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Introduction

Molodtsov in 1999 [1], introduced the fundamental concept of soft set which provides a
natural frame work for generalization of several basic notions of algebra such as groups
[2], [3], semirings [4], rings [5], BCK/BCl-algebras [6], [7], [8], BL-algebras [9], near-rings
[10], [28], and soft substructures and union soft substructures [12], [13], and some other
structures such as [14], [15], [16], [17].

Many related concepts with soft sets, especially soft sets operations, have also
undergone tremendous studies. Maji et al. [18], presented some definitions on soft sets
and based on the analysis of several operations on soft sets Ali et al. [19], introduced
several operations on soft sets and Sezgin and Atagun [20], and Ali et al. [21], studied
on soft sets as well.

Nowadays the theory of soft sets and its applications has been rapidly growing.
These applications are used in various fields such as computer science and in soft decision
making as in the following studies [24], [25], [26], [27], [28].
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The concept of Abel-Grassmann’s Groupoids (AG-groupoids) [32], was first given
by M.A. Kazim and M. Naseeruddin in 1972.
An AG-groupoid is a groupoid having the left invertive law

(1) (ab)c = (cb)a, for all a, b, ¢, € S.

An AG-groupoid is a non-associative and non-commutative algebraic structure mid way
between a groupoid and a commutative semigroup, nevertheless, it posses many in-
teresting properties which we usually find in associative and commutative algebraic
structures. The left identity in an AG-groupoid if exists is unique [33].

In an AG-groupoid, the medial law [32], holds

(2) (ab)(cd) = (ac)(bd), for all a, b, ¢, d € S.
In an AG-groupoid S with left identity, the paramedial law [33] holds
(3) (ab)(cd) = (dc)(ba), for all a,b,c,d € S.

If an AG-groupoid contains a left identity, then by using medial law, the following law
[33] holds

(4) a(bec) = b(ac), for all a, b, c € S.

The purpose of this paper, we have a new approach to the ordered AG-groupoid
theory via soft set theory with the concept of soft intersection AG-groupoids and soft
intersection AG-ideals. The paper is organized as follows: First we remind some basic
definitions about ordered AG-groupoids, soft sets, soft intersection product and soft
characteristic function, soft intersection ordered .AG-groupoid left (right, two-sided)
ideal, (generalized) bi-ideals, interior ideal, quasi-ideal and soft semiprime ideals in
ordered AG-groupoids. Also we have shown that all these ideals coincide in intra-regular
ordered AG-groupoids with left identity. In the following sections intra-regular ordered
AG-groupoids are characterized by the properties of these soft intersection ideals.

Preliminary notes
In this section, we recall some basic notions and results on ordered AG-groupoids.

Definition 1 [35] An ordered AG-groupoid S (po-AG-groupoid) is a structure (S, -, <)
in which the following conditions hold:

(i) (S,-) is an AG-groupoid.
(ii) (S, <) is a poset. (Reflexive, anti symmetric and transitive)
(i) a <b= ax < br and za < xb, ¥ a,b,x € S.

Example 1 Let S = {a,b,c} be an AG-groupoid with the following multiplication
table.
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Then, S is an ordered AG-groupoid with the following two orders:
<= {(a,0), (5,5), (¢, ), (c; @), (¢, b)}
f;F: {(a,a),(b,b),(c,c),(a,c),(a,b)}

Let (S,-, <) be an ordered AG-groupoid. A fuzzy subset or a fuzzy set f of a
non-empty set S is an arbitrary mapping f : S — [0, 1], where [0, 1] is the unit segment
of real line. A fuzzy subset f is a class of objects with a grades of membership having

the form f = {(s, f(s)) /s € S}.
Let f and g be any two fuzzy subsets of (S, -, <). Then, the product of f and g is

defined as:

(fog)(x) =

r<yz

V {fly) Ag(z)} if Fy,ze S such that x < yz,
0 otherwise.

The order relation C between any two fuzzy subsets f and g of (S, -, <) is defined as:

f Cgif and only if f(a) < g(a) Va € S.

We define the symbols f A g and fV g, which will means the following fuzzy subsets of
an ordered .AG-groupoid (S, -, <)

(f AN g)(a) =min{f(a),g(a)} for all a € S.
(fVg)(a) =max{f(a),g(a)} for all a € S.

Let A be a non-empty subset of an ordered AG-groupoid (S, -, <), then
(A]={te S|t<a, for some ac A}.

For A = {a}, we usually written as (a] .

For further information about AG-groupoids ordered AG-groupoids and fuzzy AG-
groupoids, we invite the reader to [35], [36], [37], [38]. A semilattice is a structure
where ”-” is an infix binary operation, called semilattice operation, such that ”-” is
commutative, associative and idempotent. From now on, U refers to an initial universe,
E is a set of parameters, P(U) is the power set of U and A, B are the subsets of E.

Definition 2 ([23,1)] A soft set f4 over U is defined by
fa: E — P(U) such that fa(x) =¢ if z ¢ A.

Here, f4 is also called approximate function. A soft set over U can be represented by
the set of ordered pair

fa={(x,fa):2 € E, fa(z) € P(U)}.

Clearly, we see that a soft set is a parametrized family of subsets of set U. Note
that throughout this paper S(U) will denote the set of all soft sets over U.

Definition 3 [23] Let f4 and fp € S(U). Then, f4 is called a soft subset of fp and
denoted by f4 C fp if and only if f4 < fgV x € F.
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Definition 4 [23] Let f4 and fp € S(U). Then, the union of f4 and fg, denoted by
faU fp, is defined as f4 U fp = faup, where faup(z) = fa(x)V fp(x) V z € E.

Definition 5 [23] Let f4 and fp € S(U). Then, the intersection of f4 and fp, denoted
by fan fg, is defined as fa N fp = fanp, where fanp(z) = fa(x)A f(z)V z € E.

Definition 6 Let f4 and fp € S(U). Then, the product of f4 and fp, denoted by
fa©fp,isdefined as f4aO fp = faop, where faop(z,y) = fa(z)A fB(y)V (2,y) € EXE.

Definition 7 Let S be an ordered AG-groupoid and f4 and fp be soft sets over the
common universe set U. Then, the soft intersection product fa o fp is defined by

V {faly) A fe(2)} if y,z€ S such that z < yz,
(fao fB)(z) = { =

10} otherwise,

forall z € S.

Theorem 1 [39] Let fa, fB, fo € S(U). Then,

(i) (fao fB)o fo = fao( fpo fc).
(i) fao( feU fc) = (faofp)U(facfc) and ( faUfB)o fo = (faofe)U(fpofc).
(iti) fao( fBN fo) = (faofe)N(faofc) and ( fan fp)ofc = (faofc)N(fro fo).
(iv) if fa € fB, then fao fo C fpo fo and fco fa C foo fB.
(v) Ifta,tp € S(U) such thatty C fa andtp C fp, thentgotp C fao fB.

Proposition 1 [39] Let S be an ordered AG-groupoid. Then, the medial law holds in
S(S).

Theorem 2 [39] Let S be an ordered AG-groupoid with left identity and fa, fg, fc€S(S).
Then, the following properties hold in S(S) :

(i) fao( fpo fo)= feo( fao fc).
(ii) (fao fB)o(fco fp)= (fpofc)o(fpo fa)

Definition 8 [39] Let X be a subst of S. We denote by Sy, the soft characteristic
function of X and define as

U, ifzxelX,
SX(x)_{ ¢, ifzéX.

Lemma 1 [35] In an ordered AG-groupoid S, the following are true.
C(A],YACS.
(11 ACBCGE= (A]C(B],VABCS.
(B]C (AB],VY A,BCS.
— (A, Y ACS.
(A](B]] = (AB],V A,B C S.
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Theorem 3 Let S be an ordered AG-groupoid and X,Y be non-empty subsets of X.
Then, the following properties hold:

(i) If X CY, then Sx C Sy.
(i) Sx NSy = Sxny, Sx USy = Sxuy.-

Proof. (i) It is obvious.
(ii)) Let x € S. If z € X NY, then z € X and x € Y. Thus, we have

(SX ﬂSy)(l‘) = Sx(x) ﬂSy(l’) =U= Sme(ac).
Ifx¢ XNY, then x ¢ X or x ¢ Y. Hence, we have
(SX ﬁSy)(:E) = Sx(x) ﬂSy(m) =¢ = Sme(:L‘).

Therefore, Sx NSy = Sxny-

Similarly, we can show that Sx USy = Sxuy.

(iii) For any z € S. Let x € XY. Then, there exist y € X and z € Y such that
x < yz. Thus, we have

(SXOSY \/ {SX ﬁSy )} QSX(y)ﬂSy(Z) =U,

r<yz

and so (Sx o Sy)(w) = U. Since x € XY, we get Sxy)(z) = U. Suppose z ¢ XY. Then,
z & yz for any y € X and z € Y. If < yz for some y,z € S, then y ¢ X or z ¢ Y.
Hence

(Sx o Sy)(z \/{SX )N Sy (2)} = ¢ = Sxy(T).

r<yz

If © £ yz for all z,y € S, then

(Sx o Sy)(x) = ¢ = S(xv(@).

In any case, we have Sx o Sy = S(xy)- n

Definition 9 Let S be an ordered AG-groupoid and f4 be a soft set over U. Then, f4
is called soft intersection ordered AG-groupoid of S, if

falzy) > fa(z) A fa(y) for all z,y € S.

Definition 10 Let S be an ordered AG-groupoid and f4 be a soft set over U. Then,
fa is called soft intersection left (right) ideal of Sif

(i) 2 <y= fa(z) > faly) Vz,y € S.

(i) fa(zy) > faly) (falzy) > fa(z)) YV z,y € S.

A soft set over U is called a soft intersection two-sided ideal (soft intersection ideal)
of S, if it is both soft intersection left and soft intersection right ideal of S over U.
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Definition 11 A soft intersection ordered AG-groupoid fa over U is called a soft in-
tersection bi-ideal of S over U if

(i) 2 <y= falz)> faly) Va,yes.

(i) fa((zy)z) = fa(@) A fa(z) ¥V @,y,2 € S.

Definition 12 A soft set f4 over U is called a soft intersection interior ideal of S over
U, if

(i) 2 <y= fa(z) > faly) Va,y €S
(i) fa((zy)z) > faly) YV z,y,z € S.

Definition 13 A soft set fa over U is called a soft intersection generalized bi-ideal of
S over U, if

(i) e <y= falz)> faly) Va,yesS.

(ii) fa((zy)z) = fa(@) A fa(z) V z,y,2 € 5.

Now, throughout this paper, soft intersection ordered AG-groupoid soft intersection
left (right, two-sided, interior, quasi-, generalized bi-) ideal are abbreviated by SI-
ordered AG-groupoid, SI-right (left, two-sided, interior, quasi-, generalized bi-) ideal
respectively.

It is easy to show that fa(z) =U V x € S, then f4 is an ST-ordered .AG-groupoid
(right ideal, left ideal, interior ideal, quasi-ideal, generalized bi-ideal) of S over U. We
denote such type of SI-ordered AG-groupoid (right ideal, left ideal, interior ideal, quasi-
ideal, generalized bi-ideal) by S [39].

Definition 14 A soft set fa over U is called soft intersection quasi-ideal of S over U if

Fa(faoS)A(So fa) < fa

Lemma 2 [39] Let fq be any SI-ordered AG-groupoid over U. Then, we have the
following:

(i) SoSCS.
(ii) on§g§and§ofA£§.
(i) fAUS =S8 and fanS=38.

Theorem 4 [39] Let X be a nonempty subset of an ordered AG-groupoid S. Then, X
is left ( right, two-sided, bi-, interior, quasi-, generalized bi-) ideal of S if and only if
Sx is an SI-left (left, right, two-sided, bi-, interior, quasi-, generalized bi-) ideal of S.

Proposition 2 [39] Let fa be a soft set over U. Then,
(i) fa is an SI-ordered AG-groupoid over U if fao fa C fa
(ii) fa is an SI-left (right) ideal of S over U if and only if So fa C fa(faoS) C fa.
(iii) fa is an SI-bi-ideal of S over U if and only if fao fa C fa and faoSo fa C fa.
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(iv) fa is an SI-interior ideal of S over U if and only if So fa 08 C fa.

(v) fa is an SI-generalized bi-ideal of S over U if and only if fa o So fa C fa.

Theorem 5 [39] Every SI-left (right, two-sided) ideal of an ordered AG-groupoid S
over U is an SI-bi-ideal of S.

Proposition 3 [39] For an ordered AG-groupoid S, the following conditions are equi-
valent:

(i) Every SI-ideal of an ordered AG-groupoid S over U is an SI-interior ideal of S
over U.

(ii) Ewvery SI-quasi-ideal of an ordered AG-groupoid S is an SI-ordered AG-groupoid
of S.

(iii) Fwvery one sided S1-ideal of S is an SI-quasi-ideal of S.

(iv) Ewvery SI-quasi-ideal of S is an SI-bi-ideal of S.

Characterizations of intra-regular ordered AG-groupoids

In this section, we characterize an intra-regular ordered AG-groupoids in terms of SI-
ideals. An ordered AG-groupoid S is called intra-regular if for every a € S there exist
elements x,y € S such that

a < (za®)y

Example 2 Let us consider an AG-groupoid S with left identity e defined in the fol-
lowing multiplication table.

a b ¢ d e
ale a b ¢ d
b|ld e a b c
cle d e a b
d|b ¢ e d a
ela b ¢ d e

Then, S is an ordered AG-groupoid with the following order:

<= {(a,a), (a.b), (c,). (a,), (d. d), (a,e), (c, ), (b,b)}.

Note that S is an intra-regular ordered AG-groupoid. Indeed for every a € S there exist
elements z,y € S such that a < (za?)y.

Proposition 4 Let S be an intra-reqular ordered AG-groupoid and fa be a soft set of
S. Then, fa is an SI-right ideal if and only if it is an SI-left ideal.
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Proof. Suppose that fa is an ST-right ideal of S. Since S is intra-regular, so for each
a € S there exist elements z,y € S such that a < (za?)y. So, by using (1),

fa(ab) > fa((za®)y)b) = fa((by)(za®)) > fa(by) > fa(b)
Thus, f4 is an SI-left ideal of S.
Conversely, suppose that fa is an SI-left ideal of S. Then, by using (1), we have
fa(ab) > fa((za®)y)b) = fa((by)(za®)) > fa(za®) > fa(a®) > fa(a).
Thus, f4 is an ST-right ideal of S. "

Proposition 5 Fvery SI-two-sided ideal of an intra-reqular ordered AG-groupoid with
left identity is idempotent.

Proof. Let f4 be an SI-two sided ideal of S. Then,

faofaCfao8C fa.
Since S is intra-regular, so for each a € S there exist elements x,y € S such that
a < (za?)y. So,
a < (az®)y = (z(aa))y = (y(za))a.

Thus, we have

(facfa)@) =\ {fa(y(za)) A fa(a)}

a<(y(za))a
> fa(y(za)) A fa(a)
> fala) A fa(a)
= fa(a).

Hence, fao fa = fa. n

Corollary 1 FEwvery SI-left ideal of an ordered AG-groupoid S with left identity is idem-
potent.

Proposition 6 Let S be an intra-reqular ordered AG-groupoid with left identity. Then,
fa= (go fa)? for all SI-left ideals f4 of S.

Proof. Let S be an intra-regular ordered AG-groupoid with left identity and fa be
any SI-left ideal of S. Then, So fa € fa and since So fa is an SI-left ideal of S| it is
idempotent. Thus,

(Sofa)?=8ofaC fa
Moreover, B ~
fa=faofaC 8o fa=(Sofa)
This implies that, f4 = (go fa)2 =

Theorem 6 The following conditions are equivalent for an ordered AG-groupoid S with
left identity:
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(i) fa is an SI-ideal of S.
(ii) fa is an SI-bi-ideal of S.
Proof. (i) = (ii) : Follows from Theorem 5.

(ii) = (i) : Let fa be an SI-bi-ideal of S. Since S is intra-regular, so for each

a,b € S there exist u,v € S such that a < (za?)y and b < (ub?)v. So,

fa(ab) > fA((( )y) ) = fa((by)(za®)) = fa((a’z)(yb))
((yb)

and

Hence, f4 is an SI-ideal of S.

Corollary 2 Let S be an ordered AG-groupoid with left identity. Then, an SI-right

ideal of S is an SI-bi-ideal of S.

Proposition 7 For a soft set fa of an ordered AG-groupoid with left identity, the

following conditions are equivalent:
(1) fa is an SI-ideal of S.
(ii) fa is an SI-interior ideal of S.
Proof. (i) = (ii) : It is easy.

(ii) = (i) : Suppose that (i7) holds. Let S be an intra-regular ordered .AG-groupoid
with left identity. Then, for any a,b € S there exist x,y,u,v € S such that a < (za?)y

and b < (ub?)v. Since f4 is an SI-interior ideal of S, we have

fa(ab) = fa (((wa®)y)b) = fa (((by)(xa®)) = fa ((by)(z(aa)))
= fa ((by)(a(za))) = fa ((ba)(y(za))) = fa (a)
and
fa (ab) > (a((ub®)v)) =
= fa ((va)((ub)b)
Hence, fa is an SI-ideal of S.

fa ((ub?)(av)) = fa ((b(ub))(av))
) = fa ((ub)((va)b)) = fa (b).
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Proposition 8 Let f4 be a soft set of an intra-regular ordered AG-groupoid S with left
identity. Then, the following conditions are equivalent:

(1) fa is an SI-bi-ideal of S.
(ii) fa s an SI-generalized bi-ideal of S.
Proof. (i) = (ii) : It is easy.

(ii) = (i) : Suppose that (i7) holds. Let a be any element of an intra-regular ordered
AG-groupoid S. Then, there exist x,y € S such that a < (za?)y. Thus, we have

fa (ab) = fa (((za*)y)b) = fa (((xa®)(ey)b) = fa (((ye)(a’x))b)

= fa ((a*((ye)z))b) = fa (((aa)((ye)z))b) = fa (((x(ye)(aa))b)
= fa ((a((ye))a))b) = fa (a) A fa (D).
Hence, fa is an SI-bi-ideal of S. "

Proposition 9 Let S be an intra-reqular ordered AG-groupoid S with left identity and
fa be a soft set of S. Then, the following conditions are equivalent:

(i) fa is an SI-ideal of S.
(ii) fa s an SI-quasi-ideal of S.
Proof. (i) = (ii) : It is easy.

(ii) = (i) : Suppose that (ii) holds. Since S is intra-regular so for any element
a € S there exist x,y € S such that a < (za?)y. Thus, we have

a < (za®)y = (za®)(ey) = (ve)(a’y) = a*((we)y)
= ((aa)((ze)y) = (ya)((ze)a) = (y(ze))(aa) = a((y((ze))a).

Also, N o L

Sofa =(S0S8)ofa =(fa 08)oS.
Therefore,

(Sofa)a)=((fa 08)oS)a)= \/  {(fa 28)(a) AS((y((ze))a)}
a<a((y((ze))a)
> (fa o S)(a).

Therefore,

fa oSC(fao8S)N(Sofa)C fa

Thus, fa is an SI-right ideal of S. Now by proposition 4, f4 is an SI-left ideal of S.
Hence f4 is an SI-ideal of S. "

Theorem 7 For a soft set fo of an intra-regular ordered AG-groupoid S with left
identity, the following conditions are equivalent:

(i) fa is an SI-right ideal of S.
(ii) fa s an SI-left ideal of S.
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fa is an SI-ideal of S.
(iv) fa is an SI-bi-ideal of S.

fa is an SI-interior ideal of S.

)
)
(v) fa is an SI-generalized bi-ideal of S.
)
(vii) fa is an SI-quasi-ideal of S.

Definition 15 A soft set f4 over U is called soft semiprime” if
fa (a) > fa (a®) for all a € S.

Theorem 8 For a non-empty set A of an intra-reqular ordered AG-groupoid S, the
following conditions are equivalent:

(i) A is semiprime.

(ii) The soft characteristic function Sa of A is soft semiprime’ .

Proof. Suppose that (i) holds. Let a be any arbitrary element of S. We need to show
that Sa(a) > Sa(a?) for all @ € S. Now if a? € A, then since A is semiprime, so a € A.
Thus,

Sa(a) = U = Sy(d?).
If a®> ¢ A, then

Sa(a) > ¢ = Sa(a?).
In both cases we see that, Sy(a) > Sa(a?) for all a € S. Thus Sy is soft semiprime”.
Hence, (i) = (i1).

Conversely, suppose that (ii) holds. Let a? € A. Since Su is soft semiprime”, we

have
Sa(a) > SA((I2) =U.

This implies that, Sa(a) = U and a € A. Thus, A is semiprime. Hence, (ii) = (i). =

Theorem 9 For any SI-ordered AG-groupoid fa, the following conditions are equiva-
lent:

(1) fa is soft semiprime”.
(i) fa(a) = fa(a®) for alla € S.

Proof. (ii) = (i) : It is easy.
(i) = (ii) : Let a € S be any element of S. Since f4 is an SI-ordered AG-groupoid,
we have

fala) = fa(a®) = fa(aa) > fa(a) A fa(a) = fa(a)
So, fa(a?) = fa(a). Hence, (i) = (i1). .

Proposition 10 In an intra-reqular ordered AG-groupoid S, every SI-interior ideal of
S is a soft semiprime’.
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Proof. Let f4 be any SI-interior ideal of S and a € S. Since S is intra-regular, there
exist elements z,y € S such that a < (ra?)y. Thus, we have

fa(ab) > fa((za®)y) > fa(a®).
Hence, f4 is soft semiprime. "
Theorem 10 Let S be an ordered AG-groupoid with left identity. Then, the following
conditions are equivalent:
(i) S is intra-regular.

(il) LN R C (LR] for every left ideal L and for every right ideal R of S and R is
semiprime.

(iii) fanN fp C fao fp for every SI-left ideal f4 and for every SI-right ideal fp of S
and SI-right ideal fg is soft semiprime”.

Proof. (i) = (iii) : Let f4 and fp be any SI-left ideal and SI-right ideal of S,
respectively and a be any element of S. Since S is intra-regular, there exist x,y € S
such that a < (za?)y. Thus,

a < (za®)y = (a(za))y = (y(za))a = (y(za))(ea)
= (ye)((za)a) = (za)((ye)a) = (za)((ye)a) = (za)((ae)y).
Thus, we have
(faofe)a) =\  {fa(za) A fp((ae)y)}
a<(za)((ae)y)

> fala) A [

= (fan fp)(a).
Thus, fao fg 2 faN fp, and

f5(0) > fa((za®)y) = fa((2a®)(ey)) = fo((ye) (@) = fa(a®((ye)z))) > fn(a?).

Hence, fp is soft semiprime”.

(iii) = (ii) : Let L and R be any left and right ideal of S. Then Sy, and Si are
S1-left and SI-right ideal of S, respectively. Let a € L N R. Then, a € L and a € R, so
by assumption, we have

U= SL(’]R(CL) = (SL NSgr )(a) D) (SL oSk )(a) = S(LR](G)-

Thus, L N R C (LR]. By our assumption, the soft characteristic function S is soft
semiprime”, and so, by Theorem 8, R is semiprime.

(ii) = (i) : Clearly, (Sa] and (a%9] are left and right ideals of S such that a €(Sa]
and a? € (a%S]. Since by assumption, (a?S] is semiprime, therefore, a € (a2S]. Now by
using Lemma 1 and (1), (2),(3) and (4), we have

a € (a®S) N (Sa] = ((a®S](Sal] € ((a*S)(Sa)] = ((aS)(Sa?)]
= (((Sa®)S)a] = (((Sa®)(eS))a] C (((Sa*)(SS))a]
= ((($9)(a?5))a] = ((a*(($9)8))a] € ((a*S)S]
= ((59)(aa)] = ((aa)(5S)] € ((aa)S] = ((Sa)d]
C ((Sa)(a*5)] = (((a*S)a)S] = (((aS)a®)S] C ((Sa*)$].

This shows that there exist x,y € S, such that a < (za?)y. Hence, S is intra-regular. m
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Theorem 11 Let S be an ordered AG-groupoid with left identity. Then, the following
conditions are equivalent:

(i) S is intra-regular.

(il) RN L = (RL] for every left ideal L and for every right ideal R of S and R is
semiprime.

Theorem 12 The following conditions are equivalent for an ordered AG-groupoid S
with left identity.

(i) S is intra-regular.

(ii) fanfs C fao fB, for every SI-right ideal fao and for every SI-left ideal fp of S
and fa is soft semiprime”.

Proof. (i) = (ii) : Let f4 be any SI-right ideal and f4 be any SI-left ideal of S with
left identity. Then, we have

faofe C fan fa.

Since S is right-regular, for each a € S there exist x,y € G such that a < (za?)y. Thus,

a < (za®)y = (z(aa))y = (a(za))y = (y(za))a = ((ey)(za))a = ((az)(ye))a.

Hence,

(faofe)a)= \/  {fa((az)(ye)) A fo(a)}
a<((az)(ye))a
> {fa((az)(ye)) A fp(a)}
> fa(a) A fB(a)
= (fan fB)(a).

Thus, faN fe C fao [B.
Moreover,

faa) = fal(za®)y) = fa((za®)(ey)) = fal(ye)(a®x)) = fa(a®((ye)z)) > fa(a?).

Hence, f4 is a soft semiprime.

(ii) = (i) : Let R be any right ideal and L be any left ideal of S. Then, Sy, and
Sp are SI-left ideal and SI-right ideal of S.Let a € RN L. Then, a € R and a € L. So,
by assumption, we have

U= SRmL(a) = (SR ﬂSL)(a) = (SROSL)(Q) = (S(R”(a).

Thus, RN L C (RL] and clearly (RL] C RN L. Thus (RL] = RN L. Hence, S is intra-
regular by Theorem 11. Moreover, by assumption, the soft characteristic function Sg
is soft semiprime”, and so R is semiprime by Theorem 8. This complete the proof. =

Corollary 3 For an ordered AG-groupoid S with left identity, fa N fp = fao fp for
every SI-Ideals fao and fg of S.
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Proposition 11 Let fy and fg be SI-left (right, two-sided) ideal of an ordered AG-
groupoid S with left identity. Then, fa o fp is an SI-left (right, two-sided) ideal of S
over U.

Theorem 13 Let S be an intra-regular ordered AG-groupoid with left identity. Then,
the set of all SI-ideals of S forms a samilattice structure with identity S.

Proof. Let Ig be the set of all SI-ideals of an ordered AG-groupoid S and f4, fp and
fo € Ig. Clearly Ig is closed by Proposition 11. Moreover, by Proposition 5, we have
fa = (fa)? and by Corollary 3, fa o fg = fa N fp, where f4 and fp are SI—ideals.
Obviously, fa o fg = fp o fa. Moreover by using (1),

(fao fp)o fo=fco(fpofa)

Also by using (1) and Proposition 11,
fao8=(faofa)oS=(Sofa)ofa=faofa=fa
This complete the proof. "

Theorem 14 Let S be an ordered AG-groupoid with left identity. Then, the following
conditions are equivalent:

(i) S is intra-regular.

(ii) fanfs C fao fp for every SI-right ideal fa and every SI-left ideal fp of S and
SI-right ideal fa is soft semiprime’.

(iii) fanNfp C fao fp for every SI-right ideal fo and every SI-bi- ideal (SI-quasi-
ideal) fp of S and SI-right ideal fa is soft semiprime”.

Proof. It is obvious that (i) = (iii) and (iii) = (ii).
(ii) = (i) follows from Theorem 12. "

Theorem 15 Let S be an ordered AG-groupoid with left identity. Then, the following
conditions are equivalent:

(i) S is intra-regular.

(il) fanfp C(faofp)o fa for every SI-right ideal fa and every SI-left ideal fp of
S and SI-right ideal f4 is soft semiprime’.

(iii) fanfe C (fao fB)o fa for every SI-right ideal fao and every SI-bi- ideal fp of
S and SI-right ideal fa is soft semiprime’.

Proof. (i) = (iii) : Suppose S is intra-regular. Let f4 and fp be any SI-right and SI-
bi-ideal of S, respectively. Since S is intra-regular, for each a € .S, there exist x,y € S
such that a < (za?)y. Thus,

a < (za®)y = (a(za))y = (y(za))a = (y(z(xa®)y))a
= (y((za®)(zy)))a = ((za®)(y(zy)))a
= ((z(aa))(y(zy)))a = ((a(za))(y(zy)))a
= (((y(zy)(za))a)a = (((az((zy)y))a)a
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Thus, we have

((fao f)o fala)) = V {fa((az((zy)y)) A fB(a) A fala)}
a<(((az((zy)y))a)a

> fal(ax((zy)y)) A fa(a) A fala)
> fala) A fB(a) A fa(a)
= (fan fB)(a).

Thus, fan fB € (fao fB)o fa.

Moreover,

fa(a) > fa((za®)y) = fa((za®)(ey)) = fa((ye)(a®x)) = fa(a®((ye)x)) > fa(a®).
Hence, f4 is a soft semiprime”.
(iii) = (ii) : It is obvious.

(ii) = (i) : Suppose f4 and fp be any SI-right and SI-left ideal of S, respectively.
Then, by our assumption, we have

fENfa=fanfs C(faofp)ofaC(Sofp)ofaC faofa

Hence, by Theorem 10, S is intra-regular. "

Conclusions

Order theory is a branch of Mathematics which investigates our intuitive notion of order
using binary relations. It provides a formal framework for describing statements such as
”this is less than that” or ”this precedes that”. The study of an algebraic structure using
the order theory plays a prominent role in Mathematics with wide ranging applications
in many disciplines such as control engineering, computer arithmetics, coding theory,
sequential machines and formal languages.

In this paper, we first remind the concept of soft intersection left (right, two-sided)
ideals, generalized bi-ideals, interior ideals quasi-ideals of an ordered AG-groupoid. We
then show that all these ideals coincide in intra-regular ordered AG-groupoid with left
identity. Moreover, we characterize intra-regular ordered AG-groupoid by the proper-
ties of soft intersection ideals. We are of the opinion that some results in this paper
have already constituted a foundation for further investigation related with further de-
velopment of ordered AG-groupoids. In the following study of soft intersection ordered
AG-groupoids, applying soft intersection ordered AG-groupoid to some applied fields,
such as decision making, data analysis and forecasting and so on are worth to be con-
sidered.
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