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1. Introduction and main result

In quantum mechanics, there is a widespread concern over the following version of
the nonlinear Schrodinger-Poisson-Slater (Schrodinger-Poisson-X®) system, such
as [14], [13], [24], namely,

2

(1.1) ihafy(t,x) = —%Al/)(t,x) + Vet (t, ) = Ve ¥ (8, ) — aVexet0 (8, ), v € R",
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which has been studied by many researchers in recent years. The wave function
W(t, x) is complex-valued, o denotes a given constant and Vi stands for a given
external potential, for example a harmonic potential

(1.2) Vet = alzf*+b-24+¢c, a€ R, be R", c€ R.

The macroscopic density p = p(t, z) is now given by the zeroth order moment
in the kinetic variable v, i.e., by the physical observables from both the wave
function ¢ and the Winger function w, namely,

(1.3) p(t,z) = [Y* = / w(t, z,v)dv.

n

The Coulomb potential V,,, is a solution of the following Poisson equation

(1.4) AViou = —(p — 0),

where o(z) > 0 denotes the fixed positively charged background, i.e., the doping
profile in semiconductor modeling (see [25], [15] for more details), which is assumed
to be given. The exchange potential Ve in (1.1) is due to Slater [17], [28] who
replaces it by

(1.5) Vixe = p%, r € R".

The Wigner transform of the wave function (¢, z) is

(1.6) w(t,z,v) = (271r)n / 0 (t, T — gy) p (t, T+ gy> exp(iv - y)dy,

where 1 denotes the complex conjugate of the wave function 1. A direct calcu-
lation by applying the transform (1.6) to the Schrodinger-Poisson-Slater system
(1.1) shows that w(t, z,v) satisfies the so-called collisionless Wigner-Poisson-X*
system, see e.g. [28], [23],

wy + (v Va)w — Op[VixeJw — a@h[p%]w + Op[VeouJw = 0,

7
(1.7) w(0,z,v) = wy(z,v),

where the Wigner function w = w(t,z,v) is a probabilistic quasi-distribution
function of particles at time ¢ > 0, located at x € R™ with velocity v € R™. The
operator O[p] in (1.7) is a pseudo-differential operator, as in [4], [6], [9], formally
defined by

i N ,i(v—v’ /
@h[QO]U)(t,:L‘,U) = W/ /n (5[90]<t7$777)w<t7$7v )6( )de dn,

sllnn) = (e ) o (0 11).

The system (1.7)—(1.8) is a Hamiltonian system (i.e., the collisionless Wigner-
Poisson-X® equation), which is (almost) equivalent to the Schrédinger-Poisson- X

(1.8)
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system. This allows for a much simpler analysis, see [14], [13] and therein. In this
work, we shall now consider an open quantum system that includes a collision
operator Q[w], for example a Fokker-Planck operator, such as [4], [6],

(1.9) Qw] = pdiv,(vw) + o A,w + 2vdiv, (V,w) + kA w,

which models diffusive effects (e.g. the electronphonon-interaction), see [20, 22,
29]. A combination of the Wigner-Poisson- X system (1.7) and the Fokker-Planck
operator (1.9) gives us the Wigner-Poisson-Fokker-Planck system coupled with
exchange potential:

wi+ (v Va)w — Op[VetJw — aOplpr]w + Op[Veouw = Q[u],

(1.10)

w(0,z,v) = wo(z,v).
Such a model is not any more equivalent to a system of Schrodinger-Poisson- X
system. Therefore, the mathematical analysis must be done on the level of the
Wigner function. Moreover, the methods are introduced in our analysis, which
refer to [4], [2], [10], [16].

In the literature, two problems linked to the Wigner(-Poisson )-Fokker-Planck
system without exchange potential (i.e., & = 0) are mainly studied: the long time
behavior of the solutions and the existence of stationary solutions of Wigner-
Fokker-Planck system (i.e., V,,, = 0) have studied in [6], [11]; the existence and
uniqueness of the solution of the Wigner-Poisson-Fokker-Planck system have es-
tablished in [4], [2]. Some of these results (as well as considerations about other
quantum physical problems) have been reviewed in [5].

The present paper, we aim to establish the existence and uniqueness of the so-
lution for the WPFP system (1.10) coupled Poisson equations (1.4) and exchange
potential (1.5) on Q = I x R, = [0,1] X R, in a weighted L? space (in symbols X,
see (2.1) for detail), with the following boundary conditions:

(1.11) Veou(0,1) = Veou(1, 1), w(0,v,t) = w(l,v,t), v € R,, t > 0.

The analysis will proceed as follows. The natural choice of the functional setting
for the study of the Wigner-Poisson or Wigner-Poisson-Fokker-Planck problem
is the Hilbert space L*(R" x R"), see [18], [26]. However, it can be immedia-
tely observed that the density p(¢,x), given by (1.3), is not well-defined for any
w(t, z,v) belonging to this space. In other words, the nonlinear terms ©x[pnw
and ©,[ViouJw are not defined pointwise in ¢ on the state space of the Wigner
function. Therefore, inspired by [4], [9], [27], we introduce a Hilbert space X in
Section 2, such that, the existence of the density p(t, x) is granted for any w € X.

With the above notations, the main result of this paper can be described as
the following theorem.

Theorem 1. Let ko > 2, for every wy € X, the WPFP problem (1.10) — (1.11),
coupled the equations (1.4) —(1.5), has a unique mild solution w € C([0, tmax), X).
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Remark 1. When considering the WPFP problem (1.10) without external po-
tential and exchange potential, i.e., Ve = 0 and av = 0, Arnold et al.[2], [4] proved
that .« = +00 by recovering a priori estimates for |[w(t)]|zz, |[|v|w]| 1z, ||v]*w]| 2
for all times in one or three dimensions.

In the present case a # 0, we do not succeed in repeating the analogous
strategy because the operator Op[p|w can be only controlled by ||w]|g1. Precisely
speaking, we must use the regularity of the linear WFP equation to obtain exis-
tence of a solution, see Lemma 4. Thus, we are still working on results assuring
the existence of the solution for ¢ on the whole RT.

Remark 2. Nevertheless, due to the regularity of the exchange potential, this

result does not hold in higher dimensions. Precisely speaking, the symbols
1 1

V(p=), A(p=) do not make sense at p = 0 when n > 1, see Lemma 4.

Our paper is structured as follows. In Section 2, we introduce a weighted
space for the Wigner function w that allows to define the nonlinear terms Oy[p|w
and Op[Veou)w. And we also show that the quantum Fokker-Planck term is a
semigroup-generator on the weighted L? space via the the Lumer-Phillips theorem
[7]. In Section 3, we obtain a local-in-time, mild solution for WPFP with exchange
potential in one dimensional using a fixed point argument and the parabolic re-
gularization of the quantum Fokker-Planck term.

2. The functional setting and preliminaries

In this section, we shall discuss the functional analytic preliminaries for studying
the nonlinear WPFP problem. First, we shall introduce an appropriate state space
for the Wigner function w which allows to control the nonlinear terms Op[p]w and
Op[Veou|w. Next, we shall discuss the linear WFP equation and the dissipativity
of its (evolution) generator A defined in (2.15).

2.1. The State space and pseudo-differential operator

In this subsection, we shall analyze the properties of the pseudo-differential opera-
tor Op[p]w, which will be considered as a perturbation of the generator A defined
in (2.15). This is one of the key ingredients for proving the Theorem 1.

We would show that the pseudo-differential operators Op[plw and Op[Veou|w
are (local) bounded in the weighted L? space, in symbols:

(2.1) X = L*(I, x Ry, (1 +v¥)dxdv), I =10,1],

endowed with the following scalar product
1
(2.2) (f9)x = / f(z,v) - g(z,v)(1 +v*)dvdx, Vf,g € X.
0 JR,

In our calculations, we shall use the following norm:

(2:3) 1115 = 11z + [l f 11z,

The following proposition motivates our choice of the space X for the analysis.
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Lemma 1. Let w € X and p(x,t) defined in (1.3), for all x € I, then p belongs
to L*(I) and satisfies

(2.4) lpll2ay < Vrllwllx,

And p also belongs to L*(I) and satisfies

(2.5) el < Vallwl|x.

Moreover, p belongs to LP(I) with 1 < p <2 and ||p||rry < /7|l x-

Proof. Similar to [4], [2], [9], [10], the first assertion follows directly by using
Cauchy—-Schwartz inequality in v-integral. On the other hand, by Holder inequa-

lity, we have
1
/ /w(m,v,t)dv
o IR

Ik mxf [ [ | wtevo
< Vr|wl|x.

Using the interpolation inequality, we get

IN

lpllzr dx

IN

2 73
dx]

lollzory < Nollzan el iy < Valwlix. .

Now, we introduce the weak version of the Poisson equation (1.4)

1 1
(2.6) / 0, VionOrolc = / b(p — o)dz, Vo € WEA(I).

We can summarize the results relevant to the solution of the equation (1.4) in the
following lemma and remarks.

Lemma 2. For all p,o € L*(I), an unique Vo, € Wy>(I) exists which satisfies
(2.7) and

WVeoullwr2y < Clllpllzay + llellzzm)-
Moreover, ||Veoullw22(ry < C(llpllr2) + llollz2m)-
Remark 3. In fact, because of the following Sobolev’s Theorem
W2(I) < Cp(I),

we have
||Vcou||C]13(I) < CHVLOHHW“(I)'
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So, if we call V., the extension of the solution with value zero out of the I, we
obtain

Weonllwioy < max{sup V| + sup |axvcou|}

xzel zel

CH‘/COUHW2’2(I)

Clllpllzacry + llollz2)-

Actually, an extension of the Lemma 2 states that the weak solution V., is in
W32(I) if p, 0 € W12(I). Furthermore, we can show that the following estimate
is true by extending Lemma 1

(2.7) 10zpl12(1) < Cl|Opw]|x-

Remark 4. Let T : X — W'*(R) be the map

<
<

Veou @ z €1,

(Tw)(:c):{ 0 : xzeR\I

where V., is the continuous solution of the equation (1.4) with boundary condi-
tions (1.11). Then T € B(X; W'*(R)), moreover, see [19], Theorem 5.4.1,

(2.8) [Twllwreery < ClVeoullwroery < Cl[wllx + llell2n)-

Next, we consider the Lipschitz properties of the pseudo-differential operator
Op[p]w defined by (1.8). But by the definition of it, the V., and Vi have to be
appropriately extended to R,. However, the Remarks 3-4 enable us to give a less
formal definition of the pseudo-differential operator Op[p|w; we show indeed that
the operator Op[p|w is well defined from the space X to itself. On the other hand,
the operator Op[p|]w can be rewritten in a more compact form as, see [4], [3],

Frk 0o Fugluw]] = = (F2L, 50] o w),

h n—uv
{

50 (x, n)FLw(e,n),

@h w = 1
25) [¢0] -

]:v—w(@ﬁ [‘P] w)($7 77) =

where the symbol *, is the partial convolution with respect to the variable v, F,_,

is the Fourier transformation with respect to the variable v and ]—"n_jv its inverse:
1

Fy_m[f(x’ )](7]) _ /Rf(x,v)ew"dv, jz:;}—_lm[g(g;’ )](U) = % /Rg(x,v)@—iv.ndn

for suitable functions f and g. Moreover, we can state the following result:

Lemma 3. The operator O [Vep,) w maps X into itself and there exists C' > 0
such that

(2.10) 1Or [Veou] wl|x < C(l[wllx + [lollL2n)lwl]x-
Moreover, the operator O [V w is of class C in X, and satisfies
1O [Veoul w1 — O [V, wellx

(2.11) cou
< COllwr || x + llwalx + [l 2y [[wr — wal|x-
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Proof. We refer the reader to [1], [4], [2], [9], [10]. .

Let p is an extension of p, i.e.,
N p  wxel,
pl) =
0 : zeR\L

It is obvious that ||p()||Lr(r) < C||pllzery holds by Theorem 5.4.1 of [19]. Simi-
larly, we can state the following result:

Lemma 4. Let 0,w € X, then one has
(2.12) 1Or [Pl wllx < Cllwllx([wllx + [[0zwllx).
Moreover,

1©n [p1] w1 — On [p2] wol| x

2.13
(2.13) < CO(flwy — wal|x + |0z (w1 — w2) || x) (Jwi || x + [|Fewr | x + [Jw2]|x)-

Proof. Using Plancherel’s formula and Hoélder’s inequality, this implies
1O [pl wllr2(@) < 2[lpllLnllwl L2(0)-
From (2.9), we see that
1005 [p] Wl r2(0) < C|0y(5pFow) |20

where 0, denotes the derivation operator with respect to the variables 7. Similar
to Lemma 3, we have

10y (0p - (Fow)) l120) = [|04dp - Fow + dp - Op(Fow)||12(0)
< 10g0p - Fowl[r2() + [10p - Op(Fow)l|L2()
< 19460 - Fowl[r2() + [|0p]| oo (1) |05 (Fow) || L2(0)-

On the other hand, for all functions f € H'(R), there exists a constant C, inde-
pendent of f, such that

(2.14) 1Ay < CllF Nl my,

by Sobolev embedding theorem. Then, if we apply estimate (2.14) to the function
p, Fow, we get

ol 2oy lwl| £2() < Cllplla [lwl]l x
and

10y (9 - (Fow)) 2@ < ClllOepll 2 [ Fowll 2y + ol [lvw]] 2]

IN

Cllpllzn llwllx
< C(wlx + 10w x)|wl]lx-
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Moreover, the first assertion follows directly by combining these estimates.
Subsequently, we study the Lipschitz property of the operator O [p]w. In fact,
1©n [p1] w1 — O [p2] wol| x
< 1On [p1]wi = O [pr] wallx + [|Or [p1] w2 — O [pa] wa| x
< [1®n[p1] (w1 — wa)[[x + [[(Or [p1] — On [po])wa|x = 1 + Il

On the other hand,

I < (|8 ]p1] (w1 — w22 + [[vOR [p1] (w1 — w2)]| 2
< o1 Fo—n(wr — w2)|[r2 + [|0y[6p1 ] Fosn(wr — w2) || 22
1610y Fpn (w1 — w2)| 12
< Cllpillzeellwr = wallr2 + [[0upr | 22 | Fomy (wi — w2) [ 2(r;1)
Fll o1l o 10 Fomon(wr — w2) | 12)
< Cllpalle lwr = wallz2 + [[0zpr || 22| Fomn (w1 — w2)|[ 2(r;m1))

< Clwillx + [[0zwr ][ x)[lwr — wa x-
By an analogous way, we get
Il < [|©r[p1 — p2] walze + [[vOn [p1 — p2] wal| L2
< C(flwr — wallx + [[0z(w1 — wa) || x) [[wal| x-

This concludes the proof of result. .

2.2. Basic properties of the quantum Fokker-Planck

In this subsection, we will show that the quantum Fokker-Planck term is a semigroup-
generator in the weighted L? space (2.1). An easy calculation shows that

(2.15) On[VextJw(t, z,v) — (2ax 4+ b) - Vyw(t, z,v),

in L?(R? x R") with i — 0, see [16] and therein. Without loss of generality, we
can shift this problem with respect to = and then set b = 0.
We will consider the linear operator A : D(A) — X

(2.16) Aw = 2azw, + Qw] —vw, = 2azw, — VW, + B(VW)y+ Wy + 27VWep + KWy
defined on
D(A)={we X| VW, VW, Wy, Wy, Wez € X, w(0,v,8) = w(1,v,t) }

We will study the dissipation property of the operator A, which is defined on X
space, i.e., whether (Au,u), < 0,Vu € D(A) holds.
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Lemma 5. Let the coefficients of the operator A satisfy ko > ~%, then A —
(a + g + a) I and its closure are dissipative.

Proof. Indeed, by [2], if the coefficients of the operator Q[w]—vw, satisfy ko > 72,
then Qw] — vw, — (O‘ + g) I and its closure are dissipative in X. On the other

hand, since f01 [ zwywdvdr = 0 and

1 1
/ / rv*w,wdvdr = —/ /(2wi2 + zv*ww,)dvdz,
o JR o Jr

then we have

! 1! 1 1
/ / rvw,wdvdr < —/ /([E2 + vH)widvdr < = / (1 +v*)wdvdr < = ||lw||%.
0o JR 2Jo Jr 2 Jr 2

Moreover, A — (a +o0+ g) I and its closure are dissipative in X. .

Furthermore, we have the following theorem:

Theorem 2. For wy € X, the linear WFP system
(2.17) w; = Aw, w(0,z,v) = wo(x,v)

has a unique solution w € C((0,+00); X). If furthermore wy € D(A), then the
solution is a classical solution, i.e., it belongs to w € C*((0,+00); X). Moreover,

a+o+s
(2.18) lw(®)llx =< el 72" wo||x.

Proof. By the Lumer-Phillips theorem (Corollary 1.4.4 of [7]), we should show
that (A)* — (a + o + g)[ is also dissipative. Indeed, A* is densely defined on
D(A*) D D(A), and hence A is a closable operator (see Theorem VIIL.1.b of
[21]). Its closure A satisfies (A)* = A* (see [21], Theorem VIIL.1.c). Thus, by
the analogous arguments in [4, 2| (see Lemma 2.2 of [2] and Lemma 2.10 of [4]
for detail), we can obtain that A* — (a + o + 2)I is dissipative on all of D(A*).
Applying Corollary 1.4.4 of [7] to A — (a + o + g)] with (A)* = A* then implies
that A — (a + o + g) generates a () semigroup of contractions on X. Moreover,
the semigroup C; generated by the operator A satisfies

lw(®)llx = lle™wollx < e[lwo||x,
where [ =a+ 0 + g This concludes the proof of Theorem 2. .

Remark 5. In order to obtain the dissipative properties of A*—71 (7 is a positive
constant) on the corresponding D(A*), see [2], [4] for detail, the arguments are
introduced on the weighted L*(R? x R}, (1 + |[v|*)™dxdv,m > %) space for the
WPFP equation in R and R3, respectively. It would be very interesting to study

an analogous arguments for the Fokker-Planck type operators in [8], [12].
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On the other hand, The unique solution of linear equation (2.17) can be
expressed explicitly with the help of a fundamental solution, i.e.; a distributional
solution of the linear equation

0G(t,x,v,x9,v0) = ZG(t,x,v,xo,vo),

11H&G(t,x,v,x0,vo) = 0(x — x9,v — vp),

(2.19)

where ¢ is the Dirac distribution, see also [4], [16]. The Green’s function reads

G(t,z,v,20,v0) = ™ g(t, X (—t, x,v) — 20, X (—t, x,v) — ),

Fl (t,$,’l})
F2 (t,$,’U)

where g(t,z,v) = with

v(t)|z* + pu(t) (2 - v) + A#)[v]?
ANB)v(t) — 12 (t)
By(t,z,v) = 20(ANE)u(t) — 12(t))z.

Fi(t,x,v) = exp(— )

The coefficients A(t), v(t), u(t) are defined by

a0 = [t oo (50 )as
0 = [ (@ dnn (50 )as
) = =2 [[Gat pp (5 ) as

where «(-) and ((-) are such that

X(—t,z,v) = a(t)x + [(t)v.

- (33)

With these preliminaries, the following parabolic regularization result can be de-
duced, see Proposition 3.1 of [4] for a = 0.

In our framework,

Lemma 6. For all T > 0, the derivatives of the solution f of the equation (2.17)
can be estimated by:

(2.20) [|8,w]|x < Ort™2 |Jwol|x, |8sw]x < Crt™ 2 |Jwollx, ¥t € (0,T],

for all wy € X.
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3. Proof of Theorem 1

In this section, we shall use a contractive fixed point map to establish a local
solution of the Wigner-Poisson-Fokker-Plank system with exchange potential in
X. Without loss of generality, we can set ¢ = 0. Lemmas 4 and 6 motivate the

definition of the Banach space
ay V7= {EECR.TEX)0z € O.TLX)
' with ||0yz]|x < Ct™2 for t € (0,T), 2(t =0) = 2}

endowed the norm

1
(3.2) |zllyz = sup [[z()]|x + sup [[t20:2(t)]|x,
te[0,T] t€[0,T]

for every fixed T > 0. We shall obtain the (local-in-time) well-posedness result for
the Wigner-Poisson—Fokker-Plank system with exchange potential by introducing
a non-linear iteration in the space Yr, with an appropriate (small enough) 7.
First, for a given w € Y we shall now consider the linear Cauchy problem for the
function z,

2 = Az(t) + On[Veoul2()]Jw (t) + Qulplw(t)]]=(2),

(3.3) Vt e [0,T], 2(t =0) =wp € X,

where, T' > 0 is a fixed time.

Lemma 7. For all wy € X and w € Y, the initial value problem (3.3) has a
unique mild solution z € C([0,T]; X), which satisfies

(3.4) z(t) = etAwo—i-/O (O Vepul2(5)]Jw(s) + Qrlplw(s)]))2(s)), Vt € [0,T].

Moreover, the solution z belongs to the space Yr.

Proof. The first assertion follows directly by applying Theorem 6.1.2 in [7].
Moreover, the following inequalities hold

t
lz@®)]lx < e’”llwollirC/ Mz ()[x ([[w(s)|[x + [[8zw(s)]x)ds
0
t
< Hllunllx + O ully [ 1)l (14 574) ds
0
forallt € [0,T], k=a+ 0+ § Then, by Gronwall’s inequality,

(35) Nlz@llx < Celfuwollx [1+ lwlly, (¢t + 265) explCeHT[wlly, (T + 274

By differentiating equation (3.4) in the z-direction, we obtain

Or2(t) = Ore" g + / 0,6 (O [Voou 2(5)]Jw(s) + Qulp[w(s)]]2(s)), Vi € [0, T].
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Using Lemmas 3, 4 and 6, we can get
t

36) 10,:(0)llx < [ Hunletluly, [ 10)llxet0-5) 3145
0

Hence, substituting (3.5) into (3.6), by [4],

t
/ek(t—s)(t_ )
0

t
/ P (t — §)72(1+ s72)(s + 252 )ds < 2eF(2t2 + 3t + t2),
0

w\»-t

(1+s “2)ds < ekt(2t2 + )

and

we can get that the function z belongs to the space Yr. u
We now define the linear map 7 on Yr (for any fixed 0 < T < Tj):
W TW = 2,

where z is the unique mild solution of the (3.3). Next, we shall show that 7 is a
strict contraction on a closed subset of Yr, for T sufficiently small. This will yield
the local-in-time solution of the non-linear problem (1.10)—(1.11).

Lemma 8. For any fized wy € X and w € Yr, then there exists a l > 0 such that
the map T,

Tw(t) = eAtw0+/O A O[Vagulrw(s)]Jw(s) + Qulplw(s)]JTw(s)), Vt € [0,7],

is a strict contraction from the ball of radius R(> 0) of Y, into itself.

Proof. Similar to the proof of Lemma 7 the function z = 7w € Y] satisfies
Il < Cellwllx [1+ Ce  flwly (¢ + 23) explCet fwlly; (T + 2T4)]]
Under the assumption ||w||y, < R, this estimate reads

lrw(t)lx < Cet||wollx {1 + CeMR(t + 2t2) exp[CeT R(T + 2T%)]} .
If we assume

(3.7)  CeT)|wol|x [1 + CMTR(t + 2t3) explee! R(T + 2Tz)]} R,

1
3
then ||7w(t)||x < $R. Similar to (3.6), for enough small [ and large R, we have
t2 |0, Tw(t)| x < 1R Then, the estimate ||Tw(t)||y; < 2|Jw(#)]|y, holds, and hence

the operator 7 maps the ball of radius R of Y] into itself.
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To prove contractivity we shall estimate 7u — 7w for all w,u € Y; with
|wlly;, ||u]ly; < R. Since

TU— TW = /0 A=) (O4Veou[Tu(s) — 7w (8)]Juls) + On[Veou|rw(s)]] (u — w)(s)) ds

* / M) (@pfplruls) — rw(s)]Juls) + Onlplu(s)])(ru — 7w)(s)) ds,

by analogous estimates,

t
lTu = Twllx < Cekl/ [ullxl[ru = Twllx + ([[ullx + l|0zullx)ITu = 7wl xds
0

t
+ Qe / lu—wlx 7wl x+lITwlx (lu—wl x4+ 0su—swl|x)ds,

moreover,
t 1
lru— rullx < 2036“/ (14 s~ 3)(|Jru— rwllx + Ju — w]y,)ds
0
t
< 2CReM|ju— wlly, (t + 2t2) + / (1+ s 2)||7u — 7wl xds),
0
hence, by applying Gronwall’s Lemma,

1 3 43 2 3
(3.8) ||Tu — Tw||x < 2CRe™|ju — w|y, (t 42tz (§t2 + gt% gti) elm) .

The estimate
(3.9) t2)10, (1) — 8y (Tw)||x < C(R,k,0)Ju — wlly;

can be proved in an analogous way as those of (3.8) by Lemmas 4, 6 and [4].
When choosing [ > 0 small enough, estimates (3.8)—(3.9) imply that

(3.10) ru = 7wlly; < C(R,k,2)llu — wlly;
for some C'(R, k,t) < 1, and the assertion is proved. .

Proof of Theorem 1. By [7], there exists a ¢, < 0o such that the initial
boundary value problem (1.10)-(1.11) has a unique mild solution w in Y7, for all
T < tmax, which satisfies

w(t) = ewg +/0 'O Veou[w()]w(s) + Qulplw(s)]Jw(s)), ¥t € [0, T].
Moreover, if t,., < 00, then

lim [ (t)] |y, = oo.

max



290 B. LI, J.-Q. SHEN

Precisely speaking, the solution of the problem (1.10)—(1.11) is a fixed point of
the map 7 previously introduced. Using Lemma 8, this solution exists for a time
interval of length I, depending only on ||wy||x, and it belongs to the space Y;. If
the second assertion would not hold, there would be a sequence of times t,, — tax
such that ||w(t,)|| < C for all n. Then, by solving a problem with the initial value
w(ty,), with t, sufficiently close to tmax, we would extend the solution up to a
certain time t/, > t.x. This construction would contradict our definition of ..

The uniqueness of the mild solution follows by arguments analogous to those
in the proof of Theorem 6.1.4 in [7]. n
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