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Abstract. In this paper, we introduce the notions of relative entropy and relative
conditional entropy for infinite partitions on a relative probability measure space. We
present some examples and prove some theorems about relative conditional entropy.
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1. Introduction

The study of concept entropy is very important in the current sciences. En-
tropy plays an important role in a variety of problem areas, including physics,
computer science, general systems theory, information theory, statistics, biology,
chemistry, sociology and others. In 1958, Kolmogorov introduced the concept of
entropy in the ergodic theory. Entropy is defined on several structures [2]-[4].
Molaie in [9] has studied the notion of one dimensional observer. This notion
has been applied in dynamical systems [7], [12], topology [4], [6], [8], geometry
[10], and mathematical physics [10]. Let X be a non-empty set, then the function
p: X —[0,1] is called a one-dimensional observer of X. In this paper we assume
that f : X — X is a mapping and g : X — [0, 1] is an observer of X and E is an
arbitrary subset of X. The relative probability measure of E with respect to an
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observer y is the function m/(E) : X — [0,1] is defined in [5] by

mh(B)@) = tmsup = S xe(F )l ()

n—oo

The notation m/(E)(z) is the measure of E according to an observer viewpoint
when it look at x.

Example 1.1. Suppose X = %\{0,—1} and also let f : X — X be defined by

1
x+— —. Also let £ =[0,1] and p: X — [0,1] be defined by = — % Then
x T

n—1

mf(E)(3) = lmsup = S xe(7'3)) - u(3)

. 1 3 1, i 3

. 1 1 1
=limsup— [0+ - +0+ -+ ...
n 4 4

i (1)

= limsup — | =
pn 8
1

g .
In Section 2, we introduce the notion of relative entropy for infinite partitions.

2. Relative entropy for partitions

We assume that (X, ml{) is a relative probability space.
A partition of X is a disjoin collection of elements of P(X) whose union is
X, where P(X) is the power set of X.
If { ={A;: 1€ N}, and n = {C; : j € N} are two countable partitions of X,
then their join is the partition :
Evn={A4,nNC;: mfi(AZ NCj)(x) > mf(Ai)(x)mf(Cj)(x),‘v’x € X}.

w 3

IftT : X — X is a mapping, then T is called relative probability measure-
preserving if m/,(T~'E)(z) = m/,(E)(z), for all z € X.

Suppose €, D are two subsets of P(X) then we say C CfL D if for each
C € € there exist D € D such that m/(DAC)(z) = 0.

We say € :lJ: D it € CIJZ D and D CIJZ C. Also we say D is a refinement of C,
and write C <{: D, when we can write each element of €, as union some elements

of D.

Definition 2.1. Let A = {4, : i € N} be a countable partition of X, then the
relative entropy of A is the mapping H ;{ (A) : X — R defined by

HY(A)(x) = — logsup m(A;)(@).

1€EN
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Example 2.2. Let X = (0,1]. If A = {A4, :i € N} such that for each i € N,

1+1" 2

A is a countable partition of X, because U A; = X and elements of {4, : i € N}
i=1

are disjoint.
1
Now,letf:X—>Xbedeﬁnedby:z‘»—>E, E>1. Let u: X — [0,1] be
defined by z — z. Then

my,(A;)(w) = limsup — ZXA )i f ()

o [xA S (i) (1)]

So m/,(A;)(x) = 0 for j # k and m/,(4;)(z) = E for j = k. Thus

HI(A)(x) = — logsupm? (A;)(x) = — log (%) ~ log(k).

€N

Remark 2.3. If T : X — X is a relative probability measure preserving map
then HI(T~'A)(x) = H](A)(z), for all z € X.

Lemma 2.4. If A =] C, then HJ(A)(x) = H](C)(x) for all z € X.

Proof. If A Qﬁ C, then for each A; € A there exists C; € C such that
ml (A;AC;)(x) = 0 for all z € X.
We have Az = (Az ﬂC]> U(Az - Oj) So

AU (C;—A)=(ANC)U(C; — A) U (A —C))
= (4, NC;) U (AAC)).

Hence

my,(Ai) () +my(Cy — Ai)(w) = m),(A; 0 Cj)(x).

Thus )
mi(Ai)(x) = mf (AN Cy)(x) < ml(C;)(x),

"

because 0 < m/f(C; — A;)(x) < mf(A;AC;)(x) = 0. So for each = € X,

{mz(Az)(x) :1 €N} C {mi(Cj)(x) :j € N}

Hence
supmf(A )z) < supmf(C’])(x).
1€EN JEN

Thus Hf(A)( ) > H!(C)(x). Now, if C Q,J: A, then by changing the role of A and

=

C we imply HI(A)(z) < HI(€)(x). So HI(A)(x) = HI(€)(x). .
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3. Relative conditional entropy

In this section, the relative conditional entropy for infinite partitions and its pro-
perties are studied. Suppose that A and € are two infinite partitions of X.

Definition 3.1. The relative entropy of A given € is the number:
su% mﬁ(Ai NCj)(x)
H{(A/€)(x) = ~log °
8 sup my(C;)(x)

jeN

HJ(A/€)(x) measure the uncertainty of the outcome of A when the observer
who looks to the orbit of x, knows the outcome of C.

Theorem 3.2. Let D = {(), X}. Then
HJ(A/D)(x) = Hjj(A)(x) = H}(X)(x).
Proof.
sug mf (AN X)(x)
HI(A/D)(z) = —log <
[A/D)(a) = —og S

supmi(4,)(x)
= —log =X — logsup m/ (4;)(z) + log m!(X)(x)
ml(X)(x) en ’

= Hj(A)(x) — H}(X)().

Corollary 3.3. If D = {0, X'} and m/(X)(x

) =1, then
HJ(A/D)(w) = Hj(A)(x).

Theorem 3.4.
1. If A=) D then H](A/C)(x) = H[(D/C)(x).
2. If € =/ D then HJ(A/C)(x) = HI(A/D)(x).
Proof. 1. A zﬁ D implies that AV C :{L DV E. So
H(A/€)(x) = Hj(AV €)(x) — H[(€)(x)
= Hj(DV C)(z) — HJ(E)(x)
= Hj(D/€)(x).
2. € =/ D implies that AV €=/ AV D. So
H(A/C)(x) = HJ(AV €)(x) — H(C)(x)
= HJ/(AV D)(z) — H}(D)(x)
= HJ(A/D)(x).
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Theorem 3.5. If (X, mﬁ) 1s a relative probability space, and A, C, D are countable
partitions of X, then

HI(AV €/D)(x) = H](A/D)(z) + H](€/AV D)(x).
Proof. Let A = {A;},C={C,},and D = {Dy}, then

sup m/,(4; N C; N Dy)(x)
i.j.keN

sup mﬁ(@«)@)
keN

sup mf (A; N Dy)(x) sup mf(A; N Cj N Dy)(x)
i,keEN % ,5,k€N

sup mi,(Dy) () sup mf,(A; N Dy)(x)
keN i,keN

= H/(A/D)(z) + HJ(C/A Vv D)(x). "

Corollary 3.6. Suppose (X, m/{) 1s a relative probability space. If A, C are infinite
partitions of X then

HI(AVC)(z) = H](A)(z) + HJ(C/A)(x).
Proof. Put D = {0, X} in Theorem 3.5 and apply Theorem 3.2. .
Theorem 3.7. If A g/ € then HJ(A)(x) < H}(€)(x).

Proof. Let A = {4;},and € = {C}}. Since A </, €, we can write each element
of A, as union some elements of C. So supm/(A;)(x) < supmf(C;)(z). Thus
€N jEN

H](A)(z) < H](C)(x). .

Corollary 3.8. Let (X, m/{z) be a relative probability space,and let A,C,D be
countable partitions of X. Moreover let A <[L C. Then

HJ(A/D)(x) < H}j(€/D)(x).
Proof. Since A 4{; C, we have AV D <£ CV D. By corollary 3.6, we can write
HJ(€/D)(x) = H](€V D)(x) — H}(D)(x)
> HJ(AV D)(x) — H/(D)(x)
= HJ(A/D)(z).

HI(AV€/D)(x) = —log

= —log

Corollary 3.9. If (X, mlfj) i1s a relative probability space, and A,C are countable
partitions of X, then HI(AV €)(z) < HJ(A)(x) + H}(€)(x).
Proof. By definition, we have

H}:(A VE)(z) =— logisi% ml’:(Al NC;)(z)

< —log sup m/J;(AZ)(x) — log sup mfi(Cj) (x)
ieN jeN

= Hj[(A)(z) + H}(C) ().
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Corollary 3.10. If (X, ml{) 1 a relative probability space, T' is a relative proba-
bility measure-preserving map, and A, C are countable partitions of X then

HJ(T7H(A)/TH(©)(x) = H}(A/D)(x).

Theorem 3.11. Suppose A,C are countable partitions of X and C C{L A, then
forall x € X, H(A/C)(x) = 0.

Proof. Since C C[L A, for each j € N there exist ¢ € N such that

ml,(A; N Cj)(x) = mf(C;)(x).

m

Hence
{ml(C))(x): j € N} € {mf(4NC))(a) 4.5 € Y.
So for each x € X,

sup mf(C))(x) < sup ml,(A; N Cj)(x).
jeN ,jeN

On the other hand,

sup mﬁ(Cj)(x) > sup mfi(AZ NC;)(z).

jeN 7,JEN
Thus
sup m{;(AZ NCj)(x)
H/(A/C)(z) = —log = ~ 0. .
8 sup mil(Cy) ()
je

Two countable partitions A and € are called independent if

m, (AN C)(x) = mi(A)(x)m],(C)(x)

u ©

forall Ac A,C € €, and = € X.

Theorem 3.12. Let A, C be two countable partitions of (X, mﬁ), and let A, C be
independent. Then
HI(A/€)(x) = HJ(A)(x).

Proof. If A and € are independent then
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4. Conclusion

We extended the notions of relative entropy and relative conditional entropy to
infinite partitions. Some properties about the notions with infinite partitions
studied. Relative entropy of dynamical systems with infinite partitions can be a
topic for further research.
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