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1. Introduction

The notion of bitopological spaces was initially introduced by Kelly [7] in 1963.
Later in 1991, fuzzy pairwise-T; (in short F'PT4, i = 0,1,2) bitopological spaces
have been introduced earlier by Kandil and El-Shafee [5]. Since then several other
authors are investigating such concepts. Fuzzy pairwise-7T7 separation axioms have
also been introduced by Abu Sufiya et al. [1] and Nouh [9]. Here we introduce a
definition of fuzzy pairwise-T7 bitopological space and obtain its several properties.
Moreover, it will be seen that these two concepts are good extensions in the sense
of Lowen [§].

2. Priliminaries

For the purpose of the main results, we need to introduce some definitions and
notations.

LCorresponding author.
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Definition 2.1 [13] A fuzzy set x4 in a set X is a function from X into the
closed unit interval I = [0,1]. For every x € X, u(x) € I is called the grade of
membership of x. Throughout this paper, I will denote the set of all fuzzy sets
from X into the closed unit interval 7. A member of /X may also be a called fuzzy
subset of X.

Definition 2.2 [3] Let f be a mapping from a set X into a set Y and u be a
fuzzy set in X. Then the image of u, written as f(u), is a fuzzy set in Y whose
membership function is given by

Fu)(y) = { sup {u(a)}, it FU{y}] # @,z € X;

0, otherwise.

Definition 2.3 [4] Let f be a mapping from a set X into a set Y and v be a
fuzzy set in Y. Then the inverse of v written as f~'(v) is a fuzzy set in X which
is defined by f~1(v)(z) = v(f(z)), for z € X.

Definition 2.4 [12] A fuzzy set p in X is called a fuzzy singleton iff u(z) =
r,(0 < r < 1) for a certain x € X and u(y) = 0 for all points y of X except z.
The fuzzy singleton is denoted by x, and z is its support. We call z, is a fuzzy
point if 0 < r < 1. The class of all fuzzy singletons in X will be denoted by S(X).

Definition 2.5 [3] A fuzzy topology t on X is a collection of members of I*
which is closed under arbitrary suprema and finite infima and which contains
constant fuzzy sets 1 and 0. The pair (X,t) is called a fuzzy topological space
(fts, in short) and members of t are called t-open (or simply open) fuzzy sets. A
fuzzy set p is called a t-closed (or simply closed ) fuzzy set if 1 — p € ¢.

Definition 2.6 [10] Let A be a fuzzy set in an fts (X, ¢). Then the closure of A
is denoted by ¢t — cl(\) and defined by t — cl(A) = N{p: A C p and p° € t}.

Definition 2.7 [3] Let (X, t) and (Y, s) be two fuzzy topological spaces. A map-
ping f : (X,t) — (Y, s) is called an fuzzy continuous iff for every v € s, f~1(v) € t.

Definition 2.8 [11] Let f be areal valued function on a topological space (X, T').
If {x : f(z) > a} is open for every real @ € I, then f is called lower semi
continuous function.

Definition 2.9 [2] Let X be a non-empty set and T be a topology on X. Let
t = w(T) be the set of all lower semi continuous (lsc, in short) functions from
(X, T) into I (with usual topology) such that w(T) = {u € I* : =, 1] € T}
for each av € I;. Then w(T) is a fuzzy topology on X.

Let P be a property of topological spaces and F'P be its fuzzy topology
analogue. Then F'P is called a good extension of P iff the statement (X,7T) has
P iff (X, w(T)) has FP holds good for every topological space (X, T).

Definition 2.10 [6] A fuzzy singleton x, is said to be quasi-coincident with a
fuzzy set pu, denoted by x,.qu iff r + p(x) > 1. If z, is not quasi-coincident with
w, we write T,.qu.
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Definition 2.11 [9] A fuzzy set u of (X, ) is called quasi-neighborhood (Q-nbd,
in short) of x,. iff there exists v € t such that z,.quv and v C w. If z, is a fuzzy point
or a fuzzy singletone, then N(x,,t) = {p € t : x, € u} is the family of all fuzzy
t-open neighborhoods (¢-nbds, in short) of x, and Ng(z,,t) = {p € t : z,qu} is
the family of all Q-neighborhoods (Q-nbd, in short) of x,.

Definition 2.12 [6] A fuzzy bitopological space (fbts, in short) is a triple (X, s, t),
where s and t are arbitrary fuzzy topologies on X.

Definition 2.13 [7] A bitopological space (X,S,T) is called pairwise-77 (in
short, PT}) if for all z,y € X,z # y, there exist U € S,V € T such that
relU ygUandyeV, x g V.

3. The main results

Definition 3.14 An fbts (X, s,t) is called

(a) FPT(i)-space iff for every pair of fuzzy singletons x,,y, in X with x # v,
there exist fuzzy sets u € s, v € t such that (z,qu,y, N u = 0) and
(yrqu,z, Nv = 0).

(b) [9] FPT(ii)-space iff for every pair of fuzzy singletons z,,y, in X such
that = # y, there exist fuzzy sets u,v € s Ut such that (z,qu,y.qu) and
(e, 20).

(¢) [1] FPTy(iii)-space iff for any two distinct fuzzy points z,, y, in X, there
exist fuzzy sets u € s, v € t such that (z, € u,y, C u®) and (y, € v, z, C v°).

Theorem 3.1 Let (X, s,t) be an fbts. Then we have the following implications:
(i) (a) = (b), and
(i) (a) = (c).

The arrows are not reversible in general.

Proof. (i) (a) = (b) Let z,, ys € S(X) with « # y. Since (X, s,t) be FPT(i)-
space, there exist fuzzy sets u € s, n € t such that (x.qu, ys N u = 0) and
(ysqn, z,Nn = 0). Now, ys Ny = 0 implies p(y) = 0. Then p(y) +s < 1. So, ysqu.
Similarly, x, N7 = 0 implies x,.qn. Again since u € s, n € t, then u, n € sUt.
Hence (X, s,t) be F PT;(ii)-space.

(i) (a) = (c) Let z,,ys be two distinct fuzzy points in X. Choose r*, s* €
(0,1) such that r* < 1 —r and s* < 1 —s. Since z,+, ys are two distinct fuzzy
points in X and (X, s,t) is F'PT}(i)-space, there exist fuzzy sets u € s,v € t such
that (,~qu, ys Nu = 0) and (ysqu, z« Nv = 0). Now, x,«qu,ys N u = 0 implies
that u(z) +r* > 1 and u(y) = 0. For u(z) +r* > 1 and r* < 1 — r, we have
u(z) > r. So, x, € u. For u(y) = 0, we have u(y) + s < 1. That is, s <1 — u(y).
So, ys C u®. Again, since z,,ys are two distinct fuzzy points in X and (X, s,t)
is F'/PT) (i), there exist fuzzy sets p € s, A € t such that (ys-qu, x. Ny = 0) and
(xrq\, ys« N A = 0). Similarly, ygqu,z, N p = 0 implies that y, € p, x, C u.
Hence, (X, s,t) is F'PT(iii)-space. .
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The following counter example shows that (¢) # (b) as well as (¢) # (a) in
general.

Example. Let X = I,t; =ty = {0,A : A(z) > 0,Vx € X}. Let z, and y, be
distinet fuzzy singletons in X and v = min {1 —r,1—s}. Now, if v # 0, we define
1, n as follows

px) =1 and ply) =3, ify#m

n(y)=1 and n(z)=17, ifz#Fy.
Again, if v = 0, we define uq,n; as follows

if y # x;

p(z) =1 and pu(y) =0.1,
=0.3, ifzH#y.

m(y) =1 and mn(x)

Then p,n, pui1,m € t1 = to. For any pair of distinct fuzzy points x,, ys in X,
we see that (x, € p, ys C u¢) and (ys € 1, x. C n°). Therefore, (X,t;,ts) is
FPT(iii)-space. But if we take x1, y; € S(X), then we see that (z1qu1,y1q11)
and (x1gn1, yigm). Hence (X, tq,t2) is not F PT)(ii)-space. Since (a) = (b), then
we see that (¢) # (a). .

The following counter example will show that (b) does not imply (c) as well
as (b) does not imply (a) in general.

Example. Let X = {x,y,2} and let s = {0,1,21,y1,21 Uy} and t = {0, 1,2 }.
Then (X, s,t) is F'PTy(ii)-space but not F PTj(iii)-space, since for distinct fuzzy
points z,,ys in X, we have z1 € s such that z, € 21, ys C 2{ and there does not
v € t such that ys € v, z,, C v°. Since (a) = (c), then we see that (b) % (a).

Theorem 3.2 An fbts (X, s,t) is FPTi(j)-space iff for all x.€S(X) z,=cl(x,),

where j = 1,11, 1i1.

Proof. Suppose (X, s,t) is FPT;(i)-space and suppose that x,, y, € S(X) with
x # y. Then there exists p € s such that ysqu and x, N p = 0. Now ysqu implies
that pu(y) +s > 1, that is, 1 — u(y) < s. So, ys € p¢. Again, x, N p = 0 implies
that p(z) = 0, that is, p(z) +r <1 = 1—pu(z) > r. So z, € u°. Therefore
we see that ys € s — cl(x,). Hence s — cl(z,) C x,. But z, C s — ¢l(x,). Hence
x, = s — cl(x,). Similarly, we can show that ys is ¢t-closed.

Conversely, suppose that z, = s — cl(x,) and ys = t — cl(ys) for all z,, ys €
S(X) with x # y. Then ys &€ s — cl(z1) and z, & t — cl(y1). So, there exist
fuzzy sets p € s, n € t such that (ys & p°, x1 € p°) and (x, € n° y1 € 1°). Now,
ys € p, 1 € pc implies that 1 — pu(y) < s and 1 — pu(x) > 1. That is, u(y)+s > 1
and u(z) = 0. That is, ysqu and p(z) = 0. So, for any z, € S(X), we have
x, Np =0 as p(xr) = 0. Similarly, =, € n° y; € n° implies that x,.qn, ys N n = 0.
Hence (X, s,t) is F'PT;(i)-space.

Next, suppose (X, s,t) is F'PTy(iii) and z,, ys are two distinct fuzzy points
in X. Since z,,y;_s are two distinct fuzzy points in X and (X, s,t) is F'PT}(uii)-
space, there exists u € s such that y;_; € v and z, C u°.
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Now y;_s € uw implies that u(y) > 1 — s, that is, 1 —u(y) < s. So, ys & u".
Again, z, C u® implies that » < 1 — u(z). So z, € u®. Therefore we see that
ys & s—cl(x,). Hence s —cl(z,) C x,. But z,, C s—cl(x,). Hence x,, = s —cl(x,).
Similarly, we can show that y; is ¢-closed.

Conversely, suppose that x, = s — cl(z,) and ys = t — cl(y,) for all distinct
fuzzy points x,, ys in X. Then y1_s & s — cl(x,) and x;_, € t — cl(ys). So, there
exist fuzzy sets u € s, v € t such that (y;_s &€ u, x, € u®) and (x;_, & v, ys € v°).
Now, y;_s & u®, z, € u® implies that 1 —u(y) <1 —s and 1 —u(x) > r. That is,
u(y) > s and x, C u¢. That is, ys € v and x,, C u. Similarly, z1_, & v, y, € 0v°
implies that z, € v and y; C v°. Hence (X, s,t) is F'PTy(iii). For the proof of
J = 1ii, see [9].

Theorem 3.3 Let (X, s,t) be a fuzzy bitopological space, A C X and
sa=A{uf/A:ues}, ta={v/A:vet}.

Then

(a) (X,s,t) is FPT\(i) =(A,sa,ta) is FPT\(i).
(b) (X,s,t) is FPT\(ii) =(A, sa,ta) is FPTy(ii).
(c) (X,s,t) is FPTy(iii) =(A, sa,ta) is FPT(iii).
Proof. (a) Suppose (X,s,t) is FPTi(i). We have to show that (A,sa,t4) is
FPTy(i). Let a,, b, € S(A) with a # b. Then a,, b, € S(X) with a # b. Since
(X, s,t) is F'PTy(i), there exist fuzzy sets u € s, v € ¢ such that (a,qu, b,Nu = 0)
and (byqu, a, N v = 0). Now, a,qu, b, N u = 0 implies that u(a) +r > 1 and
(b, Nu)(z) = 0 for all z € X. But, u/A € s4 and (u/A)(a) = u(a). Then
(u/A)(a) +7 > 1. So, a,q(u/A). Also, for all z € X, we have (b, N (u/A))(z) =
by(z) N (u/A)(z) = by(z) Nu(x) = (b, Nu)(x) = 0, since (u/A)(b) = u(b). So
bpN(u/A) = 0. Similarly, b,qu, a,Nv = 0 implies that b,q(v/A) and a,N(v/A) = 0,
where v/A € t4. Hence (A, sa,ta) is FPTi(i)-space. Similarly, (b) and (c) can
be proved.

Theorem 3.4 Let (X,T,T3) be a bitopological space. Then

(a) (X, 11, Ty) is PT; < (X, w(Ty),w(Ty)) is FPT(i).

(b) (X, Tl,TQ) is PT} <~ (X,w(Tl),w(Tg)) 18 FPTl(l)

(c) (X, 11, T3) is PTY < (X,w(Th),w(Ty)) is FPT(iii).
Proof. (a) Suppose that (X, T}, T,) is PT;. We have to show that (X, w(T}), w(Ty))
is F'PT(i)-space. Let x,, y. € S(X) with « # y. Since (X, T1,T3) is PTi, there
exist U € T,V € Ty such that x € U, y € U and y € V, x ¢ V. This implies
(1U S NQ(iL’p,w(Tl)), <1U Ny, = O)) and (1V S NQ(yT7w<T2)), (1V N Ty = O))
Hence (X, w(T}),w(Tz)) is F'PT;(i)-space.

Conversely, suppose that (X, w(7}),w(T3)) is FPT;(i)-space. We have to
show that (X, 71,75) is PTy. Let x, y € X such that x # y. Since (X, w(T1), w(T3))
is FPT)(i), then (3 € Ng(x1,w(T1)), y1 Np=0) and (In € Ng(y1, w(T)), 1 N
n = 0). Now, g € Ng(x1,w(T1)), y1 N p = 0 implies that p(xz) +1 > 1 and
wu(y) = 0 that is, pu(z) > 0 and u(y) = 0. Hence z € p~'(0,1] € Ty and
y & pu(0,1] € Ty. Similarly, we can show that n € Ng(y1, w(Ty)),z1 N = 0
implies that y € n71(0,1] € Ty and = ¢ n~1(0,1] € Tp. Hence (X, T}, Ty) is PT;.

Proof of (c) is similar, and for the proof (b), see [9].
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Theorem 3.5 Product of any two FPTi(j)-spaces is FPTi(j)-space, where
J =1,1%,181.

Proof. Suppose (X7, s1,t1) and (Xa, s9,t) are F'PT;(i)-spaces. We have to show
that (X1 x X5, 51X 9,11 Xtg) is FPT;(i)-space. Let (x,y),, (1, Y1), be two distinct
fuzzy singletons in X; x X5. We can assume without loss of generality that x # x;.
Since z,, (z1), are two distinct fuzzy singletons in X; and (X1, s1,t1) is FPT)(i)-
space, then (FueNg(z,, s1), ((x1), N p=0)) and (IneNg((x1),.t1), (x, N n=0)).
Now, p € Ng(xp, s1), ((x1)q N = 0) implies that p(x) +p > 1 and

((z1)g N p)(z) =0 for all z € X. (A)

Since 1 X Xo € 1 X s9 and (u X Xo)(z,y) = min {u(x), Xo(y)} = p(x), we have
(e x Xo)(z,y) +p=p(x)+p>1 So, (z,y),q( x X2). We know that

($1,y1)q($,y) — { q if (ZL’,y) = (xhyl); (B)

0, otherwise.
When (z,y) = (z1,41), we have u(xz) =0, by (A), and
((z1,90)q N (1 x Xo)) (2, y) = min{(z1,91)q(z, y), (1 x Xo)(2,9)}
= min{q, u(z)} = min{q, 0} = 0.

Again when (z,y) # (21, 1), we have (21, y1),(z,y) =0, by (B), and

((z1,91)q N (1 x Xo)) (2, y) = min{ (21, 51)q(z, y), (1 X X2)(z, )}
= min{0, u(z)} = min{0, u(z)} = 0.

Hence, for all (z,y) € X; x Xy, we have ((z1,y1), N (1 x X2))(x,y) = 0.
Similarly, we can show that n € Ng((z1)4,t1), (x, N = 0) implies that
(x1,y1)eq(n x X2) and (z,y), N (n x X3) = 0, where n x Xy € t; X . Hence
(X7 X X, 81 X Sg,t1 X tg) is F'PTi(i).
Other proofs are similar.

Theorem 3.6 A bijective mapping from an fts (X,t) to an fts (Y,s) preserves
the value of a fuzzy singleton (fuzzy point).

Proof. Let ¢, be a fuzzy singleton in X. So, there exist a point a € Y such that

fle) =a. Now f(c.)(a) = f(e)(f(c)) =supe,q(c) = ¢.(c) = r, since f is bijective.
Hence a, has same value as c,.

Note. Preimage of any fuzzy singleton (fuzzy point) under bijective mapping
preserves its value.

The ideas of the following two theorems are taken from [4].

Theorem 3.7 Let (X, s,t) and (Y, s1,t1) be two fuzzy bitopological spaces and let
f: X =Y be bijective and F'P-open. Then
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(a) (X,s,t) is FPT (i) = (Y, s1,t1) is FPTy(7).
(b) (X,s,t) is FPT(i1) = (Y, s1,t1) is FPTy(i7).
(C) (X, S,t) 18 FPT1<MZ) = (Y,Sl,tl) 18 FPT1(22>

Proof. (a) Suppose (X,s,t) is FPTi(i). We have to show that (Y,s,t1) is
FPT(i). Let a,, b, be two distinct fuzzy singletons in Y. Since f is bijective,
there exist distinct fuzzy singletons ¢,, d, in X such that f(c) = a, f(d) = b and
¢ # d. Again since (X, s,t) is F'PTy(i), there exist fuzzy sets u € s, n € t such
that (c¢.qu, d, N p=0) and (d,qn, ¢, Nn = 0).

Now, ¢,qu, dy N g = 0 implies that p(c) +7 > 1 and (d, N p)(x) = 0 for all
x € X. But f(u)(a) = f(u)(f(c)) = suppu(c) = p(c), since f is bijective. So
f(p)(a) +r > 1, since p(c) +r > 1. Hence a,qf(u). Also,

(bg N f () (y) = (f(dg) N f())(f () = f(dg)(f (@) N f(1)(f(2))
= (dg N p)(z) = 0.
Similarly, we can prove that d,qn, c.Nn = 0 implies that b,qf(n) and a,N f(n) = 0.

Since f is F'P-open, then f(u) € s1, f(n) € t1. Hence (Y, s1,t1) is FPTy(7).
Similarly, (b) and (c) can be proved.

Theorem 3.8 Let (X, s,t) and (Y, s1,t1) be two fuzzy bitopological spaces and
f: X =Y be FP-continuous and bijective. Then

(a) (Y,s1,t1) is FPTI(1) = (X, s,t)is FPT1(7).
(b) (Y’, Sl,tl) 18 FPTl(’lZ) = (X, S,t) 18 FPT1<ZZ)
(C) (Y, S1, tl) 18 FPTl(’LZZ) = (X, S, t) 18 FPTl(lZZ)

Proof. We now prove (a) only. Suppose (Y, s1,t1) is F'PTy(i). We have to show
that (X, s,t) is FPTi(i). Let ¢, d, be two distinct fuzzy singletons in X. Then
there exist distinct fuzzy singletons a,, b, in Y such that f(c) = a, f(d) = b and
a # b, since f is one-one. Again since (Y, sy,t1) is F'PTi(i), there exist fuzzy
sets u € sy, n € t; such that (a,qu, by N p = 0) and (byqn, a, N = 0). Now,
arqpt, by N o = 0 implies that p(a) +r > 1 and (b, N p)(f(z)) = 0 for all z € X.
Since f~(u)(c) = p(f(c)) = p(a), then we have

) (e) +r > 1.
So, c,qf (). Also,
(dg OV f7H ) (@) = (f7H(bg) N fTH ) (@) = f7Hb) () N fH (1) ()
= (bg N p)(f(x)) = 0.

Similarly, we can show that b,qn,a, N'n = 0 implies that d,qf *(n) and
¢, N f~1(n) = 0. Since f is F P-continuous, then f~!(u) € s, f~'(n) € t. Hence
(X, s,t) is FPT(1).
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