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1. Introduction

The aim of this paper is to give sufficient conditions for the nonlinear matrix
difference equation

(1.1) X(n+1) = A(n)X (n)B(n) + F(n, X(n))

LCorresponding author.
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has a unique W-bounded solution on Z, where A € R™*™ [ : R x R™*™ — R™>™
and F'(n,0) = O. Here V is an invertible matrix function on Z. The basic pro-
blem under consideration is to determine sufficient conditions for the existence
of a solution with some specified boundedness conditions. Classical results of
this type, for linear and nonlinear differential equations were given by Coppel [2]
and for linear and nonlinear difference equations were given by Agarwal [1]. The
problem of W-bounded solutions for the system of linear difference equations have
been studied by many authors [3], [4], [6]. Recently, Suresh kumar et al. [7],
[8], [9] studied ¥-bounded solutions for linear matrix difference equations. In [3],
Diamandescu proved a necessary and sufficient condition for the existence of W-
bounded solutions for the nonhomogeneous linear difference equation on Z. Suresh
kumar et al. [7] extended these results to matrix difference equations, using
technique of Kronecker product of matrices.

In this paper, we present sufficient conditions for the existence and uniqueness
of W-bounded solutions for the nonlinear difference equation

(1.2) z(n+1)=An)z(n)+ f(n,z(n))

on Z. Further, we established sufficient conditions for the existence and uniqueness
of W-bounded solutions for nonlinear matrix difference equation (1.1) on Z with
the help of Kronecker product of matrices.

2. Preliminaries

Denote R™ the Euclidean n-space. R, Z and N denote the set of all real, integers
and nonnegative integers respectively, denote N(ng) = {ng,no + 1,n0 +2,... }.
I, and O,, denote the unit matrix and zero matrix of order m respectively. For
r = {z1,2T2,...,2y} € R" and A = [a;;] € R™™, we use the following vector
and matrix norms

|z|| = max{|z|, |za|, ... |zm|} and |A|= H51”1p || Az]|.
z||<1
Let ¥U; : Z — (0,00), i = 1,2,...,m be functions, and define a matrix

function
v = diag[\lll, \PQ, e \Pm]

Then ¥(n) is an invertible matrix function on Z.

Definition 2.1 [5] Let A € RP*? and B € R then the Kronecker product of A
and B written A ® B is defined to be the partitioned matrix

CLHB algB aqu
A@B: a/21B a22B (IQ(IB

is an pr X ¢s matrix and is in RP"<%°,
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Definition 2.2 [5] Let A = [a;;] € RP*9, then the vectorization operator
Vec: RP*? — RPY defined and denote by

Ay Q1;
N A_Q azj )
A=VecA=| . |, where A, = (1< j7< q).
A.q apj

Lemma 2.1 [7] The vectorization operator Vec : R™*™ — R™, is a linear and
one-to-one operator. In addition, Vec and Vec™ are continuous operators.

Regarding properties and rules for Kronecker product of matrices we refer to [5].
Now, by applying the Vec operator to the nonlinear matrix difference equation

(1.1) and using Kronecker product properties, we have

(2.1) X(n+1)=Gn)X(n) + F(n,X(n)),

where G(n) = BT (n)®@A(n) is a m?xm? matrix and F'(n, X (n)) = VecF (n, X (n))
is a column matrix of order m?2. The equation (2.1) is called the Kronecker product
difference equation associated with (1.1). It is clear that, if X (n) is a solution of
(1.1) if and only if X (n) = Vec X (n) is a solution of (2.1).

The corresponding homogeneous difference equation of (2.1) is

~

(2.2) X(n+1)=Gn)X(n).

Definition 2.3 A function ¢ : Z — R™ is said to be WU-bounded on Z if Wy is
bounded on Z (i.e., there exists M > 0 such that || U(n)¢(n)|| < M, for alln € Z).

Extend this definition to matrix functions.

Definition 2.4 A matrix sequence F': Z — R™*™ is said to be ¥-bounded on Z
if WF' is bounded on Z (i.e., there exists L > 0 such that |¥(n)F(n)| < L, for all
n € Z).

The following lemmas play a vital role in the proof of main results.

Lemma 2.2 The matriz function F(n) is V-bounded on Z if and only if the vector
function VecF(n) is I, ® U-bounded on Z.

Proof. From the proof of Lemma 2.1, it follows that
1
—|A|] < [|[VecA||lpm2 < |A4],
A < [VeeAlpe < 4]

for every A € R™*™,
Put A = ¥U(n)F(n) in the above inequality, we have

(2.3) %I‘I’(H)F(n)l < |[(Im @ W(n)).VecF (n)|lgm> < [¥(n)F(n)],

for all matrix functions F'(n), n € Z. The proof easily follows from inequa-
lity (2.3). .
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Consider the linear difference equation
(2.4) z(n+1) = A(n)x(n),

where A(n) is an invertible square matrix of order m on Z. The following lemma
is well-known and is given in [3].

Lemma 2.3 Let Y(n) be the fundamental matriz and satisfies Y (0) = I,,, then

Aln—1)A(n —2)... A(1)A(0), n>0
(i) Y(n) =< I, n=>0
[A(-D)A(=2)... A(n — DAM)]", n<0
(ii)) Y(n+1) = A(n)Y(n), for alln € Z.
(iii) the solution of (2.4) with the initial condition x(0) = x¢ is

z(n) =Y (n)xy, n€Z.

(iv) Y(n) is invertible for each n € Z and

AT 0)ATI (1) ... AT (n—=2)A" (n—1), n>0
Y (n) =< I, n=0
A(-1)A(=2)... A(n — 1)A(n), n < 0.

Lemma 2.4 [7] Let Y(n) and Z(n) be the fundamental matrices for the matriz
difference equations

(2.5) X(n+1)=An)X(n)
and
(2.6) X(n+1)=B"(n)X(n),

n € Z respectively. Then the matriz Z(n) @Y (n) is fundamental matriz of (2.2).

Lemma 2.5 Let Y(n) be an invertible matriz function on N and let P be a pro-
jection. If there exists a positive constant L > 1 such that

(2.7) ”Z ()Y (n)PY ' (k+ 1)U Y (k+1)| < L, forall n € N(ny),

k=ng
then there exists a constant Ly > 0 such that

(2.8) O (n)Y (n)P| < Ly <%>HU . for all n € N(ny).
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Proof. Let a(n (n+1)Y(n+ 1)P|7'. From the identity
n—1
( a2 )
k=ng
1
Z e+ 1)Uk + 1)U (k + 1)Y (k + 1) Pa(k),

it follows that

\wmwmm<§jmm>

k=ng

(2.9)
< U (n)Y (n)PY ! (k1)U (k+1)| [W(k+1)Y (k+1)Pla(k) < L.

n—1
Setting b(n)= Y a(k), we obtain b(n)—b(n—1)=|¥(n)Y (n)P|~, for n € N(ng+1).
k=ng

After substituting in (2.9), we have

b(n) —b(n—1) = ) na b(n) >

A b(n—1),

L—-1
which implies that

L n—1—ng
b(n) > <m> b(ng + 1), for all n € N(ng+ 1).

From (2.9), we get
(W (n)Y (n)Plb(n) < L,
which implies that

wwy el < zom) <z (ST e

L— 1 n—ng—1
= (T) |W(ng + 1)Y (ng + 1)P].

If we choose L, = max{\qf(no)Y(no)m, L2 W (ng + 1)Y (ng + 1)P\}, then (2.8)
follows. .

Lemma 2.6 Let Y (n) be an invertible matriz which is defined on N and let P be
a projection. If there exists a constant L > 0 such that

(2.10) S [¥m)Y (n)PY Mk + 1) (k+1)| < L, forall n €N,
then for any vector & € R™ such that P& # 0,

(2.11) limsup | ¥ (n)Y (n)PE|| =

n—oo
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Proof. For any n € N(ny), we have ||¥(n+ 1)Y (n + 1)P¢|| > 0. Then, from
i |V (k+1)Y(k+ 1)P§H71\I/(n)Y(n)P§
k=n
:i [0 (k4+1)Y (k+1)PE| T U (n)Y () PY ~H (k-+1) 0~ (k+1) W (k+1)Y (k+1) P¢
k=n
and (2.10), we get

[ (k+1)Y (k+1) P& @ (k+1)Y (k+1)P¢|| ™ < L, for ny >n,n,ny € N(n).

k=n

Therefore, > ||¥(k + 1)Y (k4 1)P&|| 7" exists and so
k=n

limsup |[¥(n+1)Y (n+1)PE||™" =0, or limsup ||¥(n+1)Y(n+1)P¢|| = . =

n—oo n—oo

3. Main result

In this section, first we obtain sufficient conditions for the existence and uniqueness
of W-bounded solution of the nonlinear difference equation (1.2), using Banach
contraction principle.

Let the vector space R™ be represented as a direct sum of three subspaces
X_, Xo, X; such that a solution y(n) of (2.4) is W-bounded on Z if and only if
y(0) € Xy and ¥-bounded on Z if and only if y(0) € X_ @ X,. Also let P_y, Py, P,
denote the corresponding projections of R™ onto X_, Xy, X, respectively.

In the general case where (Py # 0), the solution for (1.2) is as follows

—_

n—

z(n) = Y (n)P_ Y Mk +1)f(k,2(k))
(3.1) . N
+> Y(n)PY H(k+1) f(k, (k) —Z Y (n)PY M (k+1) f(k, 2(k)).
k=0 k=n

For simplicity, assume that the linear equation (2.4) has no nontrivial W-bounded
solution (P = 0).

Theorem 3.1 (Existence and Uniqueness) Suppose that there exist supplemen-
tary projections P_1,P; and a positive constant K such that

i |U(n)Y (n)P_1Y 1 (k+ 1)U (k)]
(3.2) koo
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Let f(n,z) be a vector function such that

(3.3) W (n)[f (n, ) = f(n, 9)lll < af [ (n)(z = y)l,

forn € Z, ||Vz| < p, |Vy|| < p, where aK < 1, then the equation (1.2) has a
unique V-bounded solution x(n) for which ||Yx|| < p.

Proof. From Lemmas 2.5 and 2.6, the condition (3.2) implies that |¥(n)Y (n)P_{]
is unbounded for n < 0if P_1£ # 0 and bounded for n > 0, and that |U(n)Y (n) P
is unbounded for n > 0 if P # 0 and bounded for n < 0. Hence the linear equa-
tion (2.4) has no nontrivial ¥-bounded solution.

Let x(n) be the solution of (1.2), then from (3.2) and (3.3) the function

y(n) =x(n) — z_: Y (n)P_1Y Hk+1)f(k,z(k))
(3.4) ko
+ZY Yk + 1) f(k, z(k)),

exists and is W-bounded for all n € Z. Moreover, it follows that

n

yn+1) =z(n+1)— Y Y+ )P Y (k+1)f(k (k)

£ Y+ DAY h + 1)1 al)

= Ax(n) + f(n z(n)) =Y (n+1)P.Y " (n+ 1) f(n, 2(n))

- Z A(n PY Yk + 1) f(k,z(k))

— Y(n +1D)PY Y n+1)f(n,2(n))

+ ZA Lk +1)f(k, x(k))
= A(n) |z(n) — Z Y (n)P_ Y k4 1) f(k, z(k))

— Y Y()PY M (k+ 1) f(k,2(k) | + f(n,2(n)) = f(n,z(n))
= A(n)y(n)

Therefore, y(n) is a ¥-bounded solution of (1.2). Thus y(n) = 0 that is

n—1

(35) a(n)=Y_ Y(n)P_Y '(k+1)f Zy (k4+1)f(k, z(k)).
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Define Cy={z : R — R™ : z is V-bounded functions on Z such that ||Vz| < p}
and ||z||w = sup,,ez ||¥(n)z(n)||. Clearly, this defines a norm on C'y and (Cy, ||-||v)
is a Banach space. Let T be a mapping defined by

ZY VP Y N (k+1) f —ZY kA1) f (2 (R)),

for all x € Cy. Consider

[V (n)Ta(n)|| = | Z U(n PoY Mk + 1)U (k) (K) f(k, (k)
—Zﬁf Tk DY R) (k) f (R, 2 (k)|
[ Z U (n Lk + )T (k)|
+Z|\If R DT RO (R) f (R, 2(F))|
SKCVII\I’( )z (k)|
< Kap < p.

which implies Tz(n) € Cy and hence T : Cy — Cly.
Now, we show that 7" is a contraction mapping on Cy. Consider

n—1

1 (n)(Te = Ty)n)ll = || > V()Y () PyY " (k+ 1)U (k) U (k) f(k, (k)

k=—o00
00

—Z‘If Tk DO (R) (k) f(k, 2 (k)

n

_ [ > W)Y (n)PoyY (k4 DU (R)U(K) f(k, y(k))

k=—o00

Z kDU R (RS (R, (k)] H
[ PLY 7 (k+ D) (k)]

+Z|\D k4 1) (k)|

N (R) S (s (k) = (ks y(R))]I
< Kal[W(k)(z(k) = y(K))].

Thus ||Tz — Tyl < Koz —y||w.
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Therefore T is a contraction mapping on Cy. Hence by Banach contraction
principle, 7" has a unique fixed point z(n) on Cy. Thus, the nonlinear difference
equation (1.2) has a unique fixed point for which ||Vz|| < p.

Conversely, if z(n) is a solution of (1.2) such that ||Vz|| < p, theny = x—Tx
is a U-bounded solution of the linear equation (2.4), therefore y = 0. ]

Example 3.1 Consider the nonlinear difference equation (1.2) with

A(n) = B ?} and f(n,o(n)) = [3_'”;?3%1%1(71)]

3

The fundamental matrix of (2.4) is

Y(n) = ﬁ; 394

Consider
3™ 0
U(n) = [ 0 54 , for all n € Z.

Clearly, the linear equation (2.4) has no nontrivial ¥-bounded solution on Z.
There exist supplementary projections

e

0 0 0 1|’
such that
) 1 n—1 9 k—(n+1)
1w~ == — =1
S o S newi=(3) X (3) ,
k=—o00 k=—00
00 o0 5 n—k
S T)Y (n)PY T (k+ 1)U (E) = (3)) (—) = 7.5,
k=n k=n 3
which implies
Z U (n)Y (n)P_,Y ' (k+1)¥ |+Z|‘1’ (k+1)T (k)] = 8.5.
k=—00
And also

[, ) ~ Fn )l < o 1)~ gl

Therefore, all the conditions of Theorem 3.1 are satisfied with = 1/10 and
K = 8.5. Hence the nonlinear difference equation (1.2) has a unique W-bounded
solution

S (@203 fan= (a, (1))
1 k=—o00
z(n) = 10

]; 3(k+1)fn5f|k| ij_(;:g

on 7.
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Now, we obtain sufficient conditions for the existence and uniqueness of the
nonlinear matrix difference equation (1.1), using Theorem 3.1 and the technique
of Kronecker product of matrices.

Let the matrix space R™*™ be represented as a direct sum of three subspaces
Y_, Y, Y, such that a solution V'(n) of

(3.7) X(n+1)=An)X(n)B(n)

is a W-bounded solution on Z if and only if V(0) € Y; and WU-bounded on N if and
only if V(0) € Y_ @Y. Also, let R_1, Ry, Ry denote the corresponding projections
of R™*™ onto Y_, Yy, Y, respectively.

Then, the vector space R™” represents direct sum of three subspaces S_, Sj, Sy
such that a solution V(n) = VecV (n) of (2.2) is (I,, ® ¥)-bounded on Z if and
only if V(0) € Sy and (I, ® ¥)-bounded on N if and only if V(0) € S_ @ S,.
Also, let QQ_1, Qq, @1 denote the corresponding projections of R™ onto S_, 50,54
respectively.

In the general case where (Qo # 0), the solution for (2.1) is as follows

X(n) = i (Z(n) @Y (n)Q_1(Z Y k+1) @Y Yk +1)F(k, X(k))
k=—o00
(3.8) + Z n))Qo(Z7 Mk +1) @Y Mk + 1)) F(k, X (k))
—Z n)QUZ Mk + 1) @Y Nk + 1) F(k, X (k).

For simplicity, assume that the linear equation (2.2) has no nontrivial (7, ® ¥)-
bounded solution (Qy = 0).

Theorem 3.2 Suppose that there exist supplementary projections QQ_1, Q1 and a
positive constant M such that

2_: [(Z(n) @ ¥(n)Y (n)Q-1(Z ' (k+1) @ (Y ' (k+1)¥ ' (k)))]
(3.9) F=

) (Z()@¥ ()Y (n)Qu(Z ™ (k+1)@(Y ™ (k+1)¥ " (k)] < M.
Let F(n, X) be a matriz function such that
(3.10) (W (n)(F(n,U) = F(n,V))| < 8[¥(n)(U = V)|

forn € Z, |YU| <, |[YV| <+, where m3M < 1, then the equation (1.1) has a
unique V-bounded solution X (n) from which |¥X| < ~.
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Proof. Let F'(n,X) be a matrix function satisfies (3.10). From inequality (2.3),
we have

(L ® U(n +1))(F(n,0) = F(n, V)| < [¥(n+ 1)(F(n,U) = F(n, V)]
< Bl (n)(U = V)
< mf|(Ln ® ¥ (n)(U = V),

for U, V e R™. Also

(Ln @ T(n)U| < [T()U(n)] <7,
((I(n) @ U(n)V] < [T(n)V(n)] <.

From Kronecker product properties, equations (3.9) and (3.10), we have that the
fundamental matrix of (2.2) satisfies condition (3.2) of Theorem 3.1, and the vec-
torization function F(n, X) satisfies condition (3.3). Therefore, from Theorem 3.1,
the Kronecker product difference equation (2.1) has a unique (7, ® ¥)-bounded
solution on Z. From Lemma 2.2, the matrix difference equation (1.1) has a unique
V-bounded solution on Z. ]

Example 3.2 Consider the nonlinear matrix difference equation (1.1) with

= 5 o00- [ e 1

1 i’+:l| 1(n) 37" tan=" z5(n)
1+n2x2(n) i’;—mtan_ x4(n)

Then Y(n) = 50n 30,7} and Z(n) = F)On 20n] are fundamental matrices for
(2.5) and (2.6) respectively.

Let U(n) = {5: 3(31} , for all n € Z. Then, their exist supplementary pro-
jections

| O |02 Oy
Q—l - |:O2 02:| and Ql - |:02 ]2:|

such that condition (3.9) and (3.10) satisfied with M = 15/2 and 8 = 1/30. More-

over, mGM = 1/2 < 1. Therefore all the conditions of Theorem 3.2 are satisfied.
Hence nonlinear difference equation (1.1) has a unique ¥-bounded solution on Z.
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