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1. Introduction

Let B(H) denote the C*- algebra of all bounded linear operators on a complex
Hilbert space H with inner product (-,-). For A € B(H), let w(A) and || A||
denote the numerical radius and the usual operator norm of A, respectively. It is
well known that w(-) defines a norm on B(H), which is equivalent to the usual
operator norm || - ||. In fact, for every A € B(H),

(1) AL < w(4) < ).

The inequalities in (1.1) are sharp. The first inequality becomes an equality
if A2 = 0. The second inequality becomes an equality if A is normal. For basic
properties of the numerical radius, we refer to [4] and [6]. The inequalities in (1.1)
have been improved considerably by Kittaneh. It has been shown in [10] and [11],
respectively, that if A € B(H), then

1 % 1 PITES
(1.2) w(A4) < AL+ 140 < 5 (1Al + 14%02).
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where |A] = (4*A)z is the absolute value of A, and
1 1
(1.3) AT A+ Ax| <w?(A) < FllATA + A4

The inequalities in (1.2), which refine the second inequality in (1.1), have
been utilized in [10] to derive an estimate for the numerical radius of the Frobenius
companion matrix. Such an estimate can be employed to give new bounds for the
zeros of polynomials (see, e.g., [9],[10], and references therein).

If A= B +iC is the Cartesian decomposition of A, then B and C are self-
adjoint, and A*A + AA* = 2(B% + C?). Thus, the inequalities in (1.3) can be
written as ]

(1.4) 3 1B+ C* < w*(4) <[ B>+ C7 .

The purpose of this paper is to establish a general inequalities involving pow-
ers of the numerical radii for the off-diagonal parts of 2 X 2 operator matrices that
are based on the classical convexity inequalities for nonnegative real numbers and
some operator inequalities.

Other recent numerical radius inequalities have been obtained by Dragomir
[3], El-Haddad [5], and Yamazaki [12]. The inequalities in [3] are related to the
Euclidean radius of two Hilbert space operators, the inequalities in [5] involving
powers of the numerical radii for Hilbert space operators, and those in [12] involve
the Aluthge transform.

2. Main results

To prove our generalized numerical radius inequalities for the off-diagonal parts of
2 X 2 operator matrices, we need several well known lemmas. The first lemma is
a simple consequence of the classical Jensen’s inequality concerning the convexity
or the concavity of certain power functions. It is a special case of Schlomilch’s
inequality for weighted means of nonnegative real numbers (see, e.g., [7, p. 26]).

Lemma 2.1 For a,b>0, 0<a<1, and 0, let M,(a,b,a)=(aa"+(1—a)b")* and
let Mo(a,b,a) = a®b*=. Then

M,.(a,b,a) < My(a,b,a)  for r <s.

The second lemma is another application of Jensen’s inequality (see. e.g.,
(7, p. 28]).

Lemma 2.2 For a,b >0, and r > 0, let N,(a,b) = (a" + b”)%. Then
Ns(a,b) < N.(a,b) for s>r>Q0.

The third lemma follows from the spectral theorem for positive operators and
Jensen’s inequality (see, e.g., [8]).
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Lemma 2.3 Let A € B(H) be positive, and let x € H be any unit vector. Then
(a) (Az,x)" < (A"x,x) for r>1.
(b) (A'x,x) < (Ax,z)" for 0<r<1

The fourth lemma is an immediate consequence of the spectral theorem for
self-adjoint operators. For generalizations of this lemma, we refer to [§].

Lemma 2.4 Let A € B(H) be self-adjoint, and let x € H be any vector. Then
| (Az,z) |< (| A| z,2).

The fifth lemma is a generalized for the mixed Schwarz inequality which has
been proved by Kittaneh [8].

Lemma 2.5 Let T be an operator in B(H) and let f and g be nonnegative func-
tions on [0,00) which are continuous and satisfying the relation f(t)g(t) =t for

allt € [0,00). Then

| T,y I AT DIl g (TNl forall zyeH.

The sixth lemma contains two parts. Part (a) is well known and can be found
in [2, p. 10]. Part (b) is also known and can be found in [1].

Lemma 2.6 Let X,Y € B(H). Then

Wel] 3 ]) = teroem).

(b) w ( X v D — max {w(X + V), w(X = Y)} .

(7]

Our first result is a generalization of the first inequality in (1.2).

In particular,

Theorem 2.7 Let S = [ g g be a 2 X 2 operator matriz in B(H, @ H,), and
let f and g be nonnegative functions on [0,00) which are continuous and satisfying

the relation f(t)g(t) =t for allt € [0,00), and r > 1. Then

(2.1)  W'(5) < ;maX{Hf”(IC D+ (B DILILF (B D + g™ (1 DI
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A
€2
Lemma 2.1, and Lemma 2.3(a) we have

Proof. For every unit vector X = ) € (H, @ H,), by using Lemma 2.5,

| (SX,X) < FUSDX g s
2(1 S )X, X)3(g%(| S )X, X)?

(5 e e 2 e
lf?(!oc ) f2(|OB|)1XX> <l g*(1 B*) (|%* |>1X’X>2
f2(|00|> f2(|OB| ] >+<[ 2(I%‘* I)]X’X>>

)X ||

&1 1
;<<lf2(|oc|) fz(IOBI] | > <[ 7Y <|O(J*|>]X’X>T>>T

CUE ([P ] 53)

= ;<[ B e ] X’X>>i'

Thus,

exxrs g (| TOORTOED ey | )

and 50

w'(S) = sup{| (SX,X) | X € (H, @ Hy),|| X ||=1}
< ;sup{<[g\ 21X,X>:XE(Hl@Hg),HXH:l}

1
= g max{[[A], [lull},

where
A= CD+g"( B )
and
p=r"(B)+g"(C" ),
as required. -

Inequality (2.1) includes several numerical radius inequalities for operator
matrices. Samples of inequalities are demonstrated in the following remarks.

S =
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Remark 2.8 For f(t) = t* and g(t) = t'7*, a € (0,1), in inequality (2.1), we
get the following inequality

T 1 ro * T(l—« TQ * r{l—a
Wi(8) < Gmax{|| | C [ 4+ BT O L[| B 4| 07 O

Remark 2.9 If B = C in the above Remark, and by using Lemma 2.6(b), then
r r 1 T * T(l—Q
W(B) =" (S) < I B+ B Pri=e ),
and this inequality is given in Theorem 1 in [5].

Now, the second result is a generalization of the second inequality in (1.3).

0 B
C 0
and let [ and g be nonnegative functions on [0,00) which are continuous and
satisfying the relation f(t)g(t) =t for allt € [0,00), andr > 1 and 0 < k < 1.
Then

Theorem 2.10 Let S = [ ] be a 2 X 2 operator matriz in B(H; @ Hs),

W¥(S) < max{|[kf ¥ (|C )+(1—k)gr(|B* )|, kS (|B )+(1—k)gr(|C* )]}

Proof. For every unit vector X = ( il > € (H, @ H,), by using Lemma 2.5,
2

Lemma 2.3(b), Lemma 2.1, and Lemma 2.3(a), we have

[ (SX,X) P< (2 (1 S DX, X9 (|87 ) X, X)

. q ACLINCIN ]X7X> <[ AED 0 ]X,X>
§<[fk(|oo|) 105 |>]X’X> <[gm<(|)3* ) o)

: (kq e () ]X’X>T

1-k

X,X>
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Thus,
| (SX, X) [
fFcn o 1 g5 (| B* ) 0 >
k o 1—k o X, X
§<( [ o srqmp) T )[ 0 g(o) )
:<[kf?<|0|>+<1—k>gi%<\ B (. XX>
0 kfe(| B+ —kgrr(C)) |/
and so
w? (S) = sup{| (SX,X) [*: X € (H: @ Ha), || X [|=1}
< sup{<l§ 2]X,X>:XE(H169H2),HXH:1}
= max{|| 8], [v[I},
where . .
B=kf*(C)+(1—k)ygTr( B
and , .
Y=k B])+ (1 —k)gT=( C* ),
as required. n

Now, Theorem 2.10 includes several numerical radius inequalities for operator
matrices, and so we give some inequalities in the following remarks.

Remark 2.11 If f(t) = t* and g(t) = t'=*, k € (0, 1), in Theorem 2.10, then we
get the following inequality

w(8) <max{|| k[ C [ +A—k) [ B[ |1 k| B[ +(1—k) [ C" [ |}
Remark 2.12 If B = C' in the above Remark, and by using Lemma (2.6)b, then

we have
w’(B) =w¥(S) < k| B +(1—Fk)| B |,

and this inequality can be found in Theorem 2 in [5].

Remark 2.13 If we take r =1 and k = % in the last Remark, we find
2 1 2 |2
PB)<SIIBE+ B P,
which is the second inequality in (1.3).

Our next results are generalizations of the second inequality in (1.4).
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Theorem 2.14 Let R = [ 0 B ] be a 2 x 2 operator matriz in B(H, & Hs),

C 0
with the Cartesian decomposition R =S +iT and 1 <r < 2. Then

r 1 * |7 * |7 * |7 * |7
J(R) < grmax{|[| C+ B ["+ [ C =B [, || B+C*[" + [ B~ C"["]|}-
Proof. For every unit vector X= <$1 ) € (H1®H,), and for 1 <r < 2, we have

T2

[(RX, X) | = [((S+iT)X,X) |
= | (SX,X)+i(TX,X)|

— J(SX, X)? 4 (TX, X)?

VAN

JIHSX, X) [+ [ (TX, X) ' (by Lemma2.2)

IN

VUS| X, X) +( T|X,X) (byLemma2.4)

IA

US| X, X)+( T|" X, X) (byLemma(2.3)a)

J ST +1T])X, X).

Thus,
[ (RX,X) "< (IS + [T )X, X)
and so,
w'(R) = sup{| (RX,X) [": X € (H; & Hy), || X [|=1}
< sup{((| S+ [T NX X): X € (H® H),[| X |=1}
1 * |7 * T * T * |7
= max{[[[C+B [+ |C=B" || Il B+C"["+[B-C" [},
as required. -

Remark 2.15 Let B = C and r = 2 in Theorem (2.14). Then we get

w2<[g ?D —w*B)  (byLemma (2.6)b)

1

< qmax{||| B+B* P + | B=B" P||. || B+B" | + | B~B" ||}
1

= 1 B+B° P +| B-B" |
1

=5 | B°B+BB" ||,

which is the second inequality in (1.3).
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C 0
with the Cartesian decomposition R =S + i1 and r > 2. Then

Theorem 2.16 Let R = [ 0 B ] be a 2 x 2 operator matriz in B(H, & Hs),

W'(R) <27 max{||| C+ B "+ | O =B ['|, || B+C* |+ | B~ C* '||}.

Proof. For every unit vector X = ( 1 ) € (H, ® H,), we have

€2

[(RX, X) | = [ (S +4T) X, X) |

Sl
G- 5l

| (SX,X)+i(TX,X) |

(SX, X)* +(TX, X)?
2

L SXX) [+ [(TX, X) "
2

27 (| S| X, X)" + (| T | X, X)")

(by Lemma 2.1)

Q&

IN

(by Lemma 2.4)

27 (| S|" X, X)+ (| T|" X,X))" (byLemma (2.3)a)

IN

25| S|+ |T|)X,X)r
_ o=t-1 n 0 ’
(RS

| (RX, X) '< 22"1<[ n 0 ] X,X>.

W' (R) = sup {[ (RX, X) |- X € (H © Hy), || X [|=1}

< {([7 0] xx) xemomx i)

= 2% max{| n|,|| 0}

where
n=lC+B"|"+|C—-B"[

and

0=|B+C"|"+|B-C"],

as required. .
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Remark 2.17 Let B = C and r = 2 in Theorem (2.16). Then we get

(15 7))

Il
&

2(B) (by Lemma (2.6)b)

IN

N N e i

max{[|| B+B"[*+|B—B"[* ||, || B+ B*[*+|B-B"|" ||}
Il B+B" | + | B=B" ||

| B*B+BB" |,

which is the second inequality in (1.3).
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