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Abstract. The purpose of this paper is to use the new concept of absorbing mappings in
intuitionistic Menger space and prove fixed point theorems, without appeal to continuity.
The results thus obtained, generalizes and extends the result of Rashwan and Hedar [5]
in intuitionistic Menger space. We also cited an example in support of our result.
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1. Introduction

There have been a number of generalizations of metric space. One such generaliza-
tion is Menger space initiated by Menger [3]. It is a probabilistic generalization in
which we assign to any two points z and y, a distribution function F, ,. Schweizer
and Sklar [6], [7] studied this concept and gave some fundamental results on this
space. Sehgal and Bharucha-Reid [8] obtained a generalization of Banach Con-
traction Principle on a complete Menger space which is a milestone in developing
fixed point theory in Menger space.
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Kutukcu et al. [2] introduced the notion of intuitionistic Menger spaces with
the help of t-norms and t-conorms as a generalization of Menger space due to
Menger [3]. Using the concept of weakly compatible maps in intuitionistic Menger
space, Pant et. al. [4] proved a common fixed point theorem for six self maps
without appeal to continuity.

In this paper, we prove some common fixed point theorems for absorbing
mappings in Intuitionistic Menger spaces without using the condition of continuity.
We extend and generalize the result Rashwan and Hedar [5]. We support our
theorem by providing a suitable example.

2. Preliminaries

Definition 2.1. [4] A binary operation * : [0, 1] x [0, 1] — [0, 1] is called a ¢t-norm
if it satisfies the following conditions:

(1) * is commutative and associative,

(2) * is continuous,

(3) ax1=a,forall a€|0,1],

(4) a*b < cx*xd whenever a < ¢ and b < d, for all a,b, c,d € [0, 1].

Definition 2.2. [1] A binary operation ¢ : [0,1] x [0,1] — [0,1] is called a
t-conorm if it satisfies the following conditions:

(1) ¢ is commutative and associative.

(2) ¢ is continuous,

(3) a0 0=a,forallacl0,1]

(4) a®b<cdwhenever a <candb<d, forall a,b,c,d e [0,1].

Remark 2.1. [4] The concept of triangular norms (t-norms) and triangular
conorms (t-conorms) are known as the axiomatic skeletons that we use for charac-
terizing fuzzy intersection and union respectively. These concepts were originally
introduced by Menger [3] in his study of statistical metric spaces.

Definition 2.3. [4] A distance distribution function is a function F : R — R*
which is left continuous on R, non-decreasing and tin}g F(t) = 0, sup F(t) = 1.
€ teR

We will denote by D the family of all distance distribution function and by H a
special of D defined by
0, ift<0

H(t):{ 1, ift>0.

If X is a non-empty set, F': X x X — D is called a probabilistic distance on
X and F(z,y) is usually denoted by F, .

Definition 2.4. [4] A non-distance distribution function is a function L : R — R*

which is right continuous on R, non-increasing and gnlf% L(t) =1, sup L(t) = 0. We
€ teR



FIXED POINTS IN INTUITIONISTIC MENGER SPACE 559

will denote by E the family of all distance distribution function and by G a special

of E defined by
1, if t<0
G(t)_{o, if 10

If X is a non-empty set, L : X x X — F is called a probabilistic non-distance
on X and L(z,y) is usually denoted by L, ,

Definition 2.5. [4] A 5-tuple (X, F, L, * {) is said to be an intuitionistic Menger
space if X is an arbitrary set, * is a continuous ¢-norm, ¢ is continuous ¢-conorm,
F is a probabilistic distance and L is a probabilistic non-distance on X satisfying

the following conditions :
for all z,y,2 € X and t,s > 0,

(1) F ()+ny() 1,

(2) R »(0) =

(3) Foyu(t) = H( ) if and only if x = v,

(4) Fry(t) = Fya(t),

(5) if ij (t) =1and F,.(s) =1, then F, .(t +s) =1,

(6) Fy.(t+s)> Fyy(t) = F,.(s),

(7) Lay(0) =1

(8) L,,(t) = G(t) if and only if x =y,

(9) Lx,y(t) - Lyyx(t)v
(10) if L, ,(t) =0 and L, .(s) =0, then L, .(t +s) = 0,
(11) Ly (t+ ) < Ly, (¢ ) <> L, .(s).

The functions F ,(t) and L, ,(t) denote the degree of nearness and degree of
non-nearness between x and y with respect to ¢, respectively.

Example 2.1. [4] Let (X, d) be a usual metric space. Then the metric d in-
duces a distance distribution function F defined by F, ,(t) = H(t — d(x,y)) and
non-distance distribution function L defined by L, ,(t) = G(t — d(x,y)) for all
x,y € X and t > 0. Then (X, F, L) is an intuitionistic probabilistic metric space.
We call this intuitionistic probabilistic metric space induced by a metric d, the
induced intuitionistic probabilistic metric space. If -norm x* is a * b = min{a, b}
and t-conorm ¢ is a ¢ b = max{a, b} for all a,b € [0, 1] then (X, F, L, *, ) is an
intuitionistic Menger space.

Definition 2.6. Self mappings A and S of an intuitionistic Menger space
(X, F, L, * {) are said to be compatible if

lim Fagy, saz,(t) =1 and lim Lag,, saz,(t) =0

n—oo n—oo

whenever there exists a sequence {z,} in X such that lim Az, = lim Sz, = z,

n—oo n—oo
z € X.
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Definition 2.7. Self mappings A and S of an intuitionistic Menger space
(X, F,L,* ¢) are said to be reciprocal continuous if

lim ASxz, = At and lim SAx, = St

n—o0 n—oo
for some t € X whenever {x,} is a sequence in X such that lim Az,= lim Sz,=t,
n—oo n—oo
te X.

Lemma 2.1. [4] Let (X, F, L,* {) be an intuitionistic Menger space with ¢t > ¢
and (1 —t) O (1 —1¢) < (1 —1t)and for all z,y € X, t > 0 and if for a number
ke (0,1)

Fp (kt) > F,,(t) and L, ,(kt) < L,,(t).

Then x = y.

Definition 2.8. Suppose A and S be two self mappings of an intuitionistic Menger
space (X, F, L,* (), then A is called S-absorbing if there exists a positive integer
R > 0 such that FSm,SAx(t) > FSx,Ax(t/R) and LSx,SAa:(t) < LSx,Ax(t/R) for all
r e X.

Similarly, .S is called A-absorbing if there exists a positive integer R > 0 such
that FA:B,ASz(t) > FAz,Sz(t/R) and LSz,SA:c(t) < LSz,Az(t/R) for all x € X.

Map A is called pointwise S-absorbing if for given x € X there exists a positive
integer R > 0 such that FS;r,SAx(t) > FSx’AI(t/R) and LSI,SAx(t) < LSx,AI(t/R)
for all z € X.

Similarly, we can define pointwise A-absorbing map.

Example 2.2. Let X = [2,20] for each t € (0,00) and z,y € X. Define (F, L) by

—t—if t>0
Fl’,y(t> = { t—H yol lf t _ O

lz—yl :
Lx y(t) — { t+lz—y|’ lf £>0
’ 1, if t=0

Define self maps A and B as follows:
6, if 2<x <5 and =6
Alz) = 10, if x> 6
el ifb<a<6

2, if 2<x<5h
ol if x> 5
Now, consider a sequence x,, = 5 + % forn =1,2,3,... then it is easy to see that

both pairs (A, B) and (B, A) are not-compatible but A is B-absorbing and B is
A-absorbing.
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Remark 2.2. In view of above example, it is clear that absorbing maps are more
general than that of compatible maps.

Lemma 2.2. [4] Let (X, F, L, *, {) be an intuitionistic Menger space with txt > ¢
and (1—1) O (1—t) < (1—t) and for all z,y € X, ¢t > 0. If there exists a constant
k € (0,1) such that for n = 1,2, ...

F,

Yn+2,Yn+1

(kt) Z FynJrl,yn (t) and L kt) S LynJrl,yn (t)

Yn+2,Yn+1 (

Then {y,} is a Cauchy sequence in X.

Lemma 2.3. [4] In an intuitionistic Menger space (X, F, L, *,0), F,,(.) is non-

x7y
decreasing and L, ,(.) is non-increasing for all =,y € X.

3. Main result

Theorem 3.1. Let P be pointwise S-absorbing and Q) be pointwise T-absorbing
self maps on a complete intuitionistic Menger space (X, F, L, * ) with continuous
t-norm % and continuous t-conorm { defined by a * b = min{a,b} and a O b =
max{a, b} for all a,b € [0, 1] satisfying the following conditions:

(i) P(X)CT(X), QX)CSX);

(i) there exists k € (0,1) such that for every x,y € X andt >0

FPx,Qy(k:t) Z min {FSx,Ty(t)a FPw,Sw(t)y FQy,Ty(t)a FPa:,Ty(t)}

LPx,Qy(kt) S max {LSx,Ty<t)7 LPx,Sx (t), LQy,Ty(t)a LPa:,Ty(t) }7

(iii) for all x,y € X, F,,(t) =1 and L, ,(t) = 0.

If the pair (P,S) is reciprocally continuous compatible maps then P,Q,S and T
have a unique common fixed point in X .

Proof. Let xy be any arbitrary point in X, construct a sequence {y,} € X such
that yo,_1 = Tx9, 1 = Pxo, o and yo, = Sx2, = Qx2,_1,n =1,2,3,.... This can
be done by virtue of (i).

By using contractive condition, we obtain

Fy2n+1,y2n+2 (kt) = FPrzn,anH (kt)
> min{FSszn,Tfﬂan <t>7 FP:an,Srzn (t)> FQ127L+17T962”+1 (t)7 FP$27L7T1'27L+1 (t)}
Z min{Fy2n>y2'n+l (t) F (t) F (t)7 1}

' T Y2n41,Y2n ) T Y2n+2,Y2n+1

Ly2n+17y2n+2(kt) = LPCCzn,Ql‘an (kt)
< maX{LSmmenH (t)7 LP&JQmSIzn (t)’ LQ$2n+17Tx2n+1 (t)> Lszn,TmnH (t)}
S ma’X{Ly2nyy2n+1 (t) L (t) L (t)7 1}

) Y2n+1,Y2n Y Y2n+2,Y2n+1
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which implies,

Fy2n+1:y2n+2 (k ) 2 F Y2n,Y2n+1 (t)
Ly2n+17y2n+2 (kj ) S L Y2n,Y2n+1 (t) N
In general,
(1) Fyn,yn+1 (kt> 2 Fyn 1,Yn (t)
Lynvyn+l (k ) S L Yn—1,Yn (t) :

To prove {y,} is a Cauchy sequence, we have to show

Fyn7yn+l (t) - 1 and Lyny +1< ) - O

For this, from (iii) we have

Fyn yYn+1 (t)

Z Fyn—27yn 1 (t/k2>
Lynzyn+1 (t) S L

> > Fy(t/k") — 1 as n — oo,
Yn—2,Yn— 1(t/k2) S S L

<

3

L
<

3
—~
~
~
oy
~
IN IV
h

voun (t/E") — 0 as n — oo.

Fynyyn+p (t) Z Fynayn+1<<]‘ - k)t> * Fyn+17yn+p (kt)

(1— k)t
Z Fyo’yl <T * Fyn+1’yn+2 (t> * Fyn+2:yn+P(<k - 1>t)

(1—k)t t
Z Fyo,yl <T * Fy07y1 E * Fyn+27yn+3 (t) * Fyn+37yn+p((k - Z)t)
(1 —k)t t (1 —k)t (k—p)t
> Fyo,w(k—n * Flyo T * Fyo T2 ko By, g
and

Lynyyn+p (t) S Lyn,yn+1((]‘ - k)t) <> Lyn+lyyn+p(kt>

(1— k)t
Yo,Y1 kn <> Lyn+17yn+2 (t) <> Lyn+2:yn+p((k - 1>t)

N——

(1— k)t ¢
S LyO’yl kn <> Lyo,yl ﬁ <> Lyn+2:yn+3 (t)<> Lyn+3:yn+P((k - 2>t)

(1—k)t ¢ (1— k)t
< Lyo L O Lyo Ln O Ly Lnt2

(k—p)t
<>...<>Lyo,y1<kn+p+1 .
Thus, F,

ynnip(t) — Land Ly, . (t) — 0 for all £ > 0.
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Therefore, {y,} is a Cauchy sequence in X.
But (X, F, L,*, {) is complete, so there exists a point z (say) in X such that

{yn} — 2.
Also, using (i), we have

{P$2n—2}, {szn—l}, {5$2n}, {QfEQn—l} - z.

Since the pair (P, .S) is reciprocally continuous, then we have

lim PSxy, = Pz and lim SPx,, = Sz.

n—oo n—oo

Compatibility of P and S yields

lim Fp5x2n7spx2n (t) =1 and

im Lpsz,, sPr,, (t) =0,

n—oo

ie.,

Fp,s.(t) =1 and
LPz,Sz(t) = 0.

Hence Pz = Sz.

Since P(X) C T(X) then there exists a point u in X such that Pz = Tu.
Now, by the contractive condition (ii), we get

FPz,Qu<kt) Z min {FSZ,T’LL(t>7 FPz,Sz(t>7 FQu,Tu(t>7 FPZ,Tu<t)

Z min {FPZ,Pz(t)y FPz,Pz(t)7 FQu,PZ (t), FPz,PZ (t)}

> Fp, qu(t)
and
Lp.qu(kt) < max {LSZ,Tu(t>7 Lp.s.(t), Louru(t), LPz,Tu(t)}
< max { Lp-,p=(t), Lpz,p:(t), Laup=(t), Lp:p:(t)}
< Lp,ou(t)
ie.,, Pz = Qu.

Thus, Pz = Sz = Qu = Twu. Since P is pointwise S-absorbing then for
R > 0, we have

Fs.sp.(t) > Fs, p.(t/R) =1 and Lg. sp.(t) < Lg, p.(t/R) = 0,

ie, Pz=SPz=Sz.
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Now, by the contractive condition, we have
Fp.pp.(t) = Frp.qu(t)
Z min {FSPz,Tu(t)a FPPz,Su(t)a FQu,Tu(t)y FPPZ,Tu(t)}

= min {FPZ7PZ (t), FPPZ,PZ (t), FQu,Qu(t)y FPPZ,PZ (t)}
= Fpp. p.(1)

Lp. pp.(t) = Lpp.gu(t)
< max {LSPZ,Tu(t)a Lppzsu(t), Loura(t), LPPz,Tu(t)}
= max {Lpz,Pz(t), Lpp.p-(t), Lguqu(t), Lpp..p- (t)}
= Lpp.,p:(t)
ie., PPz = Pz= SPz.

Therefore, Pz is a common fixed point of P and S.
Similarly, ) is pointwise T-absorbing, therefore, we have

FTu,TQu<t) > FTu,Qu(t/R) =1
and LTu,TQu(t) S FTU,QU(T,/R> =0
ie, Tu =TQu = Qu.
Now, by the contractive condition, we have
Foquau(t) = Fpr:qqu(t)
Z min {FSZ,TQu(t)J FPz,Su(t)7 FQQu,TQu<t)7 FPz,TQu(t)}
— min { Fiz 0u(t), Frp- (1), Faguau(t): Fr-u(®) |

= FQQu.qu(t)

Logu,qu(t) = Lp:qqu(t)
S max {LSZ,TQu(t)a LPz,Su<t>7 LQQU,TQ’LL(t)? LPZ7TQu(t)}

= max {LSZ,QU (t), LPZ,PZ (t>7 LQQu,Qu (t), LPZ,QU (t)}

= LQqQu.qu(t)

ie., QQu = Qu = TQu.
Hence Qu = Pz is a common fixed point of P,Q,S and T
Uniqueness of Pz can easily follow from the contractive condition.

The proof is similar when ) and P are assumed compatible and reciprocally
continuous.
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Now, we give an example which supports our result.

Example 3.1. Let X = [2,20] with metric defined by d(z,y) = |z — y| and for
each t € [0, 1] defined

—t—if t>0
Fx,y(t) = { t+|:r:—y(\) lf L 0

=yl i s 0
Lm,y(t) = { t+\x7y1\7 P

for all z,y € X. Clearly (X, F, L, *, 0) is an intuitionistic Menger space where x
is defined by ¢« ¢t > ¢ and is defined by (1 —¢) O (1 —¢) < (1 —1t).

Define mappings P,Q, R, S : X — X by

if =2
if x>2

if >2

if rt=2or >5
if 2<ax<5b

&
S(X) = {2 if z=2
&

2 if2<x<5h
rX) = {x—i’) if £ > 5.

Then P,Q,S and T satisfy all the conditions of above theorem with k£ € (0, 1)
and have a unique common fixed point x = 2. Here P and S are reciprocally
continuous compatible maps. But neither P nor S is continuous even at fixed
point x = 2.

The mappings ) and T are non-compatible but () is pointwise T-absorbing.
To see @ and T are non-compatible, let us consider the sequence {z,} in X defined
by
z, =5+ (1/n), n>1.

Then {Tx,} — 2,{Qz,} — 2,{TQz,} — 2 and {QTz,} — 6.

Hence () and T are non-compatible.

Now, we prove the result by assuming the range of one of the mappings P, @), S
or T to be a complete subspace of X.

Theorem 3.2. Let P be pointwise S-absorbing and ) be pointwise T-absorbing
self maps on a complete intuitionistic Menger space (X, F, L, * ) with continuous
t-norm x and continuous t-conorm { defined by a * b = min{a,b} and a O b =
max{a, b} for all a,b € [0, 1] satisfying the following conditions:
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(a) P(X)CT(X), QX)cSX),
(b) there exists k € (0,1) such that for every x,y € X andt >0

FP:Jc,Qy(kt) > min {FSx,Ty(t>7 FPw,Sw(t)y FQy,Ty(t)a FPz,Ty(t)}
Lpsqu(t) < max { Loury (1), Lpe,sa(t), Layry(t), Leay() ] and
(c) forallz,y e X, lim F, ,(t) =1 and lim L, ,(t) = 0.

If the range of one of the mapping P,Q,S or T be a complete subspace of X then
P,Q,S and T have a unique common fized point in X.

Proof. Let xy be any arbitrary point in X, construct a sequence {y,} € X such
that

(321) Yop—1 = Tafgn_l = Pﬂfzn_g and Yon = Sl’gn = Q$2n+17 n = 1, 2, 3,

This can be done by virtue of (a) and by using the same technique of above
theorem, we can show that {y,} is a Cauchy sequence.

Let S(X) the range of X be a complete metric subspace then there exists a
point Su such that lim S, = Su.

n—oo

By (3.2.1), we get
Qropy1 — Su, Pro,_o — Su, Txe,_ 1 — Su and {y,} — Su as n — oo.

By using contractive condition, we obtain

FPu,Qx2n+1 (kt) > min {FSU,TmnH (t)7 FPU,SU(t)’ FQx2n+17Tx2n+1 (t)v FPU,Tw2n+1 (t)}

LPU,QIQnH (kt) < max {LSU,TI2n+1 (t)v LPU,SU (t)v Lszn+1,Tﬂc2n+1 (t)a LPu,Tx2n+1 (t) }

Letting n — oo, we get

FPu,Su(kt) 2 min {FSu,Su(t)a FPu,Su<t)7 FSu,Su(t)a FPu,Su(t)}
LPu,Su(kt) S max {LSU,Su(t); LPu,Su(t)7 LSu,Su(t)7 LPu,Su(t)}
i.e., Pu= Su.
Since P(X) C T'(X) then there exists w € X such that Su = Tw.
Again, by using the contractive condition, we get
FPu,Qw(kt) Z min {FSu,Tw (t), FPu,Su(t)a FQw,Tw(t)y FPu,Tw (t)}
LPu,Qw<kt> S max {LSu,Tw (t), LPu,Su<t)a LQw,Tw (t), LPu,Tw (t)}

ie, Pu= Su=Quw="Tw.
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Since P is pointwise S-absorbing, then we have

Fsuspu(t) > Fsuqu(t/R)
Lsu,spu(t) < Lsuqu(t/R)

i.e.,, Su= SPu = SSu and, similarly, () is pointwise T-absorbing then we have

FTw,TQw (t) Z FTw7Qw (t/R)
Lrwrouw(t) < Ly ow(t/R)

ie., Tw =TQuw = QQuw.
Thus, Su(= Tw) is a common fixed point of P,Q,S and T.

Uniqueness of common fixed point follows from the contractive condition.
The proof is similar when T'(X), the range of T, is assumed to be a complete
subspace of X. Moreover, since P(X) C T'(X) and Q(X) C S(X).

The proof follows on similar lines when either the range of P or range of ()
is assumed complete. This completes the proof of the theorem.

Conclusion. As compatible mappings are absorbing mappings but reverse im-
plication not follows. So, our Theorem 3.1 generalizes and extends the result of
Rashwan and Hedar [5] in the sense that the mappings involved are absorbing
mappings and we establish the theorems without appeal to continuity.
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