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1. Introduction and basic definitions

Good and Hughes [12] introduced the notion of bi-ideals. The notion of quasi-
ideals was first introduced by Steinfeld [29] for rings and semigroups. Then, many
authors studied these concepts, for example see [15], [17], [18], [26]. Ordered semi-
groups have been studied by several authors, for example, Alimov [1] and Clifford
[6], also see [19], [20], [21], [27], [28]. The concept of algebraic hyperstructures
was introduced by Marty [22]. Semihypergroups are studied by many authors, for
example, Anvariyeh et al. [2], [3], Bonansinga and Corsini [4], Davvaz [7, 8], De
Salvo et al. [10], Freni [11], Heidari et al. [14], Hila et al. [15], [16], Leoreanu
[25], Yaqoob et al. [30], and many others. The concept of ordering hypergroups
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investigated by Chvalina [5] as a special class of hypergroups and studied by him
and many others. In [13], Heidari and Davvaz studied a semihypergroup (., o)
besides a binary relation <, where < is a partial order relation such that satisfies
the monotone condition.

Let S be a nonempty set. A mapping o : S x § — P*(S), where P*(9)
denotes the family of all nonempty subsets of S, is called a hyperoperation on S.
The couple (S, 0) is called a hypergroupoid. In the above definition, if A and B
are two nonempty subsets of S and x € S, then we denote

AoB= |J aob,zoA={zx}oA and Aox = Ao{z}.

a€A,beB
A hypergroupoid (S, o) is called a semihypergroup if for every z,y,z in S,

ro(yoz)=(roy)oz

That is,
U zou= | voz

uEYyoz vEXTOY

In [13], Heidari and Davvaz studied a semihypergroup (.S, o) besides a binary re-
lation <, where < is a partial order relation such that satisfies the monotone
condition. Indeed, an ordered semihypergroup (S, o, <) is a semihypergroup (.9, o)
together with a partial order < that is compatible with the hyperoperation, mean-
ing that for any x,y, z in .S,

r<y=zox<zoyandzroz<yoz.

Here, z o x < z oy means for any a € z o x there exists b € z o y such that a < b.
The case x 0 z < y o z is defined similarly.

A nonempty subset A of an ordered semihypergroup (S, o, <) is called a sub-
semihypergroup of S'if Ao A C A.

Example 1. Suppose that S = [0, 1], the unit real interval numbers. We define
the following hyperoperation on S:

0: S5 xS —P*S) by zoy=10,zy] for all z,y in S

and we consider usual inequality relation < of real numbers as a partial order
relation on S. Then, it is easy to see that (.5, 0, <) is an ordered semihypergroup.
If A=[0,a] for some a in S, then A is a subsemihypergroup of S.

Definition 1.1. A nonempty subset A of an ordered semihypergroup (S, o, <)
is called a left (respectively, right) hyperideal of S if it satisfies the following
conditions:

(i) So A C A (respectively, Ao S C A);
(i) if x € A and y € S such that y < z, then y € A.

If Ais both aleft and a right hyperideal of .S, then it is called a two-sided hyperideal
of S, or simply a hyperideal of S.
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Example 2. We have (5,0, <) is an ordered semihypergroup where the hyper-
operation and the order relation are defined by:

ola b c d
ala {a,b} {a,c} a
bla {a,b} {a,c} a
cla {a,b} {a,c} a
d|a {a,b} {a,c} a

< = {(a7 a)’ (b7 b), (C’ C)v (da d), (b, a), (Ca a)}
The detailed proof that (S, o, <) is an ordered semihypergroup is straightforward.
The covering relation and the figure of S are given by:

<= {(b7 a’)v (Ca a)}

o d

b c

Now, it is easy to see that {a, b, c} is a hyperideal of S.
Let A be a nonempty subset of an ordered semihypergroup (5, o, <). Define
(A]={x €S|z <aforsomeac A}.

Note that condition (ii) in Definition 1.1 is equivalent to A = (A]. If A and B are
nonempty subsets of S, then

1) AC (A];
2) (AuB] = (AU (B];
3) (Ao (B]] = (Ao Bj;
4) (AJo(B] C (Ao BJ.
Let a be an element of an ordered semihypergroup (5,0, <). We define

L(a) : the left hyperideal of S generated by a;
R(a) : the right hyperideal of S generated by a;

o~ o~ o~~~

I(a) : the hyperideal of S generated by a.
Lemma 1.2. Let a be an element of an ordered semihypergroup (5,0, <).
(1) L(a) = (aU S oal.
(2) R(a) =(aUaos].
(3) I(a) =(aUSoaUaoSUSoaoSs].

Proof. We will prove (1). The statements (2) and (3) are proved similarly.
Clearly, (a U S oa] # (). We have

So(aUSoaC(So(aUSoa)]=(SoaUSo(Soa)]C(Soal]C(aUSoal.

C
Then, (a U S oa] is a left hyperideal of S containing a; hence L(a) C (a U S o a].
The reverse inclusion is clear. "
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2. Bi-hyperideals

In this section, we introduce the class of bi-hyperideals of an ordered semihyper-
group and we present some examples of them. In particular, we show that an
ordered semihypergroup is left and right simple if and only if it does not contains
proper bi-hyperideals.

Definition 2.1. A subsemihypergroup A of an ordered semihypergroup (S, o, <)
is called a bi-hyperideal of S if it satisfies the following conditions:

(i) AoSoAC A
(i) if x € A and y € S such that y < z, then y € A.
Note that every left and right hyperideals are bi-hyperideals.

Example 3. We have (5,0, <) is an ordered semihypergroup where the hyper-
operation and the order relation are defined by:

ola b ¢ d
ala a a a
bla a a a
cla a {a,b} a
dla a {a,b} {a,b}

<= {(CL, a), (b7 b)? (C, C)v (d7 d)? (CL, b>}

The detailed proof that (S, o, <) is an ordered semihypergroup is straightforward.
The covering relation and the figure of S are given by:

<= {(a,0)}

It is easy to see that {a, b} is a bi-hyperideal of S.

Definition 2.2. An ordered semihypergroup (5,0, <) is said to be left (respec-
tively, right) simple if it does not contain proper left (respectively, right) hyper-
ideals.

Lemma 2.3. An ordered semihypergroup (S,o,<) 1is left simple if and only if
(Sox] =S forallz in S.
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Proof. Assume that (S oxz] =S for all z in S. Let A be a left hyperideal of S,
and let a € A. Then, (Soa] = 5. If y € S, then y € (S oal; hence y € (w o d
for some w in S. Since (woa] C A, we have y € A, and so A = S. The opposite
direction follows by (S o z] is a left hyperideal of S for all z in S. ]

Similarly, we have the following lemma:

Lemma 2.4. An ordered semihypergroup (S, o, <) is right simple if and only if
(xoS)=S forallx in S.

Definition 2.5. An ordered semihypergroup (S, o, <) is said to be reqular if for
any a € S, a € (ao Soal.

Lemma 2.6. If an ordered semihypergroup (S, o, <) is left and right simple, then
it 1s reqular.

Proof. Assume that S is left and right simple. If a € S, then by Lemma 2.3 and
2.4 we have S = (Soa] and S = (a o S]; hence

a€S=(aoS]=(ao(Soal]] C(aoSod. .
Now, we prove the main result of this section:

Theorem 2.7. Let (S,0,<) be an ordered semihypergroup. Then, (S, 0, <) is left
and right stmple if and only if it does not contain proper bi-hyperideals.

Proof. Assume that (5,0, <) is left and right simple. Let A be a bi-hyperideal
of S. We will show that S C A. Let x € S and y € A. Since S is left simple, we
have S = (yU S oy]. Then, x <y or z € (w oy for some w in S. If x <y, then
x € A. Assume that x € (woy] for some w in S. Since S is right simple, we have
S =(yUyoS]. Sincew € S, s0w <y orw € (you for some u in S. By Lemma
2.6, (5,0, <) is regular. Then, there exists b € S such that y € (yoboy]. Now, if
w <y, then

(woy] C (yoy] C(yoyoboy] C(AoSoA]C A;
hence z € A. If w € (y o u], then
(woy]l C(youoy)] C(AoSoA)CA;

hence x € A. Thus, S C A.

Conversely, assume that (5,0, <) does not contain proper bi-hyperideals. If
A is a left hyperideal of S, then A is a bi-hyperideal of S. By assumption, S = A.
Similarly, if A is a right hyperideal of S, then A is a bi-hyperideal of S;s0.5 = A. =

3. Quasi-hyperideals

In this section, we introduce the class of quasi-hyperideals of an ordered semi-
hypergroup and we give some of their properties and relationships between them
and bi-hyperideals. We try to use sets instead of elements in the proof of our
results similar to [17, 25].
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Definition 3.1. A nonempty subset @) of an ordered semihypergroup (S, o, <) is
called a quasi-hyperideal of S if it satisfies the following conditions:

(D) (SoQ)N(QoS) C;
(i) if x € @ and y € S such that y < x, then y € Q.

Note that every quasi-hyperideal is a subsemihypergroup. Indeed, if @) is a
quasi-hyperideal of an ordered semihypergroup (5,0, <), then Qo @ C S o () and
Qo@Q C QosS; hence

RoQCSoQNEoSCQ.
Thus, @) is a subsemihypergroup of S.

Example 4. We have (5,0, <) is an ordered semihypergroup where the hyper-
operation and the order relation are defined by:

b c d f
{CL, b} a {a7 d} a
{a, f} {a,c} {a,c} {a, f}
{a,b} {a,d} {a,d} {a,b}
{a, f} a {a,c} a

< = {(a,0),(b,b),(c,¢), (d, d), (f, ), (a,0), (a, ), (a,d), (a, f)}.

The covering relation and the figure of S are given by:

< = {(a,b), (a,c),(a,d),(a, f)}

Q222 2|

~~ & 0 9|0

b c d f

It is easy to see that the quasi-hyperideals of S are {a}, {a,b}, {a,d}, {a, [},
{a7 b? d}’ {a7 c7 d}? {a7 b7 f}? {a7 C7 f}'

Theorem 3.2. Let Q) be a quasi-hyperideal of an ordered semihypergroup (S, o, <).
If T is a subsemihypergroup of S, then QNT =0 or QNT is a quasi-hyperideal
of T.

Proof. Let Q; = Q NT. Assume that Q; # (). Since Q; C @Q, it follows that
(ToQ)N(@1oT) S (Se@Q)N(QoS5)CQ.
Since ()1 € T and T is a subsemihypergroup of S, we have

(ToQ)N(Q10T)CT.
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Then,
(ToQ1)N(Q1oT) C Q.

If x € Q; and y € T such that y < z, then since x € ) we have y € @; hence
y € Q1. Therefore, (), is a quasi-hyperideal of T'. .

Theorem 3.3. Let {Q; | i € I} be an indexed family of quasi-hyperideals of an

ordered semihypergroup (S,0,<). If (| Qi # 0, then it is a quasi-hyperideal of S.
el

Proof. Let Q) = () Q;. Since, for each i € I,

el
(S0Q)N(QoS)C(SoQi)N(Qi0S) CQ
we have
(So@Q)N(QoS)CQ.

If € @Q and y € S such that y < x, then for each 7 € I we have y € @Q;; hence
y € Q. Therefore, () is a quasi-hyperideal of S. .

Let A be a nonempty subset of an ordered semihypergroup (.S, 0, <). Then,
the intersection of all quasi-hyperideals of S containing A, denoted by (A),, is
a quasi-hyperideal of S containing A. This is called the quasi-hyperideal of S
generated by A.

Theorem 3.4. The intersection of a left and a right hyperideals of an ordered
semihypergroup (S, 0, <) is a quasi-hyperideal of S.

Proof. Let L and R be a left hyperideal and a right hyperideal of S. Let
Q=LNR. We choosel € Landr € R. Sincelor CLNR, soQ # (). Since

So@ CLand QoS CR,
it follows that
SoQNQPoSCLNR=Q.

Ifz € @ and y € S such that y < x, then by x € LN R we have y € LN R. Hence,
@ is a quasi-hyperideal of S. u

Lemma 3.5. If Q is a quasi-hyperideal of an ordered semihypergroup (S, o, <),
then

Q=(QUSoQIN(QUQS]

Proof. Let @ be a quasi-hyperideal of an ordered semihypergroup (5,0, <).
Clearly,

QRQC(QUSRIN(QRURS].
Let 2 € (QUSoQ]N(QUQ o S]. Then,
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reQorxe(SoQNQoSs.
By
S0QNQoSCQ
it follows that = € Q. Hence, Q = (QU So QN (QUQ o S]. .

Theorem 3.6. If Q) is a quasi-hyperideal of an ordered semihypergroup (S, o, <),
then there exist a left hyperideal L and a right hyperideal R of S such that
Q=LNR.

Proof. Assume that () is a quasi-hyperideal of S. Let
L=(QUQoSland R=(QUSoQ).

We have L # (). Let x € Lo S, then x € [os for some [ in L and sin S. Let I <p
for some pin QU Qo S. Then, [ os < pos. There are two cases to consider:

Case 1: p € Q. By
posCQoSCQUQRoS,
it follows = € L.
Case 2: pe Qo S. Let p € go s; for some ¢ in () and s; in S. Since
posCqosiosCQoSoSCQUQoSoS,

we have v € L. Then, LoS C L. Let x € L and y € S be such that y < z. Then,
x < z for some zin QUQ o S. Since y < z, y € L. Hence, L is a left hyperideal
of S. Similarly, R is a right hyperideal of S.

By Lemma 3.5, we obtain
LNR=(QUQRoSIN(QUS-Q] =0Q.
This completes the proof. .

Theorem 3.7. Let A be a nonempty subset of an ordered semihypergroup (S, o, <).
Then, the intersection of all quasi-hyperideals of S containing A is of the form

(A), = (AUSo AN (AU Ao S].

Proof. Let () be the intersection of all quasi-hyperideals @);,7 € I of S containing
A. By Theorem 3.3, (A), is a quasi-hyperideal of S containing A. We have

(AUSoA]and (AUAo S|
are left and right hyperideals of S, respectively. By Theorem 3.4,
(AUSoAlN(AUAo0S]
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is a quasi-hyperideal of S containing A. Thus,
(A)y C(AUSoAIN(AUAoS].
For each i € I, since A C @); and Lemma 3.5, we have
(AUSoAIN(AUAS]C(Q;USoQ]N(Q;UQ;0S5]=Q;.
Then,
(A); D (AUSoAIN(AUA0S].

Hence,
(A)y=(AUSoAIN(AUA0oS]. .

Definition 3.8. An ordered semihypergroup (S, 0, <) is said to be quasi-simple
if it is the unique quasi-hyperideal.

Definition 3.9. An ordered semihypergroup (.S, o, <) is called an ordered hyper-
group if (S, 0) is a hypergroup. In fact, for all a in S, we have a0 S = Soa = 5.

Corollary 3.10. Every ordered hypergroup is quasi-simple.

Theorem 3.11. An ordered semihypergroup (S, 0, <) is quasi-simple if and only
if S=(roS|N(Sox| forall x in S.

Proof. Assume that S is quasi-simple and let z € S. We will show that
R=(z05]

is a right hyperideal of S. Let y € Ro S. Then, y € r o s for some r in R and s
in s. Since r € R, so r € x o s1 for some s7 in S. Thus,

yerosCxos;osCxoSCR.

Let y € R and z € S be such that z < y. Since y € R, so y < w for some w in
xoS. Since z < w, so z € xoS C R. Therefore, R is a right hyperideal of S.
Similarly, (S o x] is a left hyperideal of S. By Theorem 3.3,

S=(rxoS|N(Sox.

Conversely, assume that S = (z o S| N (S oxz| for all z in S. Let @ be a
quasi-hyperideal of S . If ¢ € @), then by assumption and Lemma 3.5 we get

S=(qoS|N(Soq C(QRoSIN(SoQ]=0Q
Thus, S = Q. This completes the proof. .

Definition 3.12. A quasi-hyperideal @) of an ordered semihypergroup (S, o, <)
is said to be minimal if it contains no proper quasi-hyperideal.

Theorem 3.13. Every quasi-simple hyperideal of an ordered semihypergroup
(H, f, <) is minimal.
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Proof. Let @) be a quasi-simple hyperideal of H. Let Q' be a quasi-hyperideal of
H such that Q" C Q. Since @' is a quasi-hyperideal of @, Q' = Q). Then, @ is a
minimal quasi-hyperideal of H. .

The notion of intra-regular ordered semihypergroups in introduced by Ke-
hayupulu et al. in [17] and Lee and Lee [25] gave some characterizations of the
intra-regular ordered semihypergroups. Note that Definition 3.14 is a genera-
lization of the concept of intra-regular ordered semigroups, since every ordered
semigroup is an ordered semihypergroup.

Definition 3.14. An ordered semihypergroup (S, o, <) is called intra-reqular if
for all s in S there exist x,y in S such that s < zos?oy, where we means s = sos.

Example 5. Suppose that S is a nonempty set and < be a partial order relation
on S. We define the following hyperoperation on S:

0:5 xS —P*S), by xoy={x,y} for all z,y in S.

Then, (S, 0, <) is an ordered semihypergroup. Since for every sin S, s < sos?os,

we conclude that S is intra-regular.

Example 6. The order semihypergroup (5,0, <) defined in Example 3 is not
intra-regular, since if we consider the element f, then f2 = a and for all z,y in S,
we have 70 f2oy =xo0aoy =a and f < a is false.

Example 7. We have (5, 0,<) is an ordered semihypergroup where the hyper-
operation and the order relation are defined by:

Y z
{z,y} {x, 2}
{z,y} {=z,y}

{z,yy =
< = {(ZE,[L’), (y,y), (272)7 (y,a:), (va)}

The covering relation and the figure of S are given by:

< ={(y,2), (z,2)}

T

7\

Yy z

8 8 8|8

N e 8|0

Now, we have

r<zox’ox=xzozxox=ux,

y<woy’ox=wxo{rylor={r,ylor=u,

2<zo0z’oz=z0z0z=u2.

Therefore, (S, 0, <) is intra-regular.
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Let a be an element of an ordered semihypergroup (.5, 0, <). We define
B(a) : the bi-hyperideal of S generated by a;
Q(a) : the quasi-hyperideal of S generated by a.
Lemma 3.15. Let a be an element of an ordered semihypergroup (S, 0, <).
(1) B(a) = (aUd*UaoSoal.

(2) Qa) = (aU((ao SN (S o).
Proof. (1) Clearly, (aUa? Uao Soa]# 0. We have
(aUa?UaoSoaloSo(aUa*UaoSoa]
C((aUa’?UaoSoa)oSo(aUa’?UaocSoa)l
C (a*UaoSoad]
C(aUd*Uao Soal.

Then, (aUa*Uao S oa]is a subsemihypergroup of S. Now,

(aUa’*UaoSoal(aUa*UaocSoad
C ((@Ua*UaoSoa)o(aUa’*UaocSoa)
C (aoSod

C (aUd’UaocSoal.

Hence, (aUa*Uao Soal is a bi-hyperideal of S, and thus B(a) C (aUa*Uao Soal.
The reverse inclusion is clear.

(2) Clearly, (aU ((ao S]N (S oa])] # 0. We have

(aU((aoS]N(Soa]))JoS C (aU(aocS]]oS
C (aoSU(aoS]oS]
C (aoSU(aoS]
= ((ac S]]
= (aodS|.
Similarly,
So(aU((aoS|N(Soa])] € So(aU(Soadal
C (SoaUSo(Sod]
C (SoaU(Sodl
= ((Sod
(S oal.
Hence,

(aU((ao SN (Soa))JoSNSo(aU((aoS]N(Soal) (ao SN (S oaq]
((aoS]N(Soal
(aU((aoSIN(Soal)].

Therefore, (a U ((ao S]N (S oa])] is a quasi-hyperideal of S, and thus

N 1NN
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Qa) C (aU((aoS]N(Sod)].
The reverse inclusion is clear. "

Theorem 3.16. Let (S,0,<) be an ordered semihypergroup. Then, the following
statements are true:

(1) S is intra-reqular if and only if for a bi-hyperideal B and a quasi-hyperideal
Q of S, we have BNQ C (SoBoQoS|;

(2) S is intra-reqular if and only if for a bi-hyperideal B and a quasi-hyperideal
Q of S, we have BNQ C (SoQoBoS|.

Proof. (1) Assume that S is intra-regular. Let a € BNQ. Since S is intra-regular,
there exist x,y in S such that a < x o a? oy. We have

a<zoa’oy

IN

J}OCLO(;UOG?Oiy)O:y

ro(aoxzoa)oaoy?
So(BoSoB)oQoS
SoBoQoS.

N 1N

Then, BNQ C (SoBo@QoS|.
Conversely, let a € S. We consider a bi-hyperideal B(a) and a quasi-
hyperideal Q(a). Then,

a€ Bla)NQa) S (SoB(a)o(a)oSs]
= (So(aUa®*UaoSoalo(aU((acSIN(Soal)]os]
C ((SoaUSoa*USoalo(aU(aoS] o]
C ((Soao(aU(acS]oS5]
C ((Sod]o(aoSU(aos]
C ((Soa”?oS|U(Soa®o0S5?]
- ((Soa o S]]
= (Soa®0 9.

Thus, S is intra-regular.

(2) Assume that S is intra-regular. Let a € B N Q. Since S is intra-regular,
there exist z,y in S such that a < zoa?o0y. By

xo(xoaQOy)oaoy

x2oao(aoyoa)oy

SOQO(BOSOB)OS
SoQoBolS,

a<zoa’oy

IN

N 1N

it follows that BN Q C (So Qo BoS|.
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Conversely, let a € S. We consider a bi-hyperideal B(a) and a quasi-
hyperideal Q(a) of S; then

a€ Bla)NQa) € (SoQ(a)o B(a)oS]

= (So(aU((aoS)N(Soa])]o(aUa®*UaoSoalods]
C (So(aU(Soa)]o(aoSUa’oSUaoSoaod|
C ((Sau(S*ca]]o(ac s
C ((Sodf(aos]]
C ((Soa’o 9]
= (Soa’0 9]

Thus, S is intra-regular. .

Theorem 3.17. The following statements hold for an ordered semihypergroup
(S,-,<):

(1) S is intra-reqular if and only if for a left hyperideal L and a bi-hyperideal B
of S, we have LN B C (Lo BoS|;

(2) S is intra-regular if and only if for a right hyperideal R and a bi-hyperideal
B of S, we have BN R C (SoBoR].

Proof. (1) Assume that S is intra-regular. Let L be a left hyperideal of S, and
B a bi-hyperideal of S. If a € L N B, then by S is intra-regular there exists z,y
in S such that a < z 0 a?oy. We have

roa’oy ro(roa’oy)oaoy
v?oao(aoyoa)oy
SoLo(BoSoB)oS

LoBoS.

NN 1N IA

Then, a € (Lo BoS]. This proves that LN B C (Lo BoS|.
Conversely, let a € S. We consider a bi-hyperideal B(a) and a left hyperideal
L(a) of S; then

L(a) N B(a) (L(a) o B(a) o 5]
((aUSoalo(aUa*UaocSoalos|
((aUSoa)o(aoSUa’oSUaoSoaol|
«aUSOG](aOﬂ]

(a®

a*oSUSoa®oS].

N 1N 1N 1N 1IN

Thus, a < t for some t in a?0 SUSo0a?0S. If t € a0 S, then a < a? oz for some
x in S. Thus, we have

2

a<a?ox<ao(a’ox)oxrCaoca?ox?CSoa’oSs.
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Ift € Soa?0 9, it is obvious. Hence, S is intra-regular.

(2) Let R be a right hyperideal of S, and let B a bi-hyperideal of S. Let
a € BN R. Since S is intra-regular, there exist z,y in S such that a < xoa? oy,
and so

IN

a<zoa*oy roao(roa’oy)oy

xo(aoxoa)oaon
So(BoSoB)oRoS
SoBoR.

N 1N

Thus, BN R C (SoBoR].
Conversely, to show that S is intra-regular, let a € S. Consider a bi-
hyperideal B(a) and a right hyperideal R(a) of S we have

B(a)NR(a) € (SoB(a)o R(a)]
So(aUa*UaoSoalo(aUaod]

(
(
(SoaUSoa*USoaoSoalo(aUaocs|
(
(
(

(Soalo(aUao S]]
(Soa’?USoa*o 9
Soa*USoa’os].

N 1N 1N

Then, a < t for some t in Soa?USo0a?0S. If t € Soa?, then a < x0a? for some
x in S; hence

a<roa’*<zo(roa*)oa=12*ca’ocaC Soa’0s.
Ift € Soa?0 9, it is obvious. Hence, S is intra-regular. 0
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