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Abstract. This paper is concerned with the Wigner-Poisson-Fokker-Planck(WPFP)
system subject to Coulomb and exchange potential. In this work, existence and unique-
ness of the local mild solution are established on an appropriately weighted-L2 space in
one dimension. The main difficulties in establishing mild solution are to derive a-priori
estimates on the appropriate potential term. The proof is based on contraction mapping
principle and parabolic regularization of the quantum Fokker-Planck term.
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1. Introduction and main result

In quantum mechanics, there is a widespread concern over the following version of
the nonlinear Schrödinger-Poisson-Slater (Schrödinger-Poisson-Xα) system, such
as [14], [13], [24], namely,

(1.1) i~ψt(t, x) = −~
2

2
∆ψ(t, x)+Vcouψ(t, x)−Vextψ(t, x)−αVexcψ(t, x), x ∈ Rn,
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which has been studied by many researchers in recent years. The wave function
ψ(t, x) is complex-valued, α denotes a given constant and Vext stands for a given
external potential, for example a harmonic potential

Vext = a|x|2 + b · x + c, a ∈ R+, b ∈ Rn, c ∈ R.(1.2)

The macroscopic density ρ = ρ(t, x) is now given by the zeroth order moment
in the kinetic variable v, i.e., by the physical observables from both the wave
function ψ and the Winger function w, namely,

(1.3) ρ(t, x) = |ψ|2 =

∫

Rn

w(t, x, v)dv.

The Coulomb potential Vcou is a solution of the following Poisson equation

(1.4) ∆Vcou = −(ρ− %),

where %(x) ≥ 0 denotes the fixed positively charged background, i.e., the doping
profile in semiconductor modeling (see [25], [15] for more details), which is assumed
to be given. The exchange potential Vexc in (1.1) is due to Slater [17], [28] who
replaces it by

(1.5) Vexc = ρ
1
n , x ∈ Rn.

The Wigner transform of the wave function ψ(t, x) is

w(t, x, v) =
1

(2π)n

∫

Rn

ψ

(
t, x− ~

2
y

)
ψ

(
t, x +

~
2
y

)
exp(iv · y)dy,(1.6)

where ψ denotes the complex conjugate of the wave function ψ. A direct calcu-
lation by applying the transform (1.6) to the Schrödinger-Poisson-Slater system
(1.1) shows that w(t, x, v) satisfies the so-called collisionless Wigner-Poisson-Xα

system, see e.g. [28], [23],

(1.7)
wt + (v · ∇x)w −Θ~[Vext]w − αΘ~[ρ

1
n ]w + Θ~[Vcou]w = 0,

w(0, x, v) = w0(x, v),

where the Wigner function w = w(t, x, v) is a probabilistic quasi-distribution
function of particles at time t ≥ 0, located at x ∈ Rn with velocity v ∈ Rn. The
operator Θ~[ϕ] in (1.7) is a pseudo-differential operator, as in [4], [6], [9], formally
defined by

(1.8)

Θ~[ϕ]w(t, x, v) =
i

(2π)n~

∫

Rn

∫

Rn

δ[ϕ](t, x, η)w(t, x, v′)ei(v−v′)ηdv′dη,

δ[ϕ](t, x, η) = ϕ

(
t, x +

~η
2

)
− ϕ

(
t, x− ~η

2

)
.

The system (1.7)–(1.8) is a Hamiltonian system (i.e., the collisionless Wigner-
Poisson-Xα equation), which is (almost) equivalent to the Schrödinger-Poisson-Xα
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system. This allows for a much simpler analysis, see [14], [13] and therein. In this
work, we shall now consider an open quantum system that includes a collision
operator Q[w], for example a Fokker-Planck operator, such as [4], [6],

(1.9) Q[w] = βdivv(vw) + σ∆vw + 2γdivx(∇vw) + κ∆xw,

which models diffusive effects (e.g. the electronphonon-interaction), see [20, 22,
29]. A combination of the Wigner-Poisson-Xα system (1.7) and the Fokker-Planck
operator (1.9) gives us the Wigner-Poisson-Fokker-Planck system coupled with
exchange potential:

(1.10)
wt + (v · ∇x)w −Θ~[Vext]w − αΘ~[ρ

1
n ]w + Θ~[Vcou]w = Q[w],

w(0, x, v) = w0(x, v).

Such a model is not any more equivalent to a system of Schrödinger-Poisson-Xα

system. Therefore, the mathematical analysis must be done on the level of the
Wigner function. Moreover, the methods are introduced in our analysis, which
refer to [4], [2], [10], [16].

In the literature, two problems linked to the Wigner(-Poisson)-Fokker-Planck
system without exchange potential (i.e., α = 0) are mainly studied: the long time
behavior of the solutions and the existence of stationary solutions of Wigner-
Fokker-Planck system (i.e., Vcou = 0) have studied in [6], [11]; the existence and
uniqueness of the solution of the Wigner-Poisson-Fokker-Planck system have es-
tablished in [4], [2]. Some of these results (as well as considerations about other
quantum physical problems) have been reviewed in [5].

The present paper, we aim to establish the existence and uniqueness of the so-
lution for the WPFP system (1.10) coupled Poisson equations (1.4) and exchange
potential (1.5) on Ω = I ×Rv = [0, 1]×Rv in a weighted L2 space (in symbols X,
see (2.1) for detail), with the following boundary conditions:

(1.11) Vcou(0, t) = Vcou(1, t), w(0, v, t) = w(1, v, t), v ∈ Rv, t ≥ 0.

The analysis will proceed as follows. The natural choice of the functional setting
for the study of the Wigner-Poisson or Wigner-Poisson-Fokker-Planck problem
is the Hilbert space L2(Rn

x × Rn
v ), see [18], [26]. However, it can be immedia-

tely observed that the density ρ(t, x), given by (1.3), is not well-defined for any

w(t, x, v) belonging to this space. In other words, the nonlinear terms Θ~[ρ
1
n ]w

and Θ~[Vcou]w are not defined pointwise in t on the state space of the Wigner
function. Therefore, inspired by [4], [9], [27], we introduce a Hilbert space X in
Section 2, such that, the existence of the density ρ(t, x) is granted for any w ∈ X.

With the above notations, the main result of this paper can be described as
the following theorem.

Theorem 1. Let κσ ≥ γ2, for every w0 ∈ X, the WPFP problem (1.10)− (1.11),
coupled the equations (1.4)−(1.5), has a unique mild solution w ∈ C([0, tmax), X).
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Remark 1. When considering the WPFP problem (1.10) without external po-
tential and exchange potential, i.e., Vext = 0 and α = 0, Arnold et al.[2], [4] proved
that tmax = +∞ by recovering a priori estimates for ‖w(t)‖L2 , ‖|v|w‖L2 , ‖|v|2w‖L2

for all times in one or three dimensions.
In the present case α 6= 0, we do not succeed in repeating the analogous

strategy because the operator Θ~[ρ]w can be only controlled by ‖w‖H1 . Precisely
speaking, we must use the regularity of the linear WFP equation to obtain exis-
tence of a solution, see Lemma 4. Thus, we are still working on results assuring
the existence of the solution for t on the whole R+.

Remark 2. Nevertheless, due to the regularity of the exchange potential, this
result does not hold in higher dimensions. Precisely speaking, the symbols
∇(ρ

1
n ), ∆(ρ

1
n ) do not make sense at ρ = 0 when n > 1, see Lemma 4.

Our paper is structured as follows. In Section 2, we introduce a weighted
space for the Wigner function w that allows to define the nonlinear terms Θ~[ρ]w
and Θ~[Vcou]w. And we also show that the quantum Fokker-Planck term is a
semigroup-generator on the weighted L2 space via the the Lumer-Phillips theorem
[7]. In Section 3, we obtain a local-in-time, mild solution for WPFP with exchange
potential in one dimensional using a fixed point argument and the parabolic re-
gularization of the quantum Fokker-Planck term.

2. The functional setting and preliminaries

In this section, we shall discuss the functional analytic preliminaries for studying
the nonlinear WPFP problem. First, we shall introduce an appropriate state space
for the Wigner function w which allows to control the nonlinear terms Θ~[ρ]w and
Θ~[Vcou]w. Next, we shall discuss the linear WFP equation and the dissipativity
of its (evolution) generator A defined in (2.15).

2.1. The State space and pseudo-differential operator

In this subsection, we shall analyze the properties of the pseudo-differential opera-
tor Θ~[ϕ]w, which will be considered as a perturbation of the generator A defined
in (2.15). This is one of the key ingredients for proving the Theorem 1.

We would show that the pseudo-differential operators Θ~[ρ]w and Θ~[Vcou]w
are (local) bounded in the weighted L2 space, in symbols:

X := L2(Ix ×Rv, (1 + v2)dxdv), I = [0, 1],(2.1)

endowed with the following scalar product

〈f, g〉X :=

∫ 1

0

∫

Rv

f(x, v) · g(x, v)(1 + v2)dvdx, ∀f, g ∈ X.(2.2)

In our calculations, we shall use the following norm:

||f ||2X := ||f ||2L2 + ||vf ||2L2 ,(2.3)

The following proposition motivates our choice of the space X for the analysis.
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Lemma 1. Let w ∈ X and ρ(x, t) defined in (1.3), for all x ∈ I, then ρ belongs
to L2(I) and satisfies

(2.4) ||ρ||L2(I) ≤
√

π||w||X ,

And ρ also belongs to L1(I) and satisfies

(2.5) ||ρ||L1(I) ≤
√

π||w||X .

Moreover, ρ belongs to Lp(I) with 1 ≤ p ≤ 2 and ‖ρ‖Lp(I) ≤
√

π‖w‖X .

Proof. Similar to [4], [2], [9], [10], the first assertion follows directly by using
Cauchy–Schwartz inequality in v-integral. On the other hand, by Hölder inequa-
lity, we have

‖ρ‖L1(I) ≤
∫ 1

0

∣∣∣∣
∫

R

w(x, v, t)dv

∣∣∣∣ dx

≤
[∫ 1

0

12dx

] 1
2

[∫ 1

0

∣∣∣∣
∫

R

w(x, v, t)dv

∣∣∣∣
2

dx

] 1
2

≤ √
π‖w‖X .

Using the interpolation inequality, we get

‖ρ‖Lp(I) ≤ ‖ρ‖θ
L2(I)‖ρ‖1−θ

L1(I) ≤
√

π‖w‖X .

Now, we introduce the weak version of the Poisson equation (1.4)

∫ 1

0

∂xVcou∂xφdx =

∫ 1

0

φ(ρ− %)dx, ∀φ ∈ W 1,2
0 (I).(2.6)

We can summarize the results relevant to the solution of the equation (1.4) in the
following lemma and remarks.

Lemma 2. For all ρ, % ∈ L2(I), an unique Vcou ∈ W 1,2
0 (I) exists which satisfies

(2.7) and

‖Vcou‖W 1,2
0 (I) ≤ C(‖ρ‖L2(I) + ‖%‖L2(I)).

Moreover, ‖Vcou‖W 2,2(I) ≤ C(‖ρ‖L2(I) + ‖%‖L2(I)).

Remark 3. In fact, because of the following Sobolev’s Theorem

W 2,2(I) ↪→ C1
B(I),

we have

‖Vcou‖C1
B(I) ≤ C‖Vcou‖W 2,2(I).



282 b. li, j.-q. shen

So, if we call Vcou the extension of the solution with value zero out of the I, we
obtain

‖Vcou‖W 1,∞(R) ≤ max

{
sup
x∈I

|Vcou|+ sup
x∈I

|∂xVcou|
}

≤ C‖Vcou‖W 2,2(I)

≤ C(‖ρ‖L2(I) + ‖%‖L2(I)).

Actually, an extension of the Lemma 2 states that the weak solution Vcou is in
W 3,2(I) if ρ, % ∈ W 1,2(I). Furthermore, we can show that the following estimate
is true by extending Lemma 1

‖∂xρ‖L2(I) ≤ C‖∂xw‖X .(2.7)

Remark 4. Let T : X 7→ W 1,∞(R) be the map

(Tw)(x) =

{
Vcou : x ∈ I,

0 : x ∈ R \ I,

where Vcou is the continuous solution of the equation (1.4) with boundary condi-
tions (1.11). Then T ∈ B(X; W 1,∞(R)), moreover, see [19], Theorem 5.4.1,

‖Tw‖W 1,∞(R) ≤ C‖Vcou‖W 1,∞(I) ≤ C(‖w‖X + ‖%‖L2(I)).(2.8)

Next, we consider the Lipschitz properties of the pseudo-differential operator
Θ~[ϕ]w defined by (1.8). But by the definition of it, the Vcou and Vexc have to be
appropriately extended to Rx. However, the Remarks 3-4 enable us to give a less
formal definition of the pseudo-differential operator Θ~[ϕ]w; we show indeed that
the operator Θ~[ϕ]w is well defined from the space X to itself. On the other hand,
the operator Θ~[ϕ]w can be rewritten in a more compact form as, see [4], [3],

Θ~ [ϕ] w =
i

~
F−1

η→v [δϕFv→η[w]] =
i

~
(F−1

η→v [δϕ] ∗v w),

Fv→η(Θ~ [ϕ] w)(x, η) =
i

~
δϕ(x, η)F−1

η→vw(x, η),
(2.9)

where the symbol ∗v is the partial convolution with respect to the variable v, Fv→η

is the Fourier transformation with respect to the variable v and F−1
η→v its inverse:

Fv→η[f(x, ·)](η) =

∫

R

f(x, v)eiv·ηdv, F−1
η→v[g(x, ·)](v) =

1

2π

∫

R

g(x, v)e−iv·ηdη

for suitable functions f and g. Moreover, we can state the following result:

Lemma 3. The operator Θ~ [Vcou] w maps X into itself and there exists C > 0
such that

||Θ~ [Vcou] w||X ≤ C(||w||X + ||%||L2(I))||w||X .(2.10)

Moreover, the operator Θ~ [Vcou] w is of class C∞ in X, and satisfies

(2.11)
‖Θ~ [V 1

cou] w1 −Θ~ [V 2
cou] w2‖X

≤ C(‖w1‖X + ‖w2‖X + ‖%‖L2(I))‖w1 − w2‖X .
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Proof. We refer the reader to [1], [4], [2], [9], [10].

Let ρ̃ is an extension of ρ, i.e.,

ρ̃(x) =

{
ρ : x ∈ I,

0 : x ∈ R \ I.

It is obvious that ‖ρ̃(x)‖Lp(R) ≤ C‖ρ‖Lp(I) holds by Theorem 5.4.1 of [19]. Simi-
larly, we can state the following result:

Lemma 4. Let ∂xw ∈ X, then one has

||Θ~ [ρ] w||X ≤ C‖w‖X(‖w‖X + ‖∂xw‖X).(2.12)

Moreover,

(2.13)
‖Θ~ [ρ1] w1 −Θ~ [ρ2] w2‖X

≤ C(‖w1 − w2‖X + ‖∂x(w1 − w2)‖X)(‖w1‖X + ‖∂xw1‖X + ‖w2‖X).

Proof. Using Plancherel’s formula and Hölder’s inequality, this implies

||Θ~ [ρ] w||L2(Ω) ≤ 2‖ρ‖L∞(I)‖w‖L2(Ω).

From (2.9), we see that

‖vΘ~ [ρ] w‖L2(Ω) ≤ C‖∂η(δρFvw)‖L2(Ω).

where ∂η denotes the derivation operator with respect to the variables η. Similar
to Lemma 3, we have

‖∂η (δρ · (Fvw)) ‖L2(Ω) = ‖∂ηδρ · Fvw + δρ · ∂η(Fvw)||L2(Ω)

≤ ||∂ηδρ · Fvw||L2(Ω) + ||δρ · ∂η(Fvw)||L2(Ω)

≤ ||∂ηδρ · Fvw||L2(Ω) + ||δρ||L∞(I)||∂η(Fvw)||L2(Ω).

On the other hand, for all functions f ∈ H1(R), there exists a constant C, inde-
pendent of f , such that

‖f‖L∞(R) ≤ C‖f‖H1(R),(2.14)

by Sobolev embedding theorem. Then, if we apply estimate (2.14) to the function
ρ,Fvw, we get

‖ρ‖L∞(I)‖w‖L2(Ω) ≤ C‖ρ‖H1‖w‖X

and

‖∂η (δρ · (Fvw)) ‖L2(Ω) ≤ C[‖∂xρ‖L2‖Fvw‖L2(R;H1) + ‖ρ‖H1‖vw‖L2 ]

≤ C‖ρ‖H1‖w‖X

≤ C(‖w‖X + ‖∂xw‖X)‖w‖X .
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Moreover, the first assertion follows directly by combining these estimates.
Subsequently, we study the Lipschitz property of the operator Θ~ [ρ] w. In fact,

‖Θ~ [ρ1] w1 −Θ~ [ρ2] w2‖X

≤ ‖Θ~ [ρ1] w1 −Θ~ [ρ1] w2‖X + ‖Θ~ [ρ1] w2 −Θ~ [ρ2] w2‖X

≤ ‖Θ~ [ρ1] (w1 − w2)‖X + ‖(Θ~ [ρ1]−Θ~ [ρ2])w2‖X = Π1 + Π2.

On the other hand,

Π1 ≤ ‖Θ~ [ρ1] (w1 − w2)‖L2 + ‖vΘ~ [ρ1] (w1 − w2)‖L2

≤ ‖δρ1Fv→η(w1 − w2)‖L2 + ‖∂η[δρ1]Fv→η(w1 − w2)‖L2

+‖δρ1∂ηFv→η(w1 − w2)‖L2

≤ C(‖ρ1‖L∞‖w1 − w2‖L2 + ‖∂xρ1‖L2‖Fv→η(w1 − w2)‖L2(R;L∞)

+‖ρ1‖L∞‖∂ηFv→η(w1 − w2)‖L2)

≤ C(‖ρ1‖H1‖w1 − w2‖L2 + ‖∂xρ1‖L2‖Fv→η(w1 − w2)‖L2(R;H1))

≤ C(‖w1‖X + ‖∂xw1‖X)‖w1 − w2‖X .

By an analogous way, we get

Π2 ≤ ‖Θ~ [ρ1 − ρ2] w2‖L2 + ‖vΘ~ [ρ1 − ρ2] w2‖L2

≤ C(‖w1 − w2‖X + ‖∂x(w1 − w2)‖X)‖w2‖X .

This concludes the proof of result.

2.2. Basic properties of the quantum Fokker-Planck

In this subsection, we will show that the quantum Fokker-Planck term is a semigroup-
generator in the weighted L2 space (2.1). An easy calculation shows that

(2.15) Θ~[Vext]w(t, x, v) → (2ax + b) · ∇vw(t, x, v),

in L2(Rn
v × Rn

x) with ~ → 0, see [16] and therein. Without loss of generality, we
can shift this problem with respect to x and then set b = 0.

We will consider the linear operator A : D(A) → X

(2.16) Aw = 2axwv +Q[w]−vwx = 2axwv−vwx+β(vw)v +σwvv +2γwxv +κwxx

defined on

D(A) =
{
w ∈ X

∣∣ vwx, vwv, wvv, wxv, wxx ∈ X, w(0, v, t) = w(1, v, t)
}

We will study the dissipation property of the operator A, which is defined on X
space, i.e., whether 〈Au, u〉X ≤ 0,∀u ∈ D(A) holds.
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Lemma 5. Let the coefficients of the operator A satisfy κσ ≥ γ2, then A −(
σ + β

2
+ a

)
I and its closure are dissipative.

Proof. Indeed, by [2], if the coefficients of the operator Q[w]−vwx satisfy κσ ≥ γ2,
then Q[w] − vwx −

(
σ + β

2

)
I and its closure are dissipative in X. On the other

hand, since
∫ 1

0

∫
R

xwvwdvdx = 0 and

∫ 1

0

∫

R

xv2wvwdvdx = −
∫ 1

0

∫

R

(2xvw2 + xv2wwv)dvdx,

then we have

∫ 1

0

∫

R

xv2wvwdvdx ≤ 1

2

∫ 1

0

∫

R

(x2 + v2)w2dvdx ≤ 1

2

∫

R

(1 + v2)w2dvdx ≤ 1

2
‖w‖2

X .

Moreover, A− (
a + σ + β

2

)
I and its closure are dissipative in X.

Furthermore, we have the following theorem:

Theorem 2. For w0 ∈ X, the linear WFP system

wt = Aw, w(0, x, v) = w0(x, v)(2.17)

has a unique solution w ∈ C((0, +∞); X). If furthermore w0 ∈ D(A), then the
solution is a classical solution, i.e., it belongs to w ∈ C1((0, +∞); X). Moreover,

||w(t)||X =≤ e(a+σ+β
2
)t||w0||X .(2.18)

Proof. By the Lumer-Phillips theorem (Corollary 1.4.4 of [7]), we should show
that (A)∗ − (a + σ + β

2
)I is also dissipative. Indeed, A∗ is densely defined on

D(A∗) ⊇ D(A), and hence A is a closable operator (see Theorem VIII.1.b of
[21]). Its closure A satisfies (A)∗ = A∗ (see [21], Theorem VIII.1.c). Thus, by
the analogous arguments in [4, 2] (see Lemma 2.2 of [2] and Lemma 2.10 of [4]
for detail), we can obtain that A∗ − (a + σ + β

2
)I is dissipative on all of D(A∗).

Applying Corollary 1.4.4 of [7] to A− (a + σ + β
2
)I with (A)∗ = A∗ then implies

that A− (a + σ + β
2
) generates a C0 semigroup of contractions on X. Moreover,

the semigroup C0 generated by the operator A satisfies

||w(t)||X = ||eAtw0||X ≤ elt||w0||X ,

where l = a + σ + β
2
. This concludes the proof of Theorem 2.

Remark 5. In order to obtain the dissipative properties of A∗−τI (τ is a positive
constant) on the corresponding D(A∗), see [2], [4] for detail, the arguments are
introduced on the weighted L2(Rn

x × Rn
v , (1 + |v|2)mdxdv, m > n

2
) space for the

WPFP equation in R and R3, respectively. It would be very interesting to study
an analogous arguments for the Fokker-Planck type operators in [8], [12].
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On the other hand, The unique solution of linear equation (2.17) can be
expressed explicitly with the help of a fundamental solution, i.e., a distributional
solution of the linear equation

(2.19)
∂tG(t, x, v, x0, v0) = AG(t, x, v, x0, v0),

lim
t→0

G(t, x, v, x0, v0) = δ(x− x0, v − v0),

where δ is the Dirac distribution, see also [4], [16]. The Green’s function reads

G(t, x, v, x0, v0) = eβtg(t,X(−t, x, v)− x0, Ẋ(−t, x, v)− v0),

where g(t, x, v) = F1(t,x,v)
F2(t,x,v)

with

F1(t, x, v) = exp(−ν(t)|x|2 + µ(t)(x · v) + λ(t)|v|2
4λ(t)ν(t)− µ2(t)

),

F2(t, x, v) = 2π(4λ(t)ν(t)− µ2(t))
1
2 .

The coefficients λ(t), ν(t), µ(t) are defined by

λ(t) =

∫ t

0

(α(s) β(s))D

(
α(s)
β(s)

)
ds,

ν(t) =

∫ t

0

(α̇(s) β̇(s))D

(
α̇(s)

β̇(s)

)
ds,

µ(t) = −2

∫ t

0

(α̇(s) β̇(s))D

(
α(s)
β(s)

)
ds

where α(·) and β(·) are such that

X(−t, x, v) = α(t)x + β(t)v.

In our framework,

D =

(
κ γ
γ σ

)
.

With these preliminaries, the following parabolic regularization result can be de-
duced, see Proposition 3.1 of [4] for a = 0.

Lemma 6. For all T > 0, the derivatives of the solution f of the equation (2.17)
can be estimated by:

‖∂xw‖X ≤ CT t−
1
2‖w0‖X , ‖∂vw‖X ≤ CT t−

1
2‖w0‖X , ∀t ∈ (0, T ],(2.20)

for all w0 ∈ X.
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3. Proof of Theorem 1

In this section, we shall use a contractive fixed point map to establish a local
solution of the Wigner-Poisson-Fokker-Plank system with exchange potential in
X. Without loss of generality, we can set % = 0. Lemmas 4 and 6 motivate the
definition of the Banach space

YT = {z ∈ C([0, T ]; X)|∂xz ∈ C([0, T ]; X)

with ‖∂xz‖X ≤ Ct−
1
2 for t ∈ (0, T ), z(t = 0) = z0}

(3.1)

endowed the norm

||z||YT
= sup

t∈[0,T ]

||z(t)||X + sup
t∈[0,T ]

||t 1
2 ∂xz(t)||X ,(3.2)

for every fixed T > 0. We shall obtain the (local-in-time) well-posedness result for
the Wigner-Poisson–Fokker-Plank system with exchange potential by introducing
a non-linear iteration in the space YT , with an appropriate (small enough) T .
First, for a given w ∈ YT we shall now consider the linear Cauchy problem for the
function z,

zt = Az(t) + Θ~[Vcou[z(t)]]w(t) + Q~[ρ[w(t)]]z(t),

∀t ∈ [0, T ], z(t = 0) = w0 ∈ X,
(3.3)

where, T > 0 is a fixed time.

Lemma 7. For all w0 ∈ X and w ∈ YT , the initial value problem (3.3) has a
unique mild solution z ∈ C([0, T ]; X), which satisfies

(3.4) z(t) = etAw0 +

∫ t

0

e(t−s)A(Θ~[Vcou[z(s)]]w(s)+Q~[ρ[w(s)]]z(s)), ∀t ∈ [0, T ].

Moreover, the solution z belongs to the space YT .

Proof. The first assertion follows directly by applying Theorem 6.1.2 in [7].
Moreover, the following inequalities hold

||z(t)||X ≤ ekt||w0||X + C

∫ t

0

ek(t−s)||z(s)||X(||w(s)||X + ||∂xw(s)||X)ds

≤ ekt||w0||X + CekT ||w||YT

∫ t

0

||z(s)||X
(
1 + s−

1
2

)
ds,

for all t ∈ [0, T ], k = a + σ + β
2
. Then, by Gronwall′s inequality,

(3.5) ||z(t)||X ≤ CekT ||w0||X
[
1 + ‖w‖YT

(t + 2t
1
2 ) exp[CekT‖w‖YT

(T + 2T
1
2 )]

]
.

By differentiating equation (3.4) in the x-direction, we obtain

∂xz(t) = ∂xe
tAw0 +

∫ t

0

∂xe
(t−s)A(Θ~[Vcou[z(s)]]w(s) + Q~[ρ[w(s)]]z(s)), ∀t ∈ [0, T ].
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Using Lemmas 3, 4 and 6, we can get

(3.6) ‖∂xz(t)‖X ≤ C

[
ekT t−

1
2‖w0‖X+‖w‖YT

∫ t

0

‖z(s)‖Xek(t−s)(t−s)−
1
2 (1+s−

1
2 )ds

]
.

Hence, substituting (3.5) into (3.6), by [4],

∫ t

0

ek(t−s)(t− s)−
1
2 (1 + s−

1
2 )ds ≤ ekt(2t

1
2 + π)

and
∫ t

0

ek(t−s)(t− s)−
1
2 (1 + s−

1
2 )(s + 2s

1
2 )ds ≤ 2ekt(2t

1
2 + 3t + t

3
2 ),

we can get that the function z belongs to the space YT .

We now define the linear map τ on YT (for any fixed 0 < T ≤ T0):

w 7→ τw = z,

where z is the unique mild solution of the (3.3). Next, we shall show that τ is a
strict contraction on a closed subset of YT , for T sufficiently small. This will yield
the local-in-time solution of the non-linear problem (1.10)–(1.11).

Lemma 8. For any fixed w0 ∈ X and w ∈ YT , then there exists a l > 0 such that
the map τ ,

τw(t) = eAtw0 +

∫ t

0

e(t−s)A(Θ~[Vcou[τw(s)]]w(s) + Q~[ρ[w(s)]]τw(s)), ∀t ∈ [0, τ ],

is a strict contraction from the ball of radius R(> 0) of Yl into itself.

Proof. Similar to the proof of Lemma 7 the function z = τw ∈ Yl satisfies

||τw(t)||X ≤ CekT ||w0||X
[
1 + CekT‖w‖Yl

(t + 2t
1
2 ) exp[CekT‖w‖Yl

(T + 2T
1
2 )]

]
.

Under the assumption ||w||Yl
≤ R, this estimate reads

||τw(t)||X ≤ CekT ||w0||X
[
1 + CekT R(t + 2t

1
2 ) exp[CekT R(T + 2T

1
2 )]

]
.

If we assume

CekT ||w0||X
[
1 + CekT R(t + 2t

1
2 ) exp[cekT R(T + 2T

1
2 )]

]
≤ 1

3
R,(3.7)

then ||τw(t)||X ≤ 1
3
R. Similar to (3.6), for enough small l and large R, we have

t
1
2‖∂xτw(t)‖X ≤ 1

3
R. Then, the estimate ‖τw(t)||Yl

≤ 2
3
‖w(t)‖Yl

holds, and hence
the operator τ maps the ball of radius R of Yl into itself.
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To prove contractivity we shall estimate τu − τw for all w, u ∈ Yl with
||w||Yl

, ||u||Yl
≤ R. Since

τu− τw =

∫ t

0

eA(t−s) (Θ~[Vcou[τu(s)− τw(s)]]u(s) + Θ~[Vcou[τw(s)]](u− w)(s)) ds

+

∫ t

0

eA(t−s) (Θ~[ρ[τu(s)− τw(s)]]u(s) + Θ~[ρ[u(s)]](τu− τw)(s)) ds,

by analogous estimates,

||τu− τw||X ≤ Cekl

∫ t

0

‖u‖X‖τu− τw‖X + (‖u‖X + ‖∂xu‖X)‖τu− τw‖Xds

+ Cekι

∫ t

0

‖u−w‖X‖τw‖X+‖τw‖X(‖u−w‖X+‖∂xu−∂xw‖X)ds,

moreover,

||τu− τw||X ≤ 2CRekl

∫ t

0

(1 + s−
1
2 )(‖τu− τw‖X + ‖u− w‖Yl

)ds

≤ 2CRekl‖u− w‖Yl
(t + 2t

1
2 ) +

∫ t

0

(1 + s−
1
2 )‖τu− τw‖Xds),

hence, by applying Gronwall’s Lemma,

(3.8) ||τu− τw||X ≤ 2CRekι‖u− w‖Yl

(
t + 2t

1
2 +

(
3

2
t2 +

4

3
t

3
2 +

2

5
t

5
2

)
el+l

3
2

)
.

The estimate

t
1
2‖∂x(τu)− ∂x(τw)‖X ≤ C(R, k, ι)‖u− w‖Yl

(3.9)

can be proved in an analogous way as those of (3.8) by Lemmas 4, 6 and [4].
When choosing l > 0 small enough, estimates (3.8)–(3.9) imply that

||τu− τw||Yl
≤ C(R, k, ι)||u− w||Yl

,(3.10)

for some C(R, k, ι) < 1, and the assertion is proved.

Proof of Theorem 1. By [7], there exists a tmax ≤ ∞ such that the initial
boundary value problem (1.10)-(1.11) has a unique mild solution w in YT , for all
T < tmax, which satisfies

w(t) = etAw0 +

∫ t

0

e(t−s)A(Θ~[Vcou[w(s)]]w(s) + Q~[ρ[w(s)]]w(s)), ∀t ∈ [0, T ].

Moreover, if tmax < ∞, then

lim
t→tmax

||w(t)||YT
= ∞.
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Precisely speaking, the solution of the problem (1.10)–(1.11) is a fixed point of
the map τ previously introduced. Using Lemma 8, this solution exists for a time
interval of length l, depending only on ‖w0‖X , and it belongs to the space Yl. If
the second assertion would not hold, there would be a sequence of times tn → tmax

such that ‖w(tn)‖ ≤ C for all n. Then, by solving a problem with the initial value
w(tn), with tn sufficiently close to tmax, we would extend the solution up to a
certain time t′n > tmax. This construction would contradict our definition of tmax.

The uniqueness of the mild solution follows by arguments analogous to those
in the proof of Theorem 6.1.4 in [7].
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