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1. Introduction

The concept of Boehmians is motivated by the regular operator introduced by
Boehme [2], which form a subalgebra of the field of Mikusinski operators and thus
they include only such functions whose support is bounded from the left. The the-
ory of Boehmians (quotient of sequences), its properties and different classes of
Boehmian spaces can be studied in [1], [8], [9]. Tempered Boehmians is a natural
extension of tempered distribution which, therefore, makes it possible to define
an extension of the Fourier transform for this class of Boehmians. The Fourier
transform of a tempered Boehmian is a distribution. A continuous function
f : RN — C is called slowly increasing if there is a polynomial p on RY such
that |f(z)| < p(x) for all z € RY. The space of slowly increasing function will be
denoted by J(RY) or simply by J. An infinitely differentiable function is called
rapidly decreasing if

(1) sup sup (1 +a7 + a3+ - +23)" [D* f(z)] < oo,

|a|<mzeRN

for every non-negative integer m, where x = (1, z9, ..., xy), @ = (a1, ...an ), an’s

are non negative integer, |a| = |ag| + -+ + |ay], and
olel ol

(2) DY = —— = =y -
Or  Ox("---0zy

The space of all rapidly decreasing functions is denoted by S(RY) or simply by
S. If f e Jand ¢ € S, then the convolution
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) (Feo)a) = [ Fulele —u)du

is well defined and f x ¢ € J. A sequence @, € S is called a delta sequence if it
satisfies the following conditions

(i) / opdr =1, VneN
RN

(ii) / |on| dz < C, for some constant M and for all n € N
RN

(iii) lim ||| |0 (2)] dz = 0, for every k € N and € > 0.
eS| >e

If p € S and [ ¢ =1, then the sequence of functions ¢, is a delta sequence.
A complex-valued function f on R¥ is called slowly increasing if there exists a
polynomial p on RY such that f(z)/p(x) is bounded. The space of all increasing
continuous functions on RY is denoted by Z. If f,, € Z, {©,} is a delta sequence
under usual notion, then the space of equivalence classes of quotients of sequence
will be denoted by Bz, elements of which will be called tempered Boehmians. For
F = [fu/pn] € Bz, define D*F = [(f, * D0,)/(on * ©,)]. If F is a Boehmian
corresponding to differentiable function, then D*F € Br.

If F'=|[f./¥n] € Br and f, € S, for all n € N, then F' is called a rapidly
decreasing Boehmian. The space of all rapidly decreasing Boehmian is denoted
by Bs. If F' = [f,/¢n] € Br and G = [g,,/¢n] € Bg, then the convolution is

Fx G =[(faxgn)/(on* )] € Br.

In what follows, we will denote by S’ the space of tempered distributions,
that is, the space of continuous linear functional on S. If f € S” and ¢ € S, then
the convolution f * ¢ is defined as (f * ¢)(z) = f(¢x), where v.(2) = p(x — 2).
The Hartley transform of a tempered distribution f, denoted by Hf, is defined
by Hf(p) = f(Hp), where Hep is the Hartley transform of ¢ defined by Nait
et al. [11]. Further, Hartley transform on generalized functions and spaces of
Boehmians is studied in [6], [7], [13], [14].

The Hartley transform is an integral transformation that maps a real-valued
temporal or spacial function into a real-valued frequency function via the kernel,
cas(vr) = cos(vx) + sin(vz). Hartley [5] studied a more symmetrical Fourier
integral, which leads to a parallelism that exists between the function of the
original variable and that of its transform.

The Hartley transform of a function f(z) is defined by Olejniczak [12]:

1
(4) M) = W)= = / f(@)cas(ve)dz,
(5) or H(f) = /Rf(aj)cas(Zﬁfa:)da:,

where the angular frequency variable v is related to the frequency variable f by
v=2nf, and

(6) H(f) = V2rH©2rf) = V2rH(v).
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The integral kernel, known as the cosine and sine function, is define by

(7)  cas(vz) = cos(vz) + sin(vz) = V2sin (1/95 + %) = V/2cos <uac - %) :

The inverse Hartley transform is defined by

(8)  HUH(f)) = f(z) = \/LQ_W/RH(V)CCLS(Vx)dV = /RH(f)cas(Zfo)df.

The relation between the Hartley and Fourier transform is given by Olejniczak [12]

(9) H(v) = [Re{F(w)} = Im{F(w)}w=r,
(10) where Re{F(w)} = Re(w)=H(v)=H(-v),
(11) Im{F(w)} = Im(w)=-H(v)=H(-v),

H is the Hartley transform and H¢(v) and H°(v) are, respectively, even and odd
parts of the Hartley transform. Re{F(w)} is the real part and Im{F(w)} is the
imaginary part of the Fourier transform. We mention elementary properties of
the Hartley transform as follows [7]:

1. Linearity: If fi(z) and fo(z) have the Hartley transforms H;(f) and Ha(f),
respectively, a and 3 are positive constants, a, 5 > 0, then

(12) / (afu(@) + Bfala)cas(2r fo)de = aMy (f) + BHa(f).

2. Scaling/Similarity: If f(z) is the Hartley transform (4), then

a3 [ asantone =21 (£)

3. nth Derivative of a Function f"(x)

(14) f () = cas' = (2 f)"HI(=1)" f),
which is derived by recursive application of equation (9) to the Fourier transform
of the function 4 and its higher order. Here cas'(§) = cos(€) — sin(€) (com-

plementary cas function) and “cast = cas(—7) = cas'() (derivative relation),
respectively.

4. Function Shift/Delay: If f(z) is shifted in time by a constant 7', then by
substituting 2’ = 2 — T, the Hartley transform is

(15) H(f) = /Rf(x')cas[wa(x/—i-T)]dx' = cos(2n fTYH(f)+ sin(2r fT)H(—f).

5. Convolution: If fi(z) has the Hartley transform H;(f) and fo(x) has the
Hartley transform Hs(f), then

fla) * fola)
= SIL (D) + (= F V) + Ha ()Mo~ F) — (=)o~ )
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To obtain the result (16), simply substitute the convolution integral fi(z)* fo(x) =
Je i) fi(z — A)dX in (5) and using shift /delay property, we get

H(f) = / (fi(2) % fole))cas(2n fo)de = / A / fole — Neas(2r f)da]dx
_ /R [ [cas(2r FAYHa(F) + sin(2r IAYHs(—FldN, (by (12)).

Factorizing the Hs(-) of the right hand side, and using other properties of Hartley
transform, equation (16) is defined. Simplification of equation (16) results into
following symmetries in different forms, e.g.

(i) If fi(x) and (or) fa(x) is even, or if fi(z) is even and fo(z) is odd, or if fi(x)
is odd and f5() is even, then fi(z) * fo(x) = Hi(f)Ha(f).

(i) If fi(x) is odd, then fi(z) * fo(x) = Ha(f)Ha(—f).

(iii) If fo(z) is odd, then fi(z) * fo(x) = Hi(—f)Ha(f).

(iv) (iv) If both functions are odd, then fi(z) * fa(z) = —H1(f)Ha(f).

In general, equation (16) can be written in the following form given by Loonker [6]:
(17) HLf =+ g] = RIfIR[S]-

6. Parseval relation: If fi(z) has the Hartley transform H;(f) and fy(x) has
the Hartley transform Ha(f), then

(18) / f1(2) o) e = / Ho (Y Haf)df.

The Hartley transform of distributions is defined by Chaudhary and Thorat
[4]. For the space of slow growth ', inversion theorems are proved by Nair and
Banerji [11], using the Parseval equation for the Hartley transform

(19) <H(f), o >=< f,H(p) >,

where function f is absolutely integrable and ¢ is a testing function of rapid
descent, and for tempered distribution of Hartley transform, we have

(20) " HP (V)] € Vo, v ER
where m and k are non-negative integers and 7" is a constant.
2. The exchange property

For a family {¢; }ier={vi}1, where I is an index set and ¢;€S, Vi€l, we have [1]:

(21) U({pi}r) = {z € RY : 4y(a) = 0 Vi € I},



ON THE EXCHANGE PROPERTY FOR THE HARTLEY TRANSFORM 377

A family of pairs {(f;, vi)}1, where f; € S” and p; € S, is said to have the exchange
property if

We will denote by A the collection of all families of pairs {(f;, i)}, where I is
an index set, f; € S’ and p; € S for all i € I, satisfying the exchange property
such that U({¢;};) = ¢. If (p;) is a delta sequence, then ¥({p;}n) = ¢.

Definition 1 If {(f;, i)} € A, then the unique F' € D'(RY) such that H fi=Hp; F,
Vi € I will be denoted by H{(fi, vi)}1-

Let {(fi, 0}, {(gr, Vr)}c € A If fy x4y, = g+ ; for alli € I and k € K,
then we write {(fi;, vi)}r ~ {(gx,¥r)} . This relation is clearly symmetric and
reflexive. We will show that it is also transitive.

Let {(fi, ) r {(gu ¥i) i, {(he, )} € Ao IE{(fis0)}r ~ {(9¥%) }ic and
{(grs i) Y ~ {(hi; M)}, then

(23) Jixr =gk *x@i, gexn=hx*xy, Viel,keK,lelL.
Therefore,
(24) fixpxm=gex@ix, Gexnx@i=h sy, Viclke KlelL.

Since * is commutative, we have

(25) fixyix = hy* ;% Py

Now, fori € I and [ € L. Since V({¢x}x) = ¢ and (25) holds for every k € K, we
conclude that f;xv, = hyxp; Vi € I, 1 € L, which means {(f;, i) }r ~ {(h;, %)}z

Theorem 2 If a family of pair {(fi,vi)}r has the exchange property and
Q = U({ei}1)¢ (the complement of W({p;}r) in RY), then there exists a unique
F € D'(Q) such that

(26) H[f;] = FH[p)], Viel

Proof. For every x € () there exists i € I and € > 0 such that |[Hey;(x)| > ¢
in an open neighbourhood of x. Then we can define F' = Hf;/Hp; in that
neighbourhood. Let for some ¢ > 0, we have |Hy;(z)| > € for all z € U and
|How(z)| > € for all z € V', where U and V' are open sets. Since f; * pp = fr * @,
we have

Hfi _ H [
Hep; HSOk’

(27) HfZHQDk = kaH(pi and

on U NV. This shows that F'is a unique function. m

Theorem 3 {(f;,v;)}1 € A if and only if there exists a unique F € D'(RY) such
that H[f;] = H]pi|F for alli € 1.
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Proof. For any i,k € I, we have
(28) HszQOk = FHQOZ'HQOk = FHQO]CHQO,‘ = kaHQOl [by Theorem 1].

This proves that the existence of such a function F' € D'(R") implies and justifies
the exchange property. This completes the proof of the theorem. m

Theorem 4 There exists {(fi,:)}r € A for every F € D'(RY) and such that
F=H{(fii)}1)-

Proof. Since D(RY) denotes the space of smooth function with compact support,
there exists a total sequence {p;}x such that Hyp; € D(RY), VI € N. Then for
every I € N, there is f; € S’ such that H f; = Hy; F. Clearly {(fi,v:)}r € A and
F =H{(fi,¢:)}n) . This completes the proof of theorem. m

Definition 5 [1] Let {U;}; be an open covering of RN and let {¢;}1 be such that
|Hei(z)| > 0 forx € U;. A family {@;}1 such that V({y;}1)=¢ will be called total.

Lemma 6 [1] If ({wi}1) and ({¢r} k) are total, then {p; * Y}k is total.

Theorem 7 Let {(fi, i)}, {(grs¥r)}x € A. Then {(fi, 0i)}r ~ {(gx, Vx) } i if
and only if H({(fi, i)} 1) = H{(gr: V) } &)-

Proof. F = H{(fi,p:)}1) and G = H({ (g, Yr) }x)- U {(fi, 00) 1 ~ {(gr, Yr) } i
then FHo,H, = HfiHUr = HgrHe;

(29) = FHpH = GHY Hp;, Yiel ke K.

Hence F' = G, by Lemma 6. Now assume F' = . Then

(30) HfiHy, = FHoHY, = GHYwHe; = HarHes, Vie l ke K.
Hence {(fi, i) }r ~ {(gx,¥x) } k. This completes the proof of the theorem. m

Theorem 8 There exists a delta sequence y, such that, for every T € B;,
T = ({(fn, pn)}n) for some f, € J.

Proof. Let (1,,) be a delta sequence such that H,, € D. Then for any T € B;,
we have HTHvy,, € S', since HT € D'. Consequently, HTH, = Hg, for some
gn € S'. Tt is easy to check that T' = [{(gn*Un, ¥ *y) }n]. Since f,, = gp*x), € J
and ¢, = ¥, * 1, is a delta sequence, where ¢,, does not depend on 7', hence the
theorem is proved. m

3. Algebric properties and convergence

B; becomes a vector space with the addition operation, defined by

(31) [{(fis i) b1l + [{(grs Yr) b ] = {(fi % ¥r + gr * 0, 01 % i) brxi]-

Moreover, multiplication by a scalar is defined by
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(32) A{(fi i) Hi] = H(Mfi o) 1], AeC

I [{(fi, i) b1l +{(gk, ¥x) } k| € Bj and g € S for all k € K, then for the operation
* we can define

(33) {(fi pa) il [{(gn, ) Y] = (i gh i ) ]

Definition 9 [1] Let T, 71,7, ... € B;. Then the sequence T, is said to converge
to Ty, which is written as T,, — Tj if there exists a total family (¢;); such that
(a) there exists tempered distribution f;, where i € I and n € N such that
T, = [{(fin,pi)}1] foralln =0,1,2, ...,

(b) fin — fioin S’ as n — oo for every i € 1.
Theorem 10 The Hartley transform is an isomorphism from B; to D'.

Proof. Since T,, — Ty in B, if and only if T}, — Ty — 0, it suffices to prove the
continuity at 0. Let 7, — 0 is in B;. Then there exists tempered distribution
fin where @ € I and n € N such that T,, = [{(fin, i) }s] for all n = 1,2, ... and
fin — 0in 8" as n — oo for every i € I. If ¢» € D, then there are iy, ...i; such

that suppy C Ufnzl suppH@; m. Then
k

H 1,m
lim HT,p = lim > (HTH@im)— Pim¥ 5
noee T = Zm:l |ngl,m|
(34) . o
m=1 e Zm:l |H§017m|
because lim Hf;,, = 0,Vi € I, due to the continuity of the Hartley transform in

S’. This proves the continuity of H : B; — D', because lim HT,1 = 0 in S’ for
every 1 € D, implies lim HT, =0 in D’.

n—oo

Now, assume lim HT,, = 0in D’. By Theorem 8, there exists a delta sequence

n—oo

(pi),i € N such that for every n € N, we have T,, = [{(fin, i) }n] for some
fin € J. Let (¢), k € N be a delta sequence such that Hiy, € D for every k € N.
Then

lim HT, He; H, =0 € S" for every i,k € N.
Since HT, He; = fin Vi,k € N and lim Hf; , H¢p = 0 € S’, which implies
lim f;,*x¢,=0€S5. But

T = [{(fins 0i) 1] = {(fin * ¥rs 01 % V) b1k
for all n =0,1,2,.... Thus we have T;, — 0 in B;. This proves the theorem. m
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