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Abstract. Let G be a group and g ∈ G. Let R be a commutative G-graded ring and M

be a graded R-module. In this paper, we study some cases when R is strongly graded
ring and the component Me of M is multiplication Re-module. Also, we prove that if
R is strongly graded, then the components Mg of M are multiplication Re-modules if
and only if the component Me is P -torsion or P -cyclic where P is a prime ideal of the
component Re of R.
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1. Introduction

A ring R with unity 1 graded by a group G will means that R =
⊕

g∈G Rg where
Rg is an additive subgroup of R and RgRh ⊆ Rgh for all g, h ∈ G. If the inclusion
is an equality, then the ring is called strongly graded. Clearly, Re is a subring of
R with 1 ∈ Re. An R-module is said to be graded if M =

⊕
g∈G Mg for a family

of subgroups {Mg}g∈G of M such that RgMh ⊆ Mgh for all g, h ∈ G. Clearly,
Mg is an Re-module for all g ∈ G. In a similar way, we define a strongly graded
module. The ring R is strongly graded if and only if every graded R-module is
strongly graded. For more details, we refer the readers to [4], as well as [6], and
the references therein.

If M is an R-module and N is an R-submodule of M , then the ideal
{r ∈ R : rM ⊆ N} of R will be denoted by (N : M). An R-module M is
said to be multiplication module if for every R-submodule N of M , there exists
an ideal of R such that N = IM . Moreover, if N = IM for some ideal of R, then
N = (N : M)M . Given a ring R and a multiplicative subset S of R, the ring of
fractions S−1R is { r

s
: r ∈ R, s ∈ S}. For more details, we refer the readers to [1],

[2], [3], as well as [5], and the references therein.
Throughout this paper, unless stated otherwise, R is commutative nontrivially

graded ring.

2. Results

In this section, we introduce and prove the main results of the paper.

Theorem 2.1 Let R be a strongly G-graded ring and M be a torsion free graded
R-module. If Me is a multiplication Re-module and A is a proper ideal of Re such
that AMe = Me, then M = {0}.
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Proof. Let g ∈ G, x ∈ Mg. Then Rg−1x is an Re-submodule of Me. Since
Me is multiplication Re-module, Rg−1x = BMe for some ideal B of Re and then
Rg−1x = BMe = BAMe = ABMe = ARg−1x = Rg−1Ax and so Rex = Ax. Now,
x = 1.x ∈ Rex = Ax and then there exists a ∈ A such that (1−a)x = 0. Since M
is torsion free, either 1 = a or x = 0. If 1 = a ∈ A, then A = Re a contradiction.
So, x = 0, i.e., Mg = {0} for all g ∈ G and hence M = {0}.
Theorem 2.2 Let R be a strongly G-graded ring and M be a graded R-module.
If Me is a multiplication Re-module and S is a multiplicative subset of Re, then
S−1Mg is multiplication as an S−1Re-module for all g ∈ G.

Proof. Let g ∈ G and X be an S−1Re-submodule of S−1Mg. Then X = S−1N for
some Re-submodule N of Mg and then Rg−1N is an Re-submodule of Me and it fol-
lows that Rg−1N = AMe for some ideal A of Re. So, X = ReX = RgRg−1S

−1N =

RgS
−1Rg−1N = RgS

−1AMe = S−1ARgMe = S−1AMg = S−1AS−1Mg where
S−1A is an ideal of S−1Re and this completes the proof.

Given a prime ideal P of Re, we consider the set

TP (Me) = {m ∈ Me : cm = 0 for some c ∈ Re − P}.
It is easy to check that TP (Me) is an Re-submodule of Me. If TP (Me) = Me,

then we will say that Me is P -torsion. If there exists x ∈ Me and c ∈ Re−P such
that cMe ⊆ Rex, we will say that Me is P -cyclic. Now, we introduce the main
result of our paper:

Theorem 2.3 Let R be a strongly G-graded ring, and M be a graded R-module.
Then for g ∈ G, Mg is multiplication Re-module if and only if for every prime
ideal P of Re, either Me is P -torsion or P -cyclic.

Proof. Let g ∈ G. Suppose that Mg is multiplication Re-module and P is a
prime ideal of Re. Firstly, we consider the case in which PMe = Me. Let m ∈ Me.
Then Rgm is an Re-submodule of Mg and then there exists an ideal A of Re such
that Rgm = AMg. So, m = 1.m ∈ Rem = Rg−1Rgm = Rg−1AMg = ARg−1Mg =
AMe = APMe = APRg−1Mg = PRg−1AMg = PRg−1Rgm = PRem = RePm =
Pm and then there exists p ∈ P such that (1 − p)m = 0 and it follows that
c = 1 − p ∈ Re − P such that cm = 0 and therefore, Me = TP (Me), i.e., Me is
P -torsion. Now, we consider that PMe 6= Me. Then there exists x ∈ Me − PMe

and since Rgx is an Re-submodule of Mg, there exists an ideal B of Re such that
Rgx = BMg. If B ⊆ P , then x = 1.x ∈ Rex = Rg−1Rgx = Rg−1BMg = BMe ⊆
PMe a contradiction. Therefore, B * P , then there exists c ∈ B − P such that
cMe = Rg−1cMg ⊆ Rg−1BMg = Rg−1Rgx = Rex, i.e., Me is P -cyclic. Conversely,
let g ∈ G and N be an Re-submodule of Mg. Suppose that A = (Rg−1N : Me),
n ∈ Rg−1N and K = (AMe : Ren). Assume that K 6= Re. Then there exists
a maximal ideal P of Re containing K. If Me is P -torsion, then there exists
c ∈ Re − P such that cn = 0 and it follows that c ∈ K − P a contradiction. So,
Me is P -cyclic, i.e., there exists x ∈ Me and c ∈ Re − P such that cMe ⊆ Rex.
Thus, Rg−1cN is an Re-submodule of Rex, and then cN is Re-submodule of Rgx
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but Rgx is multiplication because it is cyclic, hence there exists J = (cN : Rgx)
such that cN = Jx. It holds that

cJMe = JcMe ⊆ JRex = JRg−1Rgx = Rg−1JRgx ⊆ Rg−1cN

= cRg−1N ⊆ ReRg−1N = Rg−1N

and hence, cJ ⊆ A. Now, the element c2n ∈ c2N = cJx ⊆ Ax ⊆ AMe. As
a result, c2 ∈ K ⊆ P which is a contradiction. It follows that K = Re and
then Re = (AMe : Rg−1N) and therefore, Rg−1N ⊆ (Rg−1N : Me)Me and then
N ⊆ (N : Mg)Mg. Since the other inclusion is always true, the proof ends.

Corollary 2.4 Let R be a strongly G-graded ring, and M be a graded R-module.
Then for g ∈ G, Mg is multiplication Re-module if and only if for every prime
ideal P of Re, either Me is P -torsion or there exists an Re-submodule N of Me

and c ∈ Re − P such that cMe ⊆ N .

Proof. To prove the sufficiency, let P be a prime ideal of Re and suppose that
Me is not P -torsion. Then by hypothesis, there exists c ∈ Re − P such that
cMe ⊆ N where N is an Re-submodule of Me. Since Me is not P -torsion, N is
not P -torsion. By Theorem 2.3, there exists x ∈ N and r ∈ Re − P such that
rN ⊆ Rex. Thus, crMe = rcMe ⊆ rN ⊆ Rex and so Me is P -cyclic and therefore,
by Theorem 2.3, Mg is multiplication Re-module for any g ∈ G. The necessity is
obvious by Theorem 2.3.

Corollary 2.5 Let R be a strongly G-graded ring, and M be a graded R-module.
If Me is multiplication Re-module and Ann(Me) = {0}, then for g ∈ G,

1.
⋂

k∈K(IkMg) = (
⋂

k∈K Ik)Mg for every family Ik(k ∈ K) of ideals of Re.

2. if N is an Re-submodule of Mg and A is an ideal of Re such that N ⊂ AMg,
then there exists an ideal B of Re such that B ⊂ A and N ⊆ BMg.

Proof. 1. Let Ik(k ∈ K) be a family of ideals of Re. We call I =
⋂

k∈K Ik.
Then it is always true that IMe ⊆

⋂
k∈K(IkMe). Let x ∈ ⋂

k∈K(IkMe) and
H = (IMe : Rex). Suppose that H 6= Re. Then there exists a prime ideal P of Re

containing H. If x ∈ TP (Me), then we find an element in H − P , so x /∈ TP (Me).
By Theorem 2.3, Me is P -cyclic and then there exists m ∈ Me and c ∈ Re − P
such that cMe ⊆ Rem and so cx ∈ ⋂

k∈K Ikm. It follows that, for every k ∈ K,
there exists ak ∈ Ik such that cx = akm. Now, choose k0 ∈ K such that cx ∈ Ik0m
and then cx = ak0m. Hence ak0m = akm, i.e., (ak0 − ak)m = 0 for every k ∈ K.
We have, c(ak0 − ak)Me = (ak0 − ak)cMe ⊆ (ak0 − ak)Rem = Re(ak0 − ak)m =
{0}. Since Ann(Me) = {0}, c(ak0 − ak) = 0. Hence, cak0 = cak ∈ Ik for every
k ∈ K. As a consequence, cak0 ∈ I and then c2x = cak0m ∈ IMe and so
c2 ∈ H ⊆ P a contradiction. So, H = Re and hence x ∈ IMe. Now, let g ∈ G.
Then

⋂
k∈K(IkMg) =

⋂
k∈K(IkRgMe) = Rg

⋂
k∈K(IkMe) = Rg(

⋂
k∈K Ik)Me =

(
⋂

k∈K Ik)RgMe = (
⋂

k∈K Ik)Mg.

2. Let g ∈ G, N be an Re-submodule of Mg and A be an ideal of Re such that
N ⊂ AMg. Then Rg−1N is an Re-submodule of Me such that Rg−1N ⊂ AMe.
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Since Me is multiplication, Rg−1N = CMe for some ideal C of Re and then
N = CMg. So, N = AMg

⋂
CMg = (A

⋂
C)Mg by using (1). Hence, choose

B = A
⋂

C.

An R-module M is said to be finitely cogenerated if for every non-empty
family of R-submodules Nk(k ∈ K) of M such that

⋂
k∈K Nk = {0}, there exists

a finite subset F of K such that
⋂

k∈F Nk = {0}. A ring R is said to be finitely
cogenerated if it is finitely cogenerated as an R-module. We close the paper with
the following result:

Theorem 2.6 Let R be a strongly G-graded ring, and M be a graded R-module.
If Me is multiplication Re-module and Ann(Me) = {0}, then Me is finitely co-
generated Re-module if and only if Mg is finitely cogenerated Re-module for all
g ∈ G.

Proof. Suppose that Me is finitely cogenerated Re-module. Firstly, we prove that
Re is finitely cogenerated. Let Ik(k ∈ K) be a non-empty family of ideals of Re

such that
⋂

k∈K Ik = {0}. Then by Corollary 2.5,
⋂

k∈K(IkMe) = {0}. Since Me is
finitely cogenerated, there exists a finite subset F of K such that

⋂
k∈F IkMe = {0}

and then by Corollary 2.5, (
⋂

k∈F Ik)Me = {0}. Since Ann(Me) = {0}, ⋂
k∈F Ik =

{0}. Therefore, Re is finitely cogenerated. Now, let g ∈ G and Nk(k ∈ K) be
a non-empty family of Re-submodules of Mg such that

⋂
k∈K Nk = {0}. Then

Rg−1Nk(k ∈ K) are Re-submodules of Me and then for k ∈ K, there exists
an ideal Ak of Re such that Rg−1Nk = AkMe, it is clear that (

⋂
k∈K Ak)Me =⋂

k∈K(AkMe) =
⋂

k∈K Rg−1Nk = Rg−1

⋂
k∈K Nk = {0}. Since Ann(Me) = {0},⋂

k∈K Ak = {0} and since Re is finitely cogenerated, there exists a finite subset F
of K such that

⋂
k∈F Ak = {0} and then⋂

k∈F Nk = Re(
⋂

k∈F Nk) = RgRg−1(
⋂

k∈F Nk)

= Rg(
⋂

k∈F Rg−1Nk) = Rg(
⋂

k∈F AkMe) = Rg(
⋂

k∈F Ak)Me = {0}.
Hence, Mg is finitely cogenerated. The converse is obvious.
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