideal of R. According to Theorem 4.5,
we have that p is a fuzzy hyperideal of R. Furthermore, by using Theorem 4.4,
(F, A) is an idealistic soft Krasner (m,n)-hyperring over R. Conversely, if (F, A)
is an idealistic soft Krasner (m,n)-hyperring over R, then p is a fuzzy hyperideal
of R by Therorem 4.4. It follows that inf.csm) p(2) > min{u(z1),..., w(zm)} >
T(u(xy), ..., p1(2y,)) for all 27" € R. Therefore, we have u is a T-fuzzy hyperideal
of R. n

Theorem 4.7. Let I be a hyperideal of R, and p be a fuzzy subset of R given by
for all s,t € [0,1] with s > t, u(x) = s, if v € I; otherwise, p(x) =t. Then p is
a Ty, -fuzzy hyperideal of R. If s =1 and t = 0 then u is imaginable.

Proof. Let 2" € R. If 2 € I then f(z}") C I since [ is a hyperideal of R. Thus,
we have Ty, . (u(21), ..., p(zm)) = max{ms — (m — 1),0} < s = infcpum) p(z).
Otherwise, assume that z,(1), ..., Zo() € I and Zo (41, .-, Tom) ¢ I, Where o € Sy, is
a permutation, then Ty, (p(21), ..., () = max{is+(m—i)t—(m—1),0} <t =
inf.epm p(2). Let v € R. If v € I, then —x € I. So we have ju(—z) = s = pu(—x).
If v ¢ I, then p(—x) >t = p(x). Let 27 € R. If there exists z; € I, i € {0,...,n},
then g(z}) € I since [ is a hyperideal of R. Hence max{pu(zy),...,u(z,)} = s =
w(g(zh)). Otherwise, max{u(z1),...,u(x,)} = t < p(g(zh)). Consequently,
is a Ty, ,-fuzzy hyperideal of R. When s = 1 and ¢ = 0, it is clear that u is
imaginable. n



MORE ON KRASNER (m,n)-HYPERRINGS 255

Theorem 4.8. Let p be a fuzzy set of R with Im(u) = { Ao, A1, ..., A}, where
Ai < Aj whenever i > j. If there exists a chain of hyperideal of R: I C I, C ... C
I; = R such that p(I}) = A\, where I}, = \Iy_1,11 = 0 for k =0,1,...,t, then
W 1s a T-fuzzy hyperideal of R.

Proof. For all 21" € R, assume that v, € I}, ,...,z,, € I}, , where ay,...,ap, €

{0,1,...;t}. Then pu(xy) = Aoy ooy 1(Tm) = Aay, - Set Ao, = min{p(zy), ..., p(zm)},
then we have f(x7") C I,,. It follows that

() 2 da, = min{a(), oo pm)} 2 T(a(o1), o)

z flfl

For all x € R, we have x € I, for some k = {0,1,...,t}. It is clear that —z € I}.
So we have pu(—z) = A\, = p(zr). Now, for all 2} € R, suppose that x; €
Ih, s xn € Iy, where By, ..., B, € {0,1, ..., t}. Then p(z1) = Ag, ooy p1(@0) = g,
Set A\g. = p(z.) = max{pu(z1),...,u(x,)}. Since Ig, is a hyperideal of R, we
have g(x}) € Ig,. Therefore, we have u(g(z})) > Ag, = max{p(x1), ..., u(xn)}.
Consequently, p is a T-fuzzy hyperideal of R. u

5. The relationships among idealistic soft Krasner (m,n)-hyperrings,
T-Fuzzy hyperideals and falling fuzzy hyperideals

In probability theory, a probability space is a triple (2, A, P), where Q is the set
of all possible outcomes, A is a o-algebra of subsets of €2 called events, and P is
a probability measure on measurable space (€2, A), i.e., P is a countable additive
and positive function and P(§2) = 1. The following definitions are given in [36].

Let U be a universal set, and Z(U) be the power set of U. Then for each
u € U, defineu = {A ] ue Aand A C U}. Also, for each A € Z(U), let
A= {i|u e A}. Then an ordered pair (Z(U),B) is said to be a hyper-measure
structure on U if B is a o-field in 2(U) and U C B.

Given a probability space (€2, A, P) and a hyper-measurable structure (2 (U), B)
on U, a random set on U is defined to be a mapping & : Q2 — Z(U) that is A — B
measurable, i.e., VC € B, £1(0) = {w |w € Q and £(w) € C} € A.

Definition 5.1. Let (2, A, P) be a probability space, and £ : Q@ — Z(R) be
a random set, where Z(R) denotes the power set of R. If for any w € Q,
£(w) is a hyperideal of R, then the falling shadow S of the random set ¢, i.e.,
S(x) =P{{w |z €&(w)}) for all x € R, is called a falling fuzzy hyperideal of R.

Theorem 5.2. Let p be a fuzzy set of R, and (F, A) be a €-soft set over R with
A=[0,1]. If (F, A) is an idealistic soft Krasner (m,n)-hyperring over R, then y is
a falling fuzzy hyperideal of R.

Proof. Consider the probability space (2, A, P) = ([0, 1], 0,m), where o is a Borel
field on [0, 1] and m is the usual Lebesgue measure. Define € : [0, 1] — Z(R) by
£(t) = F(t). Since £1(z) = [0, u(x)] C [0, 1], € is a random set on R.
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Furthermore, we obtain that the falling shadow S of ¢ is pu, ie., S(z) =
m(t | z € £(t)) = m([0, u(x)]) = p(z). Since (F, A) is an idealistic soft Krasner
(m, n)-hyperring over R, F(t) is a hyperideal of R, for t € Supp(F, A). Therefore,
w is a falling fuzzy hyperideal of R. n

The following example demonstrated that the converse Theorem 5.2 is not true.

Example 5.3. Consider the Krasner (2,n)-hyperring R described in Example
3.2. Let (2,A, P)=([0,1],0,m) and & : [0,1] — Z(R) be defined by
(0,1} if £ € [0,0.45),
£(t)=4¢ 10,2} if ¢t € [0.45,0.75),
{0,1,2,3} ift € [0.75,1).
We can see that £(¢) is a hyperideal of R for all ¢ € [0,1], then S(z) =
m({t |z € £(t)}) is a falling fuzzy hyperideal of R, which is denoted by S(0) = 1,

S(1) = 0.7, S(2) = 0.55 and S(3) = 0.25. Let (F, A) be a €-soft set over R with
A=[0,1]. Then F': A — Z(R) is a set-valued function described by

{0,1,2,3} if ¢t €[0,0.25],
{0,1,2}  if t € (0.25,0.55],
{0,1} if + € (0.55,0.7],
{0} if t € (0.7,1],

Since {0, 1,2} is not a hyperideal of R, (F,A) is not an idealistic soft Krasner
(2, n)-hyperring over R.

F(t) =

Theorem 5.4. If S is a falling fuzzy hyperideal of R, then S is a Ty, ,-fuzzy
hyperideal of R.

Proof. For all 27" € {(w), we have f(z7") C {(w), since £(w) is a hyperideal of R
for any w € Q. So for every z € f(27"), we have

{w]zeéw)}2({wla€ W)}
i=1
It follows that

S(z) = P{w |z c&w)}) = P(ﬂ{w | i € E(w)})

= P((V{w] 22 € €@ + Pl | 2 € 6D
P |2 € E(w) or € EW))

> P[] 22 € €@))) + Slam) — 1



MORE ON KRASNER (m,n)-HYPERRINGS 257

> P({w | 1 € Ew)} N {w | 32 € EW)}) + i S(z:) — (m - 2)
= Pl | € €D+ P({o |22 € )
—P({w | 21 € E(w) or 25 € E(w +stz

ZZS( ) —

Hence, we have

inf {S( )} > max{ZS ;) —1),0} =Ty, (S(x1), ..., S(2m)).

z€f(zi")
For any z € {(w), we have —z € £(w). Hence {w | —z € {(w)} D {w |z € {(w)}.

Furthermore, we have P{w | —x € {(w)} > P{w | z € {(w)}, i.e., S(—x) > S(x).
Since £(w) is a hyperideal of R for any w € (2, it follows that

{w] g(a}) € &w }DU{WWzEf w)}.

So we have

Sla(e})) = Pl g(at) € §)) = P(Uw | 2 € €)
= P(U e [ € €))) + P | 0 € 6)})
AUt e} niw|om € })
> wax(P(U (o | 5 € €)), 5()

> max{P({w | 21 € £w)} U {w | 22 € £w)}). S(za). .. S(a.))

=max{P({w |z €{(w)}) + P{w [ 22 € {(W)}) = P{w [ 21 € {(w)
and x5 € §(w)}), 5(23), ., S(n) }

> max{S(x1), ..., S(xn) }..

Therefore, S is a T, -fuzzy hyperideal of R. u
Let R be a Krasner (m,n)-ary hyperring, and 2 be a non-empty set. Define

PR ={n|n:Q— P*(R) is a mapping}
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Let n; € 2(R)%, i = 1,...,m. For any w € Q, we put 7;(w) = {yg’l,...,y;‘}m(w)l},
1=1,...,m. Suppose

f(nla 777m) = {C(h ..... tm) | C(h ..... tm)(w) = f(yclutﬁ "'ay;;}ztm)ﬂti S {17 ceey |nz(w>|}a
i=1,..,m},

5(7717 7nn)(w) = {g<y(iut17 7y:-butn) | tz € {17 sy |771((“J)|}72 = 17 7”}
Then (Z(R)%, f,3) is a Krasner (m,n)-ary hyperring.

Theorem 5.5. Let (€2, A, P) be a probability space, I be a hyperideal of a Krasner
(m,n)-ary hyperring R and B be a hyperideal of 2(R)® such that S, = {w € Q |
n(w) C 1} € Afor all n € B. Define i : B — [0, 1] by p(n) = P(S,) for alln € B.
Then p is a Ty ,-fuzzy hyperideal of B.

Proof. Let my,....,nm € B. For every w € (]S, we have n;(w) C I, where
i=1
i =1,..,m, that is, y¢; € I, where i = 1,...,m and j = 1,..., |n;(w)|. Thus, for

all ¢ € f(n1,...;m), we have ((w) C I. So w € S¢. Consequently, S; D () S,,.
=1

(2

Furthermore,
i=1 i=1
Hence, we have Ce?(inf ){M(O} > T, (1) 5 ooy 11(1m)-
MLyeeey Nm
Let n € B. For every w € Sy, n(w) = {y1, -, Yy} € . Hence, —n(w) =
{=Y1, s =Y} € I, and so w € S_,. Therefore, we have S_,, O S,. It follows

that p(—n) = P(S-y) = P(5;) = p(n).
Let mi,....,m, € B. If w € |J 5, then there exists ¢ € {1,...,n} such that
i=1
ni(w) = {vi1, - Y} € L. Hence, g(m, ..., n,)(w) € I since I is a hyperideal of

n

R. So we have w € Sy, . n.- It follows that Sz, . 4. 2 U Sp,. Therefore,
=1

..........
1=

(@, -ma)) = P(Sgip,.m) = P(U Sy) > max{P(S,,), ..., P(S,,)}
= max{u(m), ... u(ma)}-

Therefore, p is a Ty, ,-fuzzy hyperideal of R. n

Based on the theory of falling shadows, Tan et al. [34] establish a theoretical
approach to define a fuzzy inference relation. Let A and B be fuzzy sets in the
universes U and V', respectively, £ and n be cut-clouds of A and B, respectively.
Then the fuzzy inference relation 14,5 of the implication A — B is defined to be

Laep(u,v) = P((A, p)|(u,v) € Lay—p,) = P((A )| (u,v) € (Axx By ) U(AS x V),
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where P is a joint probability on [0,1]%. So different probability distribution P
will generate different formula for the fuzzy inference relation. The following three
basic cases are considered.

(1) If the whole probability P of (A, ) on [0, 1]? is concentrated and uniformly
distributed on the main diagonal {(\, \)|\ € [0, 1]} of the unit square [0, 1]?,
then P is the diagonal distribution and I4,p(u,v) = min(1—A(u)+B(v), 1).

(2) If the whole probability P of (A, u) on [0,1]* is concentrated and uni-
formly distributed on the anti-diagonal {(A,1 — A)|A € [0, 1]} of the unit

square [0,1]?, then P is the anti-diagonal distribution and I _.p(u,v) =
max(1 — A(u), B(v)).

(3) If the whole probability P of (), i) on [0, 1]* is uniformly distributed on the
unit square [0, 1]%, then P is the independent distribution and 745 (u,v) =
1 — A(u) + A(u)B(v).

We call the three fuzzy inference relations falling implication operators on [0, 1].

Definition 5.6. Let p be a fuzzy set of R, Irg be a falling implication operator
over [0,1] and A € (0,1]. Then p is called an Irg-fuzzy hyperideal of R If the
following conditions are satisfied:

(1) Ips(min{u(zy), ..., 1(zy)}, inf ){u(z)}) > ) for all 27" € R;

ze f(x

(2) Ips(p(x), p(—z)) = A for all z € R;

(3) Irps(max{u(xy), ..., (xn)}, p(g(z}))) > A for all 2} € R.

Clearly, if A =1 and P is the diagonal distribution, then Definition 5.6 is equiva-
lent to Definition 4.1.

Theorem 5.7. Let p be a fuzzy set of R and A = 0.5, then

(1) if P is the diagonal distribution, then p is an Ipg-fuzzy hyperideal of R, if

and only if
(@) minfuer), o ple)} <t (p(2), or
z 5171
0 < min{p(z1), ..., u(xm)} — Eer(lf ){u(z)} < 0.5 for all 7" € R,
z€ f(z7®

(b) p(z) < p(—z) or 0 < p(x) — p(—z) < 0.5 for all x € R,

(c) max{p(z1), ..., p(zn)} < plg(ay), or
0 < max{u(z1), .., u(zn)} — p(g(a})) < 0.5 for all ' € R;

(2) if P is the anti-diagonal distribution, then u is an Irs-fuzzy hyperideal of
R, if and only of
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(a) min{u(xy), ..., w(Tm)} < Ei”r(lfl {max{pu(z),0.5}}, or

min{u(xy), ..., w(z,),0.5} < }I(lf {u(2)} for all 7" € R,
zef (g

(b) p(z) < max{u(—=z),0.5} or min{u(x),0.5} < u(—z) for all x € R,

(¢) max{p(z1), ..., p(zn)} < max{pu(g(a7)),0.5}, or
max{min{u(z,), 0.5}, ..., min{pu(z,),0.5}} < p(g(zh) for all x} € R;

(3) if P is the independent distribution, then u is an Ipg-fuzzy hyperideal of R,
if and only if

(a) min{u(xy), ..., w(x,) (1 — mf {,u( )}) < 0.5 for all 7 € R,

zef(z

(b) p(z)(1 = p(=z)) <0.5 for all v € R,
(¢) max{pu(z1), ..., u(zn) }(1 — pu(g(x}))) < 0.5 for all x} € R.

Proof. We only prove (1), and the proofs of (2) and (3) are similar. P is the
diagonal distribution, and p is an Irpg-fuzzy hyperideal of R, then we have

(a) min(1 — min{u(z1), ..., u(zm)} + e}nf {1(2)},1) > 0.5 for all 27" € R;

(b) min(1 — pu(z) + p(~=),1) > 0.5 for all z € R;
() min(1 — max{p(@1), ., p(za)} + p(g(a?)), 1) > 0.5 for all 27 € R.
It follows that
(8) min(1 = min{p(ar)...pfw,)} +_inf (p(2)}.1) > 05
& 1= min{p(n). o p(an)} +_nE {p(z)) 2 1, or
12 1= minfu(en), o plen)} +_nf (6(z)} 2 05
& minfu(n), . u(en)} < _inf {u(2)}, or

0 < min{u(xy), ..., (Tm)} — e;r(lfl {p(2)} <0.5;

(b) min(1 — p(x) + pu(—2x),1) > 05 < 1 — p(z) + p(—x) > 1, or
1 21— p(x)+p(—2) 205 < p(x) < p(—z), or
0 < p(x) — p(—z) < 0.5

(c) min(1 —max{u(z1), ..., p(2n)} + plg(2})), 1) = 0.5
& 1 —max{p(z1), ..., p(zn)} + plg(ay)) = 1, or
1> 1 —max{p(z1), ..., w(xn) } + p(g(z7)) 2 0.5
& max{p(x1), ..., p(xn)} < plg(at), or
0 < max{u(z1), ..., p(xn)} — plg(ay)) < 0.5. .
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6. Conclusions

In this paper, soft Krasner (m,n)-hyperrings and idealistic soft Krasner (m,n)-
hyperrings are introduced based on soft set theory, and three isomorphism theo-
rems of soft Krasner (m,n)-hyperrings are derived. Furthermore, we consider
T-fuzzy hyperideals of Krasner (m,n)-hyperrings by using triangular norms, and
discuss the relationships among idealistic soft Krasner (m,n)-hyperrings, fuzzy
hyperideals and T-fuzzy hyperideals. Also, we define falling fuzzy hyperideals
of Krasner (m,n)-hyperrings by using the theory of falling shadows, and give
the relationships among idealistic soft Krasner (m,n)-hyperrings, T-fuzzy hyper-
ideals and falling fuzzy hyperideals. In the following work, we will consider the
connection of fuzzy soft set theory and some algebraic hyperstructures.
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