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Introduction

A fuzzy subset f of a given set S (or a fuzzy set in S) is, described as an arbitrary
function f : S → [0, 1], where [0, 1] is the usual closed interval of real numbers.
This fundamental concept of fuzzy set, was introduced by Zadeh in 1965 [17],
it has been widely studied, developed and successfully applied in various fields,
such as multicriteria decision making (see [19], [20]), fuzzy logic and approximate
reasoning [18], and pattern recognition [21]. In real cases, due to the fuzziness
and uncertainty of decision making problems, the criteria’s weights and evaluation
values of alternatives can be inaccurate, uncertain, or incomplete. For the pro-
blems like those, fuzzy sets, especially fuzzy numbers, can provide good solutions.
However, in fuzzy sets the membership degree of the element is represented by
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a single value between zero and one, and a major drawback of fuzzy sets is that
single values cannot convey information precisely.

In practice, the information regarding alternatives, when referring to a fuzzy
set concept, may be incomplete, that is, the sum of membership and non-member-
ship degree of an element in the universe can be less then one. The fuzzy set fails
when it comes to managing the insufficient understanding of membership degrees.
Thus Atanassov’s intuitionistic fuzzy sets, interval valued fuzzy sets, and trape-
zoidal or triangular intuitionistic fuzzy sets, as the extensions of Zadeh’s fuzzy
sets, were introduced ([4], [5], [6]). Interval valued fuzzy sets, intuitionistic fuzzy
sets has been widely applied in solving multicriteria decision making problems
([6], [7]).

Hesitant fuzzy set is a novel and recent extension of fuzzy sets that aims to
model the uncertainty originated by the hesitation that might arise in the assign-
ment of membership degrees of the elements to a fuzzy set. Despite the previous
extensions overcome in different ways the managing of simultaneous sources of
vagueness, Torra [10], introduced a useful generalization of the fuzzy set that is
designed for situations in which it is difficult to determine the membership of an
element to a set owing to ambiguity between a few different values. The hesitant
fuzzy set permits the membership degree of an element to a set to be represented
by a set of possible values between 0 and 1 (see [10], [11]). The hesitant fuzzy set
therefore provides a more accurate representation of peoples hesitancy in stating
their preferences over objects than the fuzzy set or its classical extensions. Hesi-
tant fuzzy sets are very useful to deal with group decision making problems when
experts have hesitation among several possible memberships for an element to a
set. During the evaluating process in practice, however, these possible member-
ships may not be only crisp values in [0, 1], but also interval values. Hesitant fuzzy
sets have attracted the attention of many researchers in a short period of time
because hesitant situations are very common in different real world problems and
this new approach facilitates the management of uncertainty provoked by hesi-
tation. A deep revision of the specialized literature shows the quick growth and
applicability of hesitant fuzzy sets which have been extended from different points
of view, (see [9], [11], [12], [13], [14], [15], [16]). Jun and Song applied the notion of
hesitant fuzzy sets to MTL-algebras and EQ-algebras (see [1], [2]). Additionally,
many operators for hesitant fuzzy sets and their extensions have been introduced
to deal with such type of information in different applications where decision ma-
king has been the most remarkable one. Here the purpose of this paper is to deal
with the algebraic structure of AG-groupoids by applying the concept of hesitant
fuzzy sets.

In this study, we applied the notion of hesitant fuzzy sets to AG-groupoids.
We introduced the notions of hesitant fuzzy product, characteristic hesitant fuzzy
set, hesitant fuzzy AG-groupoids, hesitant fuzzy left (resp., right, two-sided) ideal,
hesitant fuzzy bi-ideal, hesitant fuzzy interior ideal and hesitant fuzzy quasi-
ideal on AG-groupoids and investigate several properties. Moreover, we consider
characterizations of regular, completely regular, weakly regular and quasi-regular
AG-groupoids in terms of hesitant fuzzy ideals.
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Preliminaries notes

The concept of an AG-groupoid (Abel-Grassmann’s groupoid) [3] was first given
by M. A. Kazim and M. Naseeruddin in 1972.

A groupoid (S, .) is called an AG-groupoid (LA-semigroup in some articles
[8]), if its elements satisfy left invertive law: (ab)c = (cb)a for all a, b, c ∈ S. In
an AG-groupoid medial law [3], (ab)(cd) = (ac)(bd), holds for all a, b, c, d ∈ S.
It is also known that in an AG-groupoid S with left identity, the paramedial law:
(ab)(cd) = (db)(ca), [8] holds for all a, b, c, d ∈ S. If an AG-groupoid contains
left identity, then the following law [8] holds,

(1) a(bc) = b(ac), for all a, b, c ∈ S.

Let S be an AG-groupoid and X,Y be subsets of S. Then, the multiplication
of X and Y is defined as follows:

XY = {xy ∈ S \ x ∈ X and y ∈ Y }.
Let S be an AG-groupoid. By AG-subgroupoid of S we means a non-empty

subset A of S such that A2 ⊆ A, and by a left (resp., right) ideal of S we mean
a non-empty subset I of S such that SI ⊆ I (IS ⊆ I). By two-sided ideals or
simply ideal, we mean a non-empty subset of S which is both a left and a right
ideal of S. An AG-subgroupoid B of S is called a bi-ideal of S if (BS)B ⊆ B.
A non-empty subset B of S is called a generalized bi-ideal of S if (BS)B ⊆ B.
A non-empty subset Q of S is called quasi-ideal of S if QS ∩ SQ ⊆ Q.

Obviously, every one sided ideal of an AG-groupoid S is a quasi-ideal, every
quasi-ideal is a bi-ideal and every bi-ideal is a generalized bi-ideal.

Sometimes, it is difficult to determine the membership of an element into a
fixed set and which may be caused by a doubt among the set of different values.
For the sake of better description of this situation, Torra [10], introduced the
concept of hesitant fuzzy sets as a generalization of fuzzy sets. Torra defined
hesitant fuzzy sets in terms of a function that returns a set of membership values
for each element in the domain. This is formally defined in the next definition.

Definition 1 [10] Let S be a reference set. Then, we define hesitant fuzzy set
on S in terms of a function h that when applied to S returns a finite subset of
[0, 1]. A hesitant fuzzy set H can also be viewed as the following mathematical
representation:

H := {(x, h(x)) \ ∀ x ∈ S},
where h(x) is the set of some different values in [0, 1], denoting the possible
membership degrees of the elements of x ∈ S to the set H. The set of all hesitant
fuzzy sets on S is denoted by

H(S) =

{ {(x, h(x))\∀x ∈ S}\ for any x ∈ S and any
function h is the set of some different valuesin [0, 1]

}

Note that, throughout this paper, the set of all subsets of [0, 1] will be denoted
by P([0, 1].
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Let g and h be two hesitant fuzzy sets on S. Then, hesitant union g t h and
hesitant intersection g u h of g and h are defined to be hesitant fuzzy sets on S
as follows:

g t h :→ P([0, 1], x 7→ g(x) t h(x) and g u h :→ P([0, 1], x 7→ g(x) u h(x),

respectively.

Definition 2 The hesitant fuzzy product of two hesitant fuzzy sets f and g on
an AG-groupoid S is defined to be a hesitant fuzzy set f ◦̃g on S which is given by

(f ◦̃g)(x) =

{ ⋃
x=yz

{f(y) ∩ g(z)} if there exist x, z ∈ S such that x = yz,

φ otherwise.

We denote by H(S) the set of all hesitant fuzzy sets on S.

Definition 3 Let f and g be the elements of H(S). Then, f is called the subset
of g, denoted by f v g, if f(x) ⊆ g(x) for all x ∈ S.

Theorem 1 For any hesitant fuzzy sets f, g, h ∈ H(S), the following conditions
holds.

(i) (f ◦̃g)◦̃h = f ◦̃(g◦̃h).

(ii) f ◦̃g 6= g◦̃f, in general.

(iii) f ◦̃(g t h) = (f ◦̃g) t (f ◦̃h) and (f t g)◦̃h = (f ◦̃h) t (g◦̃h).

(iv) f ◦̃(g u h) = (f ◦̃g) u (f ◦̃h) and (f u g)◦̃h = (f ◦̃h) u (g◦̃h).

(v) If f v g, then f ◦̃h v g◦̃h and h◦̃f v h◦̃g.
(vi) If t, l ∈ H(S) such that t v f and l v g, then t◦̃l v f ◦̃g.

Proposition 1 Let S be an AG-groupoid. Then, the set (H(S), ◦̃) forms an AG-
groupoid.

Proof. It is obvious that H(S) is closed. Let f, g, h ∈ H(S). Let a ∈ S. If a is not
expressible as a = bc for some b, c ∈ S. Then, ((f ◦̃g)◦̃h)(a) = ((h◦̃g)◦̃f)(a) = φ.
Let for a ∈ S there exist b, c ∈ S such that a = bc. Then,

((f ◦̃g)˜̃◦h)(a) =
⋃

a=bc

{(f ◦̃g)(b) ∩ h(c)} =
⋃

a=bc

{ ⋃

b=pq

{f(p) ∩ g(q)} ∩ h(c)

}

=
⋃

a=(pq)c

{f(p) ∩ g(q) ∩ h(c)} =
⋃

a=(cq)p

{h(c) ∩ g(q) ∩ f(p)}

=
⋃

a=wp

{ ⋃
w=cq

{h(c) ∩ g(q)} ∩ f(p)

}
=

⋃
a=wp

{(h◦̃g)(w) ∩ f(p)}

= ((h◦̃g)◦̃f)(a).

Thus, H(S) satisfies left invertive law. Hence, (H(S), ◦̃) is an AG-groupoid.
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Proposition 2 Let S be an AG-groupoid, then H(S) satisfies the medial law.

Proof. Let f, g, h and k be any hesitant fuzzy sets of H(S). Then, by using left
invertive law,

(f ◦̃g)◦̃(h◦̃k) = ((h◦̃k)◦̃g)◦̃f = ((g◦̃k)◦̃h)◦̃f = (f ◦̃h)◦̃(g◦̃k).

Theorem 2 Let S be an AG-groupoid with left identity. Then, the following pro-
perties holds in H(S).

(i) f ◦̃(g◦̃h) = g◦̃(f ◦̃h), for all hesitant fuzzy sets f, g, h ∈ H(S).

(ii) (f ◦̃g)◦̃(h◦̃k) = (k◦̃h)◦̃(g◦̃f), for all hesitant fuzzy sets f, g, h, k ∈ H(S).

Proof. (i) Let a ∈ S. If a 6= bc for some b, c ∈ S, then (f ◦̃(g◦̃h))(a) =
(g◦̃(f ◦̃h))(a) = φ. If a is expressible as a = bc for some b, c ∈ S, then

(f ◦̃(g◦̃h))(a) =
⋃

a=bc

{f(b) ∩ (g◦̃h)(c)} =
⋃

a=bc

{
f(b) ∩

⋃
c=pq

{g(p) ∩ h(q)}
}

=
⋃

a=b(pq)

{f(b) ∩ g(p) ∩ h(q)} =
⋃

a=p(bq)

{g(p) ∩ f(b) ∩ h(q)}

=
⋃

a=pw

{
g(p) ∩

⋃

w=bq

{f(b) ∩ h(q)}
}

=
⋃

a=pw

{g(p) ∩ (f ◦̃h)(w)}

= (g◦̃(f ◦̃h))(a).

Hence, f ◦̃(g◦̃h) = g◦̃(f ◦̃h) for all a ∈ S.

(ii) Let a ∈ S and a 6= bc for some b, c ∈ S, then (f ◦̃g)◦̃(h◦̃k) = (k◦̃h)◦̃(g◦̃f) = φ.
Assume that a ∈ S is expressible as a = bc for some b, c ∈ S. Then,

((f ◦̃g)◦̃(h◦̃k))(a) =
⋃

a=bc

{(f ◦̃g)(b) ∩ (h◦̃k)(c)}

=
⋃

a=bc

{ ⋃

b=pq

{f(p) ∩ g(q)} ∩
⋃

c=uv

{h(u) ∩ k(v)}
}

=
⋃

a=(pq)(uv)

{f(p) ∩ g(q) ∩ h(u) ∩ k(v)}

=
⋃

a=(vu)(qp)

{k(p) ∩ h(q) ∩ g(u) ∩ f(v)}

=
⋃

a=mn

{ ⋃
m=vu

{k(p) ∩ h(u)} ∩
⋃

n=qp

{g(q) ∩ f(p)}
}

=
⋃

a=mn

{(k◦̃h)(m) ∩ (g◦̃f)(n)}

= ((k◦̃h)◦̃(g◦̃f))(a)

Hence, (f ◦̃g)◦̃(h◦̃k) = (k◦̃h)◦̃(g◦̃f) for all a ∈ S.
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Definition 4 For a non-empty subset A of an AG-groupoid S, define a map

HA : S → P([0, 1], x 7→
{

[0, 1] if x ∈ A,
φ otherwise.

Then, HA is a hesitant fuzzy set on S and is called characteristic hesitant fuzzy
set on S. The hesitant fuzzy set HS is called identity hesitant fuzzy set on S.

Theorem 3 Let HA and HB be hesitant fuzzy sets on AG-groupoid S, where A
and B are non-empty subsets of S. Then, the following properties hold.

(i) If A ⊆ B, then HA v HB.

(ii) HA uHB = HA∩B.

(iii) HA◦̃HB = HAB.

Proof. (i) It is obvious.

(ii) Let x ∈ S. If x ∈ A ∩B, then x ∈ A and x ∈ B. Thus, we have

(HA uHB)(x) = HA(x) ∩HB(x) = [0, 1] = HA∩B(x).

If x /∈ A ∩B, then x /∈ A or x /∈ B. Hence, we have

(HA uHB)(x) = HA(x) ∩HB(x) = φ = HA∩B(x).

Therefore, HA uHB = HA∩B.

(iii) For any x ∈ S. Let x ∈ AB. Then, there exist y ∈ A and z ∈ B such that
x = yz. Thus, we have

(HA◦̃HB)(x) =
⋃

x=yz

{HA(y) ∩HB(z)} ⊇ HA(y) ∩HB(z) = [0, 1],

and so (HA◦̃HB)(x) = [0, 1]. Since x ∈ AB, we get HAB(x) = [0, 1]. Suppose
x /∈ AB. Then x 6= yz for any y ∈ A and z ∈ B. If x = yz for some y, z ∈ S, then
y /∈ A or z /∈ B. Hence,

(HA◦̃HB)(x) =
⋃

x=yz

{HA(y) ∩HB(z)} = φ = HAB(x).

If x 6= yz for all x, y ∈ S, then

(HA◦̃HB)(x) = φ = HAB(x).

In any case, we have HA◦̃HB = HAB.

Definition 5 A hesitant fuzzy set h on AG-groupoid S is called a hesitant fuzzy
AG-groupoid on S if it satisfies:

(∀x, y ∈ S) (h(xy) ⊇ h(x) ∩ h(y).
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Example 1 Let S = {1, 2, 3} be an AG-groupoid with the following Cayley mul-
tiplication table.

· 1 2 3
1 1 1 1
2 1 1 3
3 1 1 1

Let h be a hesitant fuzzy set on S defined as follows:

h : S → P([0, 1], x 7→




(0.2, 0.8] if x = 1,
[0.3, 0.7] if x = 2,
[0.5, 0.7) if x = 3.

It is easy to observe that h is a hesitant fuzzy AG-groupoid on S.

If h(a) = [0, 1] ∀ a ∈ S, then it is easy to see that h is a hesitant fuzzy

AG-groupoid on S. We denote such type of hesitant fuzzy AG-groupoids by H̃.
It is obvious that H̃ = HS that is H̃(a) = [0, 1] ∀ a ∈ S.

Lemma 1 Let S be an AG-groupoid and f be a hesitant fuzzy AG-groupoid on
S. Then, H̃◦̃H̃ v H̃, f ◦̃H̃ v H̃, H̃◦̃f v H̃, f t H̃ = H̃ and f u H̃ v f.

Proposition 3 Let S be an AG-groupoid with left identity. Then, H̃◦̃H̃ = H̃.

Proof. Let a ∈ S. Since every element a ∈ S can be expressed as a = ea, where
e is the left identity in S, so we have

(H̃◦̃H̃)(a) =
⋃

a=bc

{
H̃(b) ∩ H̃(c)

}
⊇

{
H̃(e) ∩ H̃(a)

}
= [0, 1].

Hence, (H̃◦̃H̃)(a) = [0, 1] = H̃(a) ∀ a ∈ S.

Theorem 4 Let f be a hesitant fuzzy set on AG-groupoid S. Then, f is a hesitant
fuzzy AG-groupoid on S if and only if

f ◦̃f v f .

Proof. Let f be a hesitant fuzzy AG-groupoid on S. Let a ∈ S.
If a 6= bc for some b, c ∈ S. Then, (f ◦̃f)(a) = φ v f(a), implies that

(f ◦̃f)(a) v f(a). Hence, f ◦̃f v f .
If a = bc for some b, c ∈ S. Then, since f is a hesitant fuzzy AG-groupoid

on S, so we have (f ◦̃f)(a) =
⋃

a=bc

{f(b) ∩ f(c)} ⊆ ⋃
a=bc

f(bc) =
⋃

a=bc

f(a) = f(a).

Hence, f ◦̃f v f.
Conversely, suppose that f ◦̃f v f. Let a, b, c ∈ S and a = bc, then we have

f(bc) = f(a) ⊇ (f ◦̃f)(a) =
⋃

a=bc

{f(b) ∩ f(c)} ⊇ f(b)∩f(c). Hence, f is a hesitant

fuzzy AG-groupoid on S.
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Theorem 5 Let S be an AG-groupoid and A be a non-empty subset of S. Then,
A is an AG-subgroupoid of S if and only if HA is a hesitant fuzzy AG-groupoid
on S.

Proof. Suppose that A is an AG-subgroupoid of S, then AA ⊆ A. Thus, we have
HA◦̃HA = HAA v HA. By Theorem 4, HA is a hesitant fuzzy AG-groupoid on S.

Conversely, assume that HA is a hesitant fuzzy AG-groupoid on S and let
a ∈ AA. Then, by using Theorem 4, we have HA(a) ⊇ (HA◦̃HA)(a) = HAA(a) =
[0, 1] ⇒ HA(a) = [0, 1] ⇒ a ∈ A. Thus, AA ⊆ A. Hence, A is an AG-subgroupoid
of S.

Definition 6 A hesitant fuzzy set h on an AG-groupoid S is called a hesitant
fuzzy left (resp., right) ideal on S if it satisfies:

(∀x, y ∈ S) (h(xy) ⊇ h(y) (resp. , h(xy) ⊇ h(x)).

A hesitant fuzzy set h on S is called a hesitant fuzzy two-side ideal on S if it is
both hesitant fuzzy left ideal and hesitant fuzzy right ideal on S.

Example 2 Let S = {a, b, c, d} be an AG-groupoid with the following Cayley
multiplication table.

· a b c d
a a a a a
b a a a a
c a a a b
d a a b c

Let h be a hesitant fuzzy set on S defined as follows:

h : S → P([0, 1], x 7→





(0.2, 0.8] if x = a,
[0.3, 0.7] if x = b,
[0.5, 0.7] if x = c,
(0.5, 0.6) ∪ (0.6, 0.7) if x = d.

Then, it is easy to verify that h is a hesitant fuzzy two-sided ideal on S.

Obviously, every hesitant fuzzy left (resp., right) ideal on S is a hesitant fuzzy
AG-groupoid on S. But the converse is not true as seen in the following example.

Example 3 Let S = {0, 1, 2, 3, 4, 5} be anAG-groupoid with the following Cayley
multiplication table.

. 0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 1 1 1 1 1
2 1 2 2 3 1 1
3 0 1 1 1 3 3
4 0 3 4 5 1 1
5 0 1 1 1 4 5
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Let h be a hesitant fuzzy set on S defined as follows:

h : S → P([0, 1], x 7→





[0, 1) if x = 0,
{0} ∪ [0.4, 1) if x = 1,
[0.5, 0.8] ∪ {0.9} if x ∈ {2, 4},
[0.5, 0.9] if x = 3,
{0, 0.2} ∪ [0.5, 1) if x = 5.

Then, h is a hesitant fuzzy AG-groupoid on S. But it is not a hesitant fuzzy left
ideal on S, since h(3.5) = h(3) = [0.5, 0.9] + {0, 0.2} ∪ [0.5, 1) = h(5).

Example 4 Let S = {0, 1, 2, 3, 4, 5} be an AG-groupoid with the Cayley multi-
plication table which is appeared in Example 3. Let g be a hesitant fuzzy set on
S defined as follows:

g : S → P([0, 1], x 7→





[0.3, 1] if x ∈ {0, 1},
[0.4, 0.9] if x = 2,
(0.3, 1) if x = 3,
(0.4, 0.9) if x ∈ {4, 5}.

Then, g is a hesitant fuzzy AG-groupoid on S. But it is not a hesitant fuzzy right
ideal on S, since g(3.4) = g(2) = [0.4, 0.9] + (0.3, 1) = g(3).

Theorem 6 Let f be a hesitant fuzzy set on AG-groupoid S. Then, f is a hesitant
fuzzy left (resp., right) ideal on S if and only if (H̃◦̃f v f) (resp., f ◦̃H̃ v f).

Proof. Assume that f be a hesitant fuzzy left ideal on S. Let a ∈ S. If a 6= bc for
some b, c ∈ S, then (H̃◦̃f)(a) = φ v f(a), that is H̃◦̃f v f(a). If a is expressible
as a = bc for some b, c ∈ S. Then, since f is a hesitant fuzzy left ideal on S,

we have (H̃◦̃f)(a)=
⋃

a=bc

{
H̃(b)∩f(c)

}
⊆ {[0, 1]∪f(bc)}= ⋃

a=bc

{[0, 1]∩f(a)}=f(a).

Hence, H̃◦̃f v f .

Conversely, let H̃◦̃f v f . Let there exist b, c ∈ S such that a = bc. Then, we

have f(bc)=f(a) ⊇ (H̃◦̃f)(a)=
⋃

a=bc

{
H̃(b)∩f(c)

}
⊇H̃(b)∩f(c)=[0, 1]∩f(c)=f(c).

Hence, f is a hesitant fuzzy left ideal on S.

The other case can be seen in a similar way.

Theorem 7 For any non-empty subset A of an AG-groupoid S, the following are
equivalent.

(i) A is left (resp., right, two-sided) ideal of S.

(ii) The characteristic hesitant fuzzy set HA on S is a left (resp., right, two-
sided) ideal on S.
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Proof. (i) ⇒ (ii) : Let A be left ideal of an AG-groupoid S. For any x, y ∈ S, if
y /∈ A then HA(y) = φ ⊆ HA(xy). If y ∈ A, then x, y ∈ A, since A is left ideal of
S. Hence, HA(xy) = [0, 1] = HA(y). Therefore, HA is a hesitant fuzzy left ideal
on S. Similarly, HA is a hesitant fuzzy right and hesitant fuzzy two-sided ideal
on S when A is a right ideal and two-sided ideal of S.

(ii) ⇒ (i) : Let HA be a hesitant fuzzy left ideal on S. Let x ∈ S and y ∈ A.
Then HA(y) = [0, 1], and so HA(xy) ⊇ HA(y) = [0, 1], that is, HA(xy) = [0, 1].
Thus x, y ∈ A and therefore A is a left ideal of S. Similarly, we can show that A
is a right ideal and two-sided ideal of S, when HA is a hesitant fuzzy right ideal
and hesitant fuzzy two-sided ideal on S.

Theorem 8 Let S be an AG-groupoid and f be a hesitant fuzzy set on S. If f is
a hesitant fuzzy left (resp., right, two-sided) ideal on S, then f is a hesitant fuzzy
AG-groupoid on S.

Proof. Let f be a hesitant fuzzy left ideal on AG-groupoid S. Then, f(ab) ⊇ f(b)
∀ a, b ∈ S implies that f(ab) ⊇ f(b) ⊇ f(a) ∩ f(b). Hence, f is a hesitant fuzzy
AG-groupoid on S.

Similarly, we can show that if f is a hesitant fuzzy (right, two-sided) ideal on
S, then f is a hesitant fuzzy AG-groupoid on S.

Definition 7 Let S be an AG-groupoid. A hesitant fuzzy AG-groupoid f on S
is called a hesitant fuzzy bi-ideal on S if it satisfies:

(∀ a, b, c ∈ S) (h((ab)c) ⊇ h(a) ∩ h(c)).

Example 5 Let S = {1, 2, 3} be an AG-groupoid with the following Cayley mul-
tiplication table.

· 1 2 3
1 1 1 1
2 1 1 3
3 1 1 1

Let f be a hesitant fuzzy set on S defined as follows:

f : S → P([0, 1], x 7→




(0.3, 0.9] if x = 1,
[0.4, 0.8] if x = 2,
[0.6, 0.8] if x = 3.

Then, it is easy to verify that f is a hesitant fuzzy bi-ideal on S.

Theorem 9 Let S be an AG-groupoid and f be a hesitant fuzzy set on S. Then,
f is a hesitant fuzzy bi-ideal on S if and only if

f ◦̃f v f and (f ◦̃H̃)◦̃f v f .

Proof. Let f be a hesitant fuzzy bi-ideal on AG-groupoid S. Then, f is a hesitant
fuzzy AG-groupoid on S and by Theorem 4, we have f ◦̃f v f . Next let a ∈ S. If
a is not expressible as a = bc for some b, c ∈ S, then ((f ◦̃H̃)◦̃f)(a) = φ v f . If a
is expressible as a = bc for some b, c ∈ S, then we have
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((f ◦̃H̃)◦̃f)(a) =
⋃

a=bc

{
(f ◦̃H̃)(b) ∩ f(c)

}
=

⋃

a=bc

{ ⋃

b=mn

{
f(m) ∩ H̃(n)

}
∩ f(c)

}

=
⋃

a=bc

{ ⋃

b=mn

{f(m) ∩ [0, 1]} ∩ f(c)

}
=

⋃

a=(mn)c

{f(m) ∩ f(c)}

⊆
⋃

a=(mn)c

f((mn)c) = fa.

Hence, (f ◦̃H̃)◦̃f v f .
Conversely, let f ◦̃f v f . Then, by Theorem 4, f is a hesitant fuzzy AG-

groupoid on S. Now, since (f ◦̃H̃)◦̃f v f , let a, b, c ∈ S, then we have

f((ab)c) ⊇ ((f ◦̃H̃)◦̃f)((ab)c) =
⋃

((ab)c)=pq

{
(f ◦̃H̃)(p) ∩ f(q)

}

=
⋃

((ab)c)=pq

{ ⋃
p=mn

{
f(m) ∩ H̃(n)

}
∩ f(q)

}

=
⋃

((ab)c)=(mn)q

{f(m) ∩ f(q)} ⊇ f(a) ∩ f(c).

This shows that, f((ab)c) ⊇ f(a)∩ f(c) ∀ a, b, c ∈ S. Hence, f is a hesitant fuzzy
bi-ideal on S.

Theorem 10 Let S be an AG-groupoid. Then, every hesitant fuzzy left (resp.,
right, two-sided) ideal on S is a hesitant fuzzy bi-ideal on S.

Proof. Let f be a hesitant fuzzy left (resp., right, two-sided) ideal on S. Then,
by Theorem 8, f is a hesitant fuzzy left (resp., right, two-sided) ideal on S. Also
f((ab)c) ⊇ f(c) ⊇ f(a) ∩ f(c) ∀ a, b, c ∈ S. Hence, f is a hesitant fuzzy bi-ideal
on S.

Theorem 11 Let A be a non-empty subset of an AG-groupoid S. Then, A is a
bi-ideal of S if and only if the characteristic hesitant fuzzy set HA is a hesitant
fuzzy bi-ideal on S.

Definition 8 Let S be an AG-groupoid and f be a hesitant fuzzy set on S. Then,
f is called a hesitant fuzzy interior ideal on S, if

(∀ a, b, c ∈ S) (f((ab)c) ⊇ f(b)).

Example 6 Let S = {p, q, r} be an AG-groupoid with the following Cayley mul-
tiplication table.

· p q r
p r r q
q q q q
r q q q
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Let f be a hesitant fuzzy set on S defined as follows:

f : S → P([0, 1], x 7→




[0.5, 0.7) if x = p,
[0.3, 0.7] if x = q,
(0.3, 0.6] if x = r.

Then, it is easy to verify that f is a hesitant fuzzy interior on S.

Theorem 12 A heitant fuzzy set f on AG-groupoid S is a hesitant fuzzy interior
ideal on S if and only if

(H̃◦̃f)◦̃H̃ v f .

Proof. Let a ∈ S and let f be a hesitant fuzzy interior ideal on S. If a is not
expressible as a = bc for some b, c ∈ S, then ((H̃◦̃f)◦̃H̃)(a) = φ ⊆ f(a). Thus,

(H̃◦̃f)◦̃H̃ v f . If a is expressible as a = bc for some b, c ∈ S, then we have

((H̃◦̃f)◦̃H̃)(a) =
⋃

a=bc

{
(H̃◦̃f)(b) ∩ H̃(c)

}
=

⋃

a=bc

{ ⋃

b=pq

{
H̃(p) ∩ f(q)

}
∩ H̃(c)

}

=
⋃

a=bc

{ ⋃

b=pq

{[0, 1], f(q)} ∩ [0, 1]

}
⊆

⋃

a=bc

{ ⋃

b=pq

{[0, 1], f((pq)c)} ∩ [0, 1]

}

=
⋃

a=(pq)c

{[0, 1], f((pq)c)} ∩ [0, 1] = f(a).

Also if b 6= pq, then (H̃◦̃f)(b) = φ, and so ((H̃◦̃f)◦̃H̃)(a) = φ ⊆ f(a).

In any case, we have (H̃◦̃f)◦̃H̃ v f .

Conversely, let (H̃◦̃f)◦̃H̃ v f . Let a, b, c ∈ S, then

f((ab)c) ⊇ ((H̃◦̃f)◦̃H̃)((ab)c) =
⋃

(ab)c=mn

{
(H̃◦̃f)(m) ∩ H̃(n)

}

⊇ (H̃◦̃f)(ab) ∩ H̃(c) = (H̃◦̃f)(ab) ∩ [0, 1]

=
⋃

ab=pq

{
H̃(p) ∩ f(q)

}
⊇ H̃(a) ∩ f(b) = [0, 1] ∩ f(b) = f(b).

This shows that, f is a hesitant fuzzy interior ideal on S.

Theorem 13 Let S be an AG-groupoid. Then, a hesitant fuzzy left (resp., right,
two-sided) ideal f on S is a hesitant fuzzy interior ideal on S but the converse is
not true in general.

Proof. Assume that f be a hesitant fuzzy ideal on S. Let a, b, c ∈ S, then
f((ab)c) ⊇ f(ab) ⊇ f(b). This implies that f is a hesitant fuzzy interior ideal on S.
Conversely, since in Example 6, f is a hesitant fuzzy interior ideal on S and it is not
a hesitant fuzzy ideal on S because f(pq) = f(r) = (0.3, 0.6] + [0.3, 0.7] = f(q).

Theorem 14 Let A be a non-empty subset of an AG-groupoid S. Then, A is
an interior ideal of S if and only if the characteristic hesitant fuzzy set HA is a
hesitant fuzzy interior ideal on S.
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If h(a) = [0, 1] ∀ a ∈ S, then it is easy to see that h is a hesitant fuzzy AG-
groupoid, left (resp., right, bi-ideal, interior ideal, generalized bi-ideal) on S. We
denote such type of hesitant fuzzy AG-groupoid, hesitant fuzzy left (resp., right,

bi-ideal, interior ideal, generalized bi-ideal) by H̃. It is obvious that H̃ = HS that

is H̃(a) = [0, 1] ∀ a ∈ S.

Definition 9 A hesitant fuzzy set f on AG-groupoid S is called a hesitant fuzzy
quasi-ideal on S if the following condition is valid.

(f ◦̃H̃) u (H̃◦̃f) v f .

Example 7 Let S = {0, a, b, c} be an AG-groupoid with the following Caley
multiplication table.

· 0 a b c
0 0 0 0 0
a c a b 0
b 0 0 0 0
c 0 c b 0

Let f be a hesitant fuzzy set defined on S as follows:

f : S → P([0, 1], x 7→
{

ε if x ∈ {0, a}
φ if x ∈ {b, c}

where ε is a non-empty subset of [0, 1]. Then, f is a hesitant fuzzy quasi-ideal
on S.

Proposition 4 Let S be an AG-groupoid. Then, every hesitant fuzzy quasi-ideal
on S is a hesitant fuzzy AG-groupoid on S.

Proof. Assume that f be a hesitant fuzzy quasi-ideal on S. Since f v H̃, f ◦̃f v
H̃◦̃f and f ◦̃f v f ◦̃H̃. So we have, f ◦̃f v (H̃◦̃f) u (f ◦̃H̃) v f implies that
f ◦̃f v f . Hence, f is a hesitant fuzzy AG-groupoid on S.

Proposition 5 Every hesitant fuzzy left (resp., right) ideal on AG-groupoid S is
a hesitant fuzzy quasi-ideal on S.

Proof. Assume that f is a hesitant fuzzy quasi-ideal on S. Now, since H̃◦̃f v f ,
so we have (H̃◦̃f)u(f ◦̃H̃)vH̃◦̃fvf . Hence, f is a hesitant fuzzy left ideal on S.

Proposition 6 Let S be an AG-groupoid. Then, every idempotent hesitant fuzzy
quasi-ideal on S is a hesitant fuzzy bi-ideal on S.

Proof. Let f be a hesitant fuzzy quasi-ideal on AG-groupoidS. Then, by Propo-
sition 4, f is a hesitant fuzzy AG-groupoid on S. Next, since f is idempotent
hesitant fuzzy quasi-ideal on S, so we have

(f ◦̃H̃)◦̃fv(H̃◦̃H̃)◦̃fvH̃◦̃f and (f ◦̃H̃)◦̃f=(f ◦̃H̃)◦̃(f ◦̃f)=(f ◦̃f)◦̃(H̃◦̃f)vf ◦̃H̃
This implies that, (f ◦̃H̃)◦̃f v (H̃◦̃f) u (f ◦̃H̃) v f implies that (f ◦̃H̃)◦̃f v f .
Hence, by using Theorem 9, f is a hesitant fuzzy bi-ideal on S.
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Theorem 15 Let Q be a non-empty subset of an AG-groupoid S. Then, Q is a
quasi-ideal of S if and only if the characteristic hesitant fuzzy set HQ is a hesitant
fuzzy quasi-ideal on S.

Proof. We first assume that Q is a quasi-ideal of S. Let a be any element of S.
If a ∈ Q, then

((HQ◦̃H̃) u (H̃◦̃HQ))(a) v [0, 1] = HQ(a).

If a /∈ Q, then [HQ](a) = φ. On the other hand assume that

((HQ◦̃H̃) u (H̃◦̃HQ))(a) = [0, 1].

Then ⋃
a=xy

{
HQ(x) ∩ H̃(y)

}
= (HQ◦̃H̃)(a) = [0, 1]

and ⋃
a=xy

{
H̃(x) ∩HQ(y)

}
= (H̃◦̃HQ)(a) = [0, 1].

This implies that, there exist b, c, d and e of S with a = bc = de such that
HQ(b) = [0, 1] and HQ(e) = [0, 1]. Hence a = bc = de ∈ QS ∩ SQ ⊆ Q, which

contradicts that a /∈ Q. Thus, we have (HQ◦̃H̃) u (H̃◦̃HQ) v HQ and so HQ is a
hesitant fuzzy quasi-ideal on S.

Conversely, suppose that HQ is a hesitant fuzzy quasi-ideal on S. Let a be
any element of QS ∩ SQ. Then, bx = a = yc for some x, y ∈ S. It follows from
Example 2, that

HQ(a) ⊇ ((HQ◦̃H̃) u (H̃◦̃HQ))(a) = (HQ◦̃H̃)(a) ∩ (H̃◦̃HQ)(a)

=

( ⋃
a=uv

{
HQ(u) ∩ H̃(v)

})
∩

( ⋃
a=uv

{H̃(u) ∩HQ(v)}
)

=

( ⋃
a=uv

{HQ(u)}
)
∩

( ⋃
a=uv

{HQ(v)}
)

= [0, 1]

and so a ∈ Q. Thus, QS ∩ SQ ⊆ Q. Hence, Q is a quasi-ideal of S.

Characterizations of regular AG-groupoids

In this section, we characterize a regular AG-groupoid in terms of hesitant fuzzy
ideals.

Definition 10 An AG-groupoid S is called regular AG-groupoid if for every ele-
ment a ∈ S there exist an element x ∈ S such that

a = (ax)a.



hesitant fuzzy ideals in abel-grassmann’s groupoids 551

Theorem 16 Let S be a regular AG-groupoid. Then, for every hesitant fuzzy
right ideal f and for every hesitant fuzzy left ideal g on S, f ◦̃g = f u g.

Proof. Let f be a hesitant fuzzy right ideal and g be a hesitant fuzzy left ideal
on a regular AG-groupoid S. Then, f ◦̃g v f ◦̃H̃ v f and f ◦̃g v H̃◦̃g v g. This
implies that, f ◦̃g v f ug. Now let a be any element of S. Then, since S is regular
AG-groupoid, so there exist an element x ∈ S such that a = (ax)a. Thus, we
have (f ◦̃g)(a) =

⋃
a=xy

{f(x) ∩ g(y)} ⊇ f(ax) ∩ g(a) ⊇ f(a) ∩ g(a) = (f ∩ g)(a).

This implies that, f ◦̃g w f u g. Hence, f ◦̃g = f u g.

Corollary 1 Let S be a regular AG-groupoid. Then, for every hesitant fuzzy ideal
f and for every hesitant fuzzy ideal g on S, f ◦̃g = f u g.

Proposition 7 Let S be a regular AG-groupoid. Then, every hesitant fuzzy right
ideal on S is idempotent.

Proof. Let S be a regular AG-groupoid and g be a hesitant fuzzy right ideal on
S. Then, g◦̃g v g◦̃H̃ v g. Next, since S is regular, so for any a ∈ S there exist
x ∈ S such that a = (ax)a. Thus, we have (g◦̃g)(a) =

⋃
a=(ax)a

{g(ax) ∩ g(a)} ⊇
g(a) ∩ g(a) = g(a). Hence, g v (g◦̃g) and so (g)2 = g◦̃g = g.

Corollary 2 Let S be a regular AG-groupoid. Then, every hesitant fuzzy ideal
on S is idempotent.

Corollary 3 Let S be a regular AG-groupoid. Then, the set of all hesitant fuzzy
ideals on S forms a samilattice structure under the hesitant fuzzy product.

Proposition 8 Every hesitant fuzzy right ideal on a regular AG-groupoid S is a
hesitant fuzzy left ideal on S.

Proof. Let S be a regular AG-groupoid and f be a hesitant fuzzy right ideal
on S. Then, since S is regular, so for any a ∈ S there exist x ∈ S such that
a = (ax)a. Thus, we have f(ab) = f(((ax)a)b) = f((ba)(ax)) ⊇ f(ba) ⊇ f(b).
Hence, f is a hesitant fuzzy left ideal on S.

Proposition 9 Let S be an AG-groupoid and let the set of all hesitant fuzzy ideals
on S forms a regular AG-groupoid on S under the hesitant fuzzy product. Then,
every hesitant fuzzy ideal on S has the form f = (f ◦̃H̃)◦̃f .

Proof. Let f be a hesitant fuzzy ideal on S. Then, by assumption there exist a
hesitant fuzzy ideal on S such that f = (f ◦̃g)◦̃f Thus,

f = (f ◦̃g)◦̃f v (f ◦̃H̃)◦̃f v (f ◦̃H̃) u (H̃◦̃f) v f u f = f.

Now since (f ◦̃H̃)◦̃f v (f ◦̃H̃)◦̃H̃ v f ◦̃H̃ and (f ◦̃H̃)◦̃f v (H̃◦̃H̃)◦̃f v H̃◦̃f, hence,

f = (f ◦̃H̃)◦̃f.
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Proposition 10 Let S be a regular AG-groupoid and let f be a hesitant fuzzy
interior ideal on S. Then, f is a hesitant fuzzy ideal on S.

Proof. Let f be a hesitant fuzzy interior ideal on S and a be any element of
S. Then, since S is regular so there exist x ∈ S such that a = (ax)a. Thus, we
havef(ab) = f(((ax)a)b) ⊇ f(a). Hence, f is a hesitant fuzzy right ideal on S.

Theorem 17 Let S be a regular AG-groupoid. Then, for every hesitant fuzzy bi-
ideal f on S, f = (f ◦̃H̃)◦̃f.

Proof. Let f be a hesitant fuzzy bi-ideal on S and let a be an arbitrary element
of S. Then, since S is regular, so there exist x ∈ S such that a = (ax)a. Thus,
we have

((f ◦̃H̃)◦̃f)(a) =
⋃

a=bc

{
(f ◦̃H̃)(b) ∩ f(c)

}
⊇ (f ◦̃H̃)(xa) ∩ f(a)

=
⋃

ax=pq

{
f(p) ∩ H̃(q)

}
∩ f(a) ⊇ f(a) ∩ H̃(x) ∩ f(a)

= f(a) ∩ [0, 1] ∩ f(a) = f(a)

This shows that, (f ◦̃H̃)◦̃f w f . By assumption, since f is a hesitant fuzzy bi-ideal

on S, so (f ◦̃H̃)◦̃f v f. Hence, f = (f ◦̃H̃)◦̃f.

Proposition 11 Let S be a regular AG-groupoid. Let f be a hesitant fuzzy right
ideal and g be a hesitant fuzzy left ideal on S. Then, f ◦̃g is a hesitant fuzzy
quasi-ideal on S.

Proof. Let f be a hesitant fuzzy right ideal and g be a hesitant fuzzy left ideal on
S. It follows that fug is a hesitant fuzzy quasi-ideal on S. Now, since S is regular,
so by Theorem 16, f ◦̃g=f u g. Hence, f ◦̃g is a hesitant fuzzy quasi-ideal on S.

Characterizations of completely regular AG-groupoids

In this section, we characterize a completely regular AG-groupoid in terms of
hesitant fuzzy ideals. An AG-groupoid S is called left regular if for all a ∈ S
there exist x ∈ S such that

a = xa2 = x(aa).

An AG-groupoid S is called right regular if for all a ∈ S there exist x ∈ S such
that

a = a2x = (aa)x.

Definition 11 An AG-groupoid S is called completely regular AG-groupoid if S
is regular, left regular and right regular.

Theorem 18 Let S be an AG-groupoid. Then, the following coditions are equi-
valent.
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(i) S is left regular.

(ii) f(a) = f(a2) for all a ∈ S, where f is any hesitant fuzzy left ideal on S.

Proof. (i) ⇒ (ii) : Let S be a left regular AG-groupoid and f be any hesitant
fuzzy left ideal on S. Then, since S is a left regular so for any p ∈ S there exist
q ∈ S such that p = q(pp). Thus,

f(p) = f(q(pp)) ⊇ f(pp) ⊇ f(p).

This shows that, f(p) = f(p2).

(ii) ⇒ (i) : Let f(p) = f(p2) for all p ∈ S. Since L(p2) is a left ideal of S, the
characteristic hesitant fuzzy set HL(p2) is a hesitant fuzzy left ideal on S. Since
p2 ∈ L(p2), we have

HL(p2)(p) = HL(p2)(p
2) = [0, 1].

This implies that, p ∈ L(p2) = S(pp). This obviously means that S is a left
regular.

Theorem 19 Let S be an AG-groupoid. Then, the following coditions are equiv-
alent.

(i) S is left regular.

(ii) f(a) = f(a2) for all a ∈ S, where f is any hesitant fuzzy right ideal on S.

Characterizations of weakly regular AG-groupoids

In this section, we characterize a weakly regular AG-groupoid in terms of hesitant
fuzzy ideals.

Definition 12 An AG-groupoid S is called weakly regular AG-groupoid if for all
a ∈ S there exist b, c ∈ S such that

a = (ab)(ac)

Theorem 20 Let S be a weakly regular AG-groupoid. Let f be any hesitant fuzzy
right ideal and g be any hesitant fuzzy ideal on S. Then, f u g = f ◦̃g.

Proof. Let f be any hesitant fuzzy right ideal and g be any hesitant fuzzy ideal
on weakly regular AG-groupoid S. Let a be any element of S. Then, since S is
weakly regular, so there exist b, c ∈ S such that a = (ab)(ac). Thus, we have

(f ◦̃g)(a) =
⋃

a=(ab)(ac)

{f(ab) ∩ g(ac)} ⊇ f(a) ∩ f(a) = (f ∩ g)(a).

This shows that, f u g v f ◦̃g. Now since f u g w f ◦̃g holds for all hesitant fuzzy
right ideal and for all hesitant fuzzy left ideal on S. Hence, f u g = f ◦̃g.
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Characterizations of quasi-regular AG-groupoids

In this section, we characterize quasi-regular AG-groupoid in terms of hesitant
fuzzy ideals. An AG-groupoid S is called left quasi-regular if for all a ∈ S there
exist b, c ∈ S such that a = (ba)(ca) and S is called right quasi-regular if for all
a ∈ S there exist b, c ∈ S such that a = (ab)(ac).

Definition 13 An AG-groupoid S is called quasi-regular, if it is both left quasi-
regular and right quasi-regular.

Theorem 21 Let S be an AG-groupoid. Then, S is left (resp., right) quasi-
regular if and only if every hesitant fuzzy left (resp., right) ideal on S is idempotent.

Proof. Let S be left quasi-regualr and f be a hesitant fuzzy left ideal on S.
Then, for any x ∈ S there exist b, c ∈ S such that x = (bx)(cx). Thus, we have
(f ◦̃f)(x) =

⋃
x=(bx)(cx)

{f(bx) ∩ f(cx)} ⊇ f(bx) ∩ f(cx) ⊇ f(x) ∩ f(x) = f(x). This

shows that, f ◦̃f ⊇ f . Also it is obvious that f ◦̃f ⊆ f. Thus, f ◦̃f = f. Hence, f
is idempotent.

Conversely, let every hesitant fuzzy left ideal on S is idempotent. Let x ∈ S.
Then, since L[x] is a principal left ideal of S, so the characteristic hesitant fuzzy
set is a hesitant fuzzy left ideal on S. Thus, by using assumption we have

HL[x]L[x](x) = (HL[x]◦̃HL[x])(x) = HL[x](x) = [0, 1].

This implies that, a ∈ L[x]L[x] = (Sx)(Sx). Hence, S is left quasi-regular.
The other case can be shown in a similar way.

Proposition 12 Let S be left (resp., right) quasi-regular AG-groupoid and f be
a hesitant fuzzy right ideal on S. Then, f is a hesitant fuzzy ideal on S.

Proof. Let S be left (resp., right) quasi-regular AG-groupoid and f be a hesitant

fuzzy right ideal on S. Then, since H̃ is a hesitant fuzzy right ideal of itself on
S, and by using assumption H̃ is idempotent, so we haveH̃◦̃f = (H̃◦̃H̃)◦̃f =

(f ◦̃H̃)◦̃H̃ v f ◦̃H̃ v f. Hence, f is a hesitant fuzzy ideal on S.

Theorem 22 Let S be an AG-groupoid. Let for every hesitant fuzzy ideal f on
S, f = (f ◦̃H̃)2 u (H̃◦̃f)2, then S is quasi-regular.

Proof. Let f be any hesitant fuzzy right ideal on S. Then, by assumption we
have f = (f ◦̃H̃)2 u (H̃◦̃f)2 v (f ◦̃H̃)2 v f ◦̃f v f ◦̃H̃ v f. Thus, f = f ◦̃f = (f)2

and from Theorem 21, it follows that S is right quasi-regular. In similar way we
can show that S is left quasi-regular.

Acknowledgements. This project is supported by National Natural Science
Foundation of China (61074115) and (10971242).



hesitant fuzzy ideals in abel-grassmann’s groupoids 555

References

[1] Jun, Y.B., Song, S.Z., Hesitant fuzzy set theory applied to filters in MTL-
algebras, Honam Math. J., 36 (4) (2014), 813-830.

[2] Jun, Y.B., Song, S.Z., Hesitant fuzzy prefilters and filters of EQ-algebras,
Appl. Math. Sci., 9 (2015), 515-532.

[3] Kazim, M.A., Naseeruddin, M., On almost semigroups, Alig. Bull. Math.,
2 (1972), 1-7.

[4] Atanassov, K.T., Gargov, G., Interval valued intuitionistic fuzzy sets,
Fuzzt Sets and Systems, 31 (3) (1989), 343-349.

[5] Atanassov, K.T., Intuitionistic fuzzy sets, Fuzzt Sets and Systems, 20 (1)
(1986), 87-96.

[6] Wang, J.Q., Nie, R., Zhang, H.Y., Chen, X.H., New operators on
triangular intuitionistic fuzzy members and their applications in system fault
analysis, Information Sciences, 251 (2013), 79-95.

[7] Wang, J.Q., Nie, R., Zhang, H.Y., Chen, X.H., Intuitionistic fuzzy
multicriteria decision making method based on evidential reasoning, Applied
Soft Computing Journal, 13 (4) (2013), 1823-1831.

[8] Mushtaq, Q., Yusuf, S.M., On LA-semigroups, Alig. Bull. Math., 8
(1978), 65-70.

[9] Rodriguez, R.M., Martinez, L., Herrera, F., Hesitant fuzzy linguistic
term sets for decision making, IEEE Trans. Fuzzy Syst., 20 (1) (2012), 109-
119.

[10] Torra, V., Hesitant fuzzy sets, Int. J. Intell. Syst., 25 (2010), 529-539.

[11] Torra, V., Narukawa, Y., On hesitant fuzzy sets and decision, in: The
18th IEEE International Conference on Fuzzy Systems, Jeju Island, Korea,
2009, 1378-1382.

[12] Wei, G., Hesitant fuzzy prioritized operators and their application to multiple
attribute decision making, Knowledge-Based Systems, 31 (2012), 176–182.

[13] Xia, N., Xu, Z.S., Hesitant fuzzy information aggregation in decision ma-
king, Internat. J. Approx. Reason., 52 (3) (2011), 395-407.

[14] Xia, M., Xu, Z.S., Chen, N., Some hesitant fuzzy aggregation operators
with their application in group decision making, Group Decision Negotiation,
22 (2013), 259-279.



556 a. ali, m. khan, f.-g. shi

[15] Xu, Z.S., Xia, M., Distance and similarity measures for hesitant fuzzy sets,
Inform. Sci., 181 (11) (2011), 2128-2138.

[16] Zhu, B., Xu, Z., Xia, M., Hesitant fuzzy geometric Bonferroni means,
Inform. Sci., 205 (2012), 72-85.

[17] Zadeh, L.A., Fuzzy sets, Information and Computation, 8 (3) (1965), 338-
353.

[18] Zadeh, L.A., Fuzzy logic and approximate reasoning, Synthese, 30 (3-4)
(1975), 407–428.

[19] Bellman, R.E., Zadeh, L.A., Decision-making in a fuzzy environment,
Management Science, 17 (1970), B141–B164.

[20] Yager, R.R., Multiple objective decision-making using fuzzy sets,” Interna-
tional Journal of Man-Machine Studies, 9 (4) (1977), 375–382.

[21] Pedrycz, W., Fuzzy sets in pattern recognition: methodology and methods,
Pattern Recognition, 23 (1-2) (1990), 121–146.

Accepted: 12.09.2015


