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Abstract. Let G be a group and g € G. Let R be a commutative G-graded ring and M
be a graded R-module. In this paper, we study some cases when R is strongly graded
ring and the component M, of M is multiplication R.-module. Also, we prove that if
R is strongly graded, then the components M, of M are multiplication R.-modules if
and only if the component M, is P-torsion or P-cyclic where P is a prime ideal of the
component R, of R.
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1. Introduction

A ring R with unity 1 graded by a group G will means that R = geq By where
R, is an additive subgroup of R and RyR;, C Ry, for all g, h € G. If the inclusion
is an equality, then the ring is called strongly graded. Clearly, R, is a subring of
R with 1 € R.. An R-module is said to be graded if M = @QEG M, for a family
of subgroups {M}seq of M such that RyM;, C M, for all g,h € G. Clearly,
M, is an R.-module for all ¢ € G. In a similar way, we define a strongly graded
module. The ring R is strongly graded if and only if every graded R-module is
strongly graded. For more details, we refer the readers to [4], as well as [6], and
the references therein.

If M is an R-module and N is an R-submodule of M, then the ideal
{r € R:rM C N} of R will be denoted by (N : M). An R-module M is
said to be multiplication module if for every R-submodule N of M, there exists
an ideal of R such that N = IM. Moreover, if N = I M for some ideal of R, then
N = (N : M)M. Given a ring R and a multiplicative subset S of R, the ring of
fractions ST'Ris {L : 7 € R,s € S}. For more details, we refer the readers to [1],
[2], [3], as well as [5], and the references therein.

Throughout this paper, unless stated otherwise, R is commutative nontrivially
graded ring.

2. Results
In this section, we introduce and prove the main results of the paper.
Theorem 2.1 Let R be a strongly G-graded ring and M be a torsion free graded

R-module. If M, is a multiplication R.-module and A is a proper ideal of R, such
that AM, = M., then M = {0}.



390 R. ABU-DAWWAS

Proof. Let g € G, v € M,. Then R;,1x is an R.-submodule of M,. Since
M, is multiplication R.-module, Rj-1x = BM, for some ideal B of R. and then
Ry1ox = BM, = BAM, = ABM, = AR,z = R;-1 Az and so Rex = Ax. Now,
r = 1l.o € R.x = Az and then there exists a € A such that (1—a)z = 0. Since M
is torsion free, either 1 = a or x =0. If 1 =a € A, then A = R, a contradiction.
So, x =0, i.e., M, = {0} for all ¢ € G and hence M = {0}. .

Theorem 2.2 Let R be a strongly G-graded ring and M be a graded R-module.
If M, is a multiplication R.-module and S is a multiplicative subset of R,., then
S~tM, is multiplication as an S~ R.-module for all g € G.

Proof. Let g € G and X be an S™' R.-submodule of S™'M,. Then X = S'N for
some R.-submodule N of M, and then R,-1 N is an R.-submodule of M, and it fol-
lows that R,~1N = AM, for some ideal A of R.. So, X = R.X = RgRgﬂS’lN =
R,S™'R,.«N = R,ST'AM, = S7'AR,M. = S7'AM, = S'AS~'M, where
S~1A is an ideal of ST'R, and this completes the proof. n

Given a prime ideal P of R., we consider the set
Tp(M.) ={m € M, : em = 0 for some ¢ € R, — P}.

It is easy to check that Tp(M,) is an R.-submodule of M,. If Tp(M.) = M.,
then we will say that M, is P-torsion. If there exists € M, and ¢ € R, — P such
that cM, C R.x, we will say that M, is P-cyclic. Now, we introduce the main
result of our paper:

Theorem 2.3 Let R be a strongly G-graded ring, and M be a graded R-module.
Then for g € G, M, is multiplication R.-module if and only if for every prime
tdeal P of R., either M, is P-torsion or P-cyclic.

Proof. Let g € G. Suppose that M, is multiplication R.-module and P is a
prime ideal of R.. Firstly, we consider the case in which PM, = M,. Let m € M,.
Then Rym is an R.-submodule of M, and then there exists an ideal A of R, such
that Rym = AM,. So, m = 1.m € Rem = R;-1Rym = Rj1AMy, = AR, M, =
AM, = APM, = APR,«M, = PR,-1AM, = PR,-1Rym = PR.m = R.Pm =
Pm and then there exists p € P such that (1 — p)m = 0 and it follows that
¢c=1—pé€ R, — P such that cm = 0 and therefore, M, = Tp(M,), i.e., M, is
P-torsion. Now, we consider that PM, # M,. Then there exists x € M, — PM,
and since R,z is an R.-submodule of M, there exists an ideal B of R, such that
Ryx = BM,. It B C P, then v = l.x € Rev = Rj-nRyx = Ryj-nBM, = BM, C
PM, a contradiction. Therefore, B ¢ P, then there exists ¢ € B — P such that
cM, = Rj-1cMy € Rg-1BMy = Ry Ryr = Rew, ie., M, is P-cyclic. Conversely,
let ¢ € G and N be an R.-submodule of M,. Suppose that A = (R,~1N : M,),
n € R;-1N and K = (AM, : R.n). Assume that K # R.. Then there exists
a maximal ideal P of R, containing K. If M, is P-torsion, then there exists
¢ € R, — P such that ¢cn = 0 and it follows that ¢ € K — P a contradiction. So,
M, is P-cyclic, i.e., there exists x € M, and ¢ € R, — P such that cM, C R.x.
Thus, Ry-1¢N is an R.-submodule of R.z, and then cN is R.-submodule of R,x
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but R,x is multiplication because it is cyclic, hence there exists J = (¢N : R,x)
such that ¢cN = Jz. It holds that

cJM, = JcM. C JR.x = JR;Ryv = Ry-n JRyx € Ry-1cN
=cRy N C R.Rj-1N =R;1 N

and hence, ¢J C A. Now, the element ¢?n € 2N = cJx C Ax C AM,. As
a result, ¢ € K C P which is a contradiction. It follows that K = R, and
then R, = (AM. : R,~1N) and therefore, R;-1N C (R;~1N : M,)M, and then
N C (N : My)M,. Since the other inclusion is always true, the proof ends. .

Corollary 2.4 Let R be a strongly G-graded ring, and M be a graded R-module.
Then for g € G, M, is multiplication R.-module if and only if for every prime
tdeal P of R., either M, is P-torsion or there exists an R.-submodule N of M,
and c € R, — P such that cM, C N.

Proof. To prove the sufficiency, let P be a prime ideal of R, and suppose that
M, is not P-torsion. Then by hypothesis, there exists ¢ € R, — P such that
cM, C N where N is an R.-submodule of M,. Since M, is not P-torsion, N is
not P-torsion. By Theorem 2.3, there exists x € N and r € R, — P such that
rN C Rex. Thus, erM, = rcM, CrN C R.x and so M, is P-cyclic and therefore,
by Theorem 2.3, M, is multiplication R.-module for any g € G. The necessity is
obvious by Theorem 2.3. n

Corollary 2.5 Let R be a strongly G-graded ring, and M be a graded R-module.
If M, is multiplication Re-module and Ann(M,) = {0}, then for g € G,

L Meex LeMy) = (Ngex Ie) My for every family Ii(k € K) of ideals of R..

2. if N is an R.-submodule of My and A is an ideal of R. such that N C AM,,
then there exists an ideal B of R, such that B C A and N C BM,.

Proof. 1. Let Iy(k € K) be a family of ideals of R.. We call I = (o Ik
Then it is always true that IM. C (\,cx([xMe). Let 2 € (\yex([xM.) and
H = (IM, : R.x). Suppose that H # R.. Then there exists a prime ideal P of R,
containing H. If © € Tp(M,), then we find an element in H — P, so x ¢ Tp(M.).
By Theorem 2.3, M, is P-cyclic and then there exists m € M, and c € R, — P
such that ¢cM, C R.m and so cx € ﬂkeK Ipym. It follows that, for every k € K,
there exists ay, € Ij such that cx = aym. Now, choose ky € K such that cx € I,;m
and then cx = ag,m. Hence ax,m = apm, i.e., (ag, — ax)m = 0 for every k € K.
We have, c(ay, — ap) M, = (ag, — ax)cM, C (ag, — ax)Rem = Re(ax, — ap)m =
{0}. Since Ann(M.) = {0}, c(ay, — ax) = 0. Hence, cay, = car € Iy for every
k € K. As a consequence, cag, € I and then Ar = cag,m € IM, and so
¢ € H C P a contradiction. So, H = R, and hence z € IM,. Now, let g € G.
Then (Ve (M) = Mpex(UnBgMe) = Rg(Vyeg(InMe) = Ro(Mpeg Le)Me =
(Meex Ie)BgMe = (Nyex Lr)My.

2. Let g € G, N be an R.-submodule of M, and A be an ideal of R, such that
N Cc AM,. Then R,~1N is an R.-submodule of M, such that R,-«N C AM,.
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Since M, is multiplication, R, N = CM, for some ideal C' of R, and then
N = CM,. So, N = AM,NCM, = (A(\C)M, by using (1). Hence, choose
B=ANC. .

An R-module M is said to be finitely cogenerated if for every non-empty
family of R-submodules Ny(k € K) of M such that (), Ny = {0}, there exists
a finite subset F' of K such that (),.r Nix = {0}. A ring R is said to be finitely
cogenerated if it is finitely cogenerated as an R-module. We close the paper with
the following result:

Theorem 2.6 Let R be a strongly G-graded ring, and M be a graded R-module.
If M, is multiplication R.-module and Ann(M.) = {0}, then M. is finitely co-
generated R.-module if and only if M, is finitely cogenerated R.-module for all
g€ G.

Proof. Suppose that M, is finitely cogenerated R.-module. Firstly, we prove that
R, is finitely cogenerated. Let Ix(k € K) be a non-empty family of ideals of R,
such that (., Ix = {0}. Then by Corollary 2.5, (. ({xM.) = {0}. Since M, is
finitely cogenerated, there exists a finite subset F' of K such that (1, ., Iz M. = {0}
and then by Corollary 2.5, ((ycp Ix)Me = {0}. Since Ann(M,) = {0}, ﬂkeF Iy =
{0}. Therefore, R, is finitely cogenerated Now, let g € G and Ni(k € K) be
a non-empty family of R.-submodules of M, such that (), Ny = {0}. Then
R, 1Ny(k € K) are R.-submodules of M, and then for £ € K, there exists
an ideal Ay of R, such that R,-1 Ny, = ApM,, it is clear that ([, o Ax)M. =

mkeK(Ak ) = ﬂkeK 1N = Ry (Ve Ne = {0}. Since Ann(M.) = {0},
Mier Ax = {0} and smce R, is finitely cogenerated, there exists a finite subset F’

of K such that (,cp Ar = {0} and then
ﬂkeF Ni = Re(ﬂkeF Ni) = RyR, _1(ﬂkeF Nk)
Ry(mkeF Rg—lNk) (mkeF ApMe) = (ﬂkeF ) e — {O}

Hence, M, is finitely cogenerated. The converse is obvious. u
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