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Abstract. Let M be a noncommutative 2-torsion free semiprime I'-ring satisfying a
certain assumption and let S and T be left centralizers on M. We prove the following
results:

(i) If [S(z), T(x)]aBS(z) + S(x)B[S(z), T(z)]o=0 holds for all z € M and o, 3 € T,
then [S(z),T(x)]o=0.

(ii) If S # 0(T # 0), then there exists A € C,(the extended centroid of M) such that
T=XaS (S = XaT) for all a € T.

(iii) Suppose that [[S(z),T(x)]a, S(x)]3=0 holds for all x € M and «, € I'. Then
[S(z), T(x)]o=0 for all z € M and a € T.

(iv) If M is a prime I'-ring satisfying a certain assumption and S # 0(7" # 0), then
there exists A € C, the extended centroid, such that T=Aa.S(S = \aT).

Keywords: prime I'-ring, semiprime I'-ring, central closure, extended centroid, left(right)
centralizer.
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1. Introduction

The notion of a I'-ring was first introduced as an extensive generalization of the
concept of a classical ring. From its first appearance, the extensions and generali-
zations of various important results in the theory of classical rings to the theory
of I'-rings have been attracted a wider attentions as an emerging area of research
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to the modern algebraists to enrich the world of algebra. All over the world, many
prominent mathematicians have worked out on this interesting area of research
to determine many basic properties of I'-rings and have executed more produc-
tive and creative results of I'-rings in the last few decades. We begin with the
definition.

Let M and I' be additive abelian groups. If there exists an additive map-
ping (z,a,y) — zay of M x I' x M — M, which satisfies the conditions
(xay)Bz = za(yPz) for all x,y,z € M and o, € T', then M is called a I'-ring.

Every ring M is a I'-ring with M=I". However a I'-ring need not be a
ring. Gamma rings, more general than rings, were introduced by Nobusawa [8].
Barnes [1] weakened slightly the conditions in the definition of I'-ring in the sense
of Nobusawa.

Let M be a I'-ring. Then an additive subgroup U of M is called a left (right)
ideal of M if MTU c U(UTM c U). If U is both a left and a right ideal, then
we say U is an ideal of M. Suppose again that M is a ['-ring. Then M is said to
be a 2-torsion free if 2x=0 implies =0 for all x € M.

An ideal P, of a I'-ring M is said to be prime if for any ideals A and B of M,
Al'B C P, implies A C P, or B C P;. An ideal P, of a ['-ring M is said to be
semiprime if for any ideal U of M, UT'U C P, implies U C P,. A I'-ring M is said
to be prime if al' MTb=(0) with a,b € M, implies a=0 or b=0 and semiprime if
al’'MTa=(0) with @« € M implies a=0. Furthermore, M is said to be commutative
[-ring if zay=yax for all z;y € M and o € T'.

Moreover, the set Z(M) ={x € M : zay = yax for all « € T'Jy € M} is
called the centre of the I'-ring M.

For the definitions of the quotent I'-ring, the extended centroid and the central
closure, we refer to [7].

If M is a I'-ring, then [z,y|o=ray — yax is known as the commutator of x and
y with respect to o, where z,y € M and a € I'. We make the basic commutator
identities:

[zay, 2] = [z, 2]pay + z|o, By + zaly, z]p  and
[z, yazls = [z, y]gaz + yla, Bl.z +yalz, 2] for all x,y,z € M and o, f € I
We consider the following assumption:
(A) zayfBz=zfyaz for all x,y,z € M and o, € T
According to assumption (A), the above two identities reduce to
[zay, z)g = [z, Z|pay + zaly, 2|z and
[z, yaz]s = [, ylsaz + yalz, 2]s,

which we extensively used.

An additive mapping 7" : M — M is a left(right) centralizer if T'(zay)=T'(x)ay
(T(xay) = zaT'(y)) holds for all ,y € M and a € I". A centralizer is an additive
mapping which is both a left and a right centralizer. For any fixed a € M and
a € I', the mapping T'(z) = aax is a left centralizer and T'(z) = zaa is a right
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centralizer. We shall restrict our attention on left centralizer since all results re-
presented in this paper are true also for right centralizers because of left and right
Symmetry.

Barnes [1], Lue [6] and Kyuno [5] studied the structure of I'-rings and obtained
various generalizations of corresponding parts in ring theory.

Borut Zalar [14] worked on centralizers of semiprime rings and proved that
Jordan centralizers and centralizers of these rings coincide. Joso Vukman|11], [12],
[13] developed some remarkable results using centralizers on prime and semiprime
rings.

In [2], Hoque and Paul have proved that every Jordan centralizer of a 2-torsion
free semiprime ['-ring satisfying a certain assumption is a centralizer. Also, they
proved in [3], if T" is an additive mapping on a 2-torsion free semiprime I'-ring M
with a certain assumption such that T'(zayfSz) = xaT (y)Bx for all x,y € M and
a, € I', then T is a centralizer and in [4], if 2T (zabfa) = T'(x)ayBx +zayBT(x)
holds for all x,y € M and «, 3 € I', then T is also a centralizer.

In this paper, we generalize some results of Joso Vukman [11] in [-rings.

2. Centralizers of prime and semiprime ['-rings
To prove our main results, we need the following lammas:

Lemma 1.1 Suppose that the elements a;, b; in the central closure of a prime
[-ring M satisfy Ya;c;x0:0; = 0 for all x € M and oy, 3; € T'. If by # 0 for some

1, then a;’s are C'-dependent, where C' is the extended centroid.

Proof. Let M be a prime I'-ring and let Cr = C' be the extended centroid of M.
If a; and b; are non-zero elements of M such that Xa;o;x06;b; = 0 for all x € M

and «;, 5; € T', then a;’s (also b;’s) are linearly dependent over C'. Moreover, if
acxb = baxfa for all x € M and «, f € I, where a(# 0), b € M are fixed, then
there exists A € C' such that a = Aab for a € I'. Clearly, the lemma is proved. =

Lemma 1.2 Suppose that M is a noncommutative prime I'-ring satisfying the
assumption (A) and T : M — M is a left centralizer. If T(x) € Z(M) for all
x € M, thenT = 0.

Proof. Since T is a left centralizer on M, we have T'(xay) = T'(z)ay holds for all
x,y € M and o € I" and hence [T'(x),yl, = 0 for all x,y € M and o € I". Putting
x = xfz in the above relation, we have

= [T(252), Yo
= [T'(z)B2,Yla
= [T(x),ylaBz + T(2x)B[2, yla
= T(2)B[2, Yla

Hence T'(x)5[z, y|loa = 0, which gives T'(x)Swy[z,ylo = 0 for all z,y.z,w € M and
a, 3,7 € I', whence it follows that T' = 0, otherwise M = 0. .
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Lemma 1.3 Suppose that M 1is a noncommutative prime I'-ring satisfying the
assumption (A) and S,T : M — M are left centralizers. If [S(x),T(x)]a = 0
holds for all x € M and o € T' and T' # 0, then there exists A € C such that
S = \aT', where C' is the extended centroid.

Proof. First, we put = = + y in the relation [S(z),T(x)], = 0 and linearize,
we have

(1) [S(z), T(y)]a + [Sy), T(2)]la =0.
Replace y by y5z in (1), we have

0 =[S(z), T(y)B2la + [S(y)Bz,T(x)]a
= [5(2), T(y)lafz + T(y)B[S(2), 2o + [S(y), T(2)]afz + S(y) Az, T(2)]a
= T(y)B[S(x), z]a + S(¥) 6]z, T(2)]a

Thus we have

T(y)BIS(x), zla + S(y)Blz, T(x)]la =0

Putting y = yyw in the above relation, we obtain,

(2) T(y)ywp[S(x), zla + S(y)ywplz, T(x)]la =0

Our assumption T" # 0 follows from Lemma 2.2 that there exist x,2z € M and
a € I' such that [T'(x),z], # 0. Now, relation (2) and Lemma 2.1 imply that
S(y) = My)aT (y), where \(y) is from C'. If we put S(y) = My)aT (y) and S(z) =
A(z)aT (z) in relation (2), we obtain (A(z) — A(y))aT (y)ywpB[T (), 2], = 0 for all
pairs y,w € M, whence it follows (A(z) — A(y))aT(y) = 0, since [T'(z), 2], # 0.
Thus we have A(z)aT (y) = A(y)aT (y) which completes the proof of the lemma. m

Theorem 1.1 Suppose that M is a 2-torsion free noncommutative semiprime
[-ring satisfying the assumption (A) and S, T are left centralizers on M. If
[S(x), T(x)]aBS(x) + S(x)B[S(x), T(x)]o = 0 holds for all x € M and o, € T.
Then [S(x),T(x)]la = 0 for allz € M and o € T'. Also, if M is prime I'-ring
satisfying the assumption (A) and S # 0(T # 0), then there exists A € C,(the
extended centroid of M) such that T = AaS(S = AaT).

Proof. By the hypothesis, we have

(3) [5(x), T(x)]afS(x) + S(x)B[S(2), T(2)]a =0

The linearization of the above relation, we have

(4) 0 = [S(@),T(x)]aBS(y) + S(y)B[S(2), T (2)]a
+[5(@), T(y)]aBS(x) + S(x)B[S(x), T(y)]a
+[5(y), T'(@)]aBS(x) + S(x)B[S(y), T(7)]a
+[SW), T()]apS(x) + S(@)BLS(y), T(y)]a
+[S(y), T'(@)]aBS(y) + S(y)BIS(y), T ()]s
+[5(@), T(y)]aBS(y) + S(y)B[S(2), T(y)]a
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Replacing —x for z in the above relation, we have

(5) 0 = [S(2), T(2)]aBS(y) + S(y)BIS(x), T(x)]a
+[S(2), T(y)laBS(x) + S(2)B[S(2), T (y)]a
+[S(y), T(x)]aBS(x) + S(2)B[S(y), T(2)]a
—[S(y), T(Y)]aBS(x) — S(@)B[S (), T(y)]a
=[S(y), T(2)]aBS(y) — S(W)BIS(Y), T(x)]a
—[S(2), T(y)]aBS(y) = S(y)BIS(2), T (y)]a

Adding (4) and (5), we have

0 = 2[5(x), T(x)]aB5(y) + 25(y) B[S (x), T(x)]a
+2[5(2), T(y)]aBS () + 25(x) B[S (z)
+2[5(y), T(x)]a S (x) + 25(x) B[S (y),

Hence by 2-torsion freeness of M, it follows that

(6) = [S(), T(0)]aPS(y) + S(y)B1S(x), T
+[5(@), T(y)laBS () + S(x) B[S (x),
+[5(y), T(2)]aS(x) + S(2) B[S (y),

Replacing y by vy in the above relation, we have

0 = [S(2),T(@)]aBS(x)vy + S(@)yyb[S(x), T (2)]a
+[S(2), T(x)yylaS (x) + S(2) 5[5 (2), T (2)7yla
+H[S @)y, T()]aS(x) + S(2) 5[5 () vy, T(x
= [S(x), T(2)]aPS(x)yy + S(x)yyplS(x), T(x
+[S(), T(2)]avyBS () + T(x)y[5(2), ylafS (2
+5(2)B[5 (), T(x)]avy + S(2) BT (2)7[S (2), yla
+[S(x), T(2)]avyBS(x) + S(2)vly, T(2)]a S (2)
+5(2)B15 (), T(x)]avy + S(2) 55 (@)v]y, T(2)]a

T

X

According to (6), the above relation reduces to

(
(7) 0 = S(@)yyplS(x), T(x)]a + 2[S(x), T(x)]avyB5(x)

+T(2)y[S(2), ylaBS () + S(2) BT (2)7[S(2), Yla
+5(@)ly, T(2)]afS () + S(2) 515 (), T(2)]lavy
+5(@) 55 (@) [y, T(@)]a
Putting y = y0S(z) in (7), we obtain
S(@)yydS(x) B[S (@), T(@)]a + 2[5(2), T(2)]avydS (x) 55(z)
+T(90)7[5(-T) YlafS(2)0S(x) + 5(x) 6T (x)v[S(x), ylad S (z)
+5(@)ly, T(2)]ad5 () 55 (x) + S(2)yyd[S(x), T (2)]afS(x)
+5(2)B[5 (), T(x)]avydS () + S(x) 55 (x)vyo[S (), T(x)]a
+5(2)BS (@)y[y, T (2)]adS (x)

979
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which gives, according to (7), to

®) 0 = S@)ywdS(x)B[S(x), T(x)]a + S(x)8S(x)yyd[S(z), T(x)]a
Putting y = T'(z)wy in (8), we have
(9) 0 = S@)T(x)wydS(z)B[S(x), T(x)]a
+5(2)BS ()T (2)wyd[S(x), T(x)]a
Also left multiplication of (8) by T'(x)w gives
(10) 0 = T(x)wS(x)yydS(x)BLS(x), T'(x)]a
+T(2)wS (2) 55 (2)yyd[S(x), T(x)]a
From (9) and (10), we obtain,
0 = [S(z), T(x)],wyoS(x)BS(x), T(x)
+[S(2)5 (), T(x)],wyd[S(x),
= [9(2), T(x)],wydS ()5S

, (), T'(x)
+([S(@), T(2)],65(x) + S()B[S(x), T'(2)]y)wyd[S(x), T(2)]a
= [S(x), T(x)],wydS(x ,T(x)

Lo
=R =

=
=4
&

Thus we have

0 = [S(x), T(x)]wydS(x) B[S (x), T(x)]a
Left multiplication of the above relation by S(x)f gives

(11) 0 = S5(2)B[S(x), T(2)l,wydS(x)5[S(2), T (x)]a
for all x,y € M and a, 3,7,d,w € I'. Hence, from (11), it follows
(12) S()B[S(x), T(x)]ea = 0

From (3) and (12), we have also

(13) [S(x), T(x)]afS(x) = 0

From (12) one obtains the relation

(14) 0 = SBIS(), T(x)]a + 5()B[S(Y), T(2)la

+5()B5(x), T(y)la
(see the proof of (6)). Putting y = zyy in (14), we have

0 = S(@)yplS(x), T(x)]a + 5()B[S(@)ry, T(2)la
+5(2)B[5 (), T(x)7Yla
= S@)blS(@), T(@)]a + S(2)B[5(2), T(x)]avy
)BS @)1y, T(@)la + S(2) 5[5 (2), T(2)lavy
+5(@) 5T (2)7[S(x), Yla
= S@)yblS(@), T(@)]a + S(2) 55 (@)]y, T(2)la
+5(2)8T (2)7[5(2), Yla
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Thus we have the above relation

0 = ( )vyBS (), T(2)la + S(2) 55 (@)v]y, T(x)]a
+5(2)8T (2)7[5(2), Yla

which can be written in the form
0= S(z)yyB[S(z), T(2)]a + S(x)BS(x)yyaT (z)
=8(z)BT (z)yyasS(z) + S(@)B[T'(z), S(x)] oy

whence it follows

(15) 0 = S(x)yyplS(x), T (2)]a + S(2)BS(z)yyal () — S(z) BT (z)yyaS(z)
according to (12). Taking T'(x)d of (15) on the left side, we have
(16) 0= T(2)05(x)vyB[S (), T(x)]a + T(x)d5(x)3S (x)yyaT ()
—T(x)0S ()BT (x)yyaS(z)
Putting y = T'(x)dy in (15) gives
(17) 0= 5(@)yT(x)oyB[S(x), T(x)]a + S(x) 85 (2)yT (x)dyaT ()
—5(2) BT (x)yT (x)dyasS(z)
From (16) and (17), we have
I(2)]y0yB1S(x), T(x)]a + [S(2) 35 (x), T(x)],0yaT (x)
+[T'(z), S(2)]sBT (z)yyaS(z
T

= [ (@), T()],0y B[S (), T (2)la + ([S(2), T(2)], 55 (2)
S(x)B1S (), T(2)ly)oyaT (x) + [T'(x), S()]s BT (x)yyasS (z)

which reduces to
(18) 0 = [S(z),T(x)],0yBlS(x), T'(x)]a + [T(2), S(2)]s 0T (x)yyasS(z)
The substitution ywS(x)pz for y in (18) gives

0 = [S(x), T(2)y0ywS(2)pzB[S(2), T (2)]a
(19) +[T (), S(@)]s 0T () yywS (v) pzaS ()

Again, right multiplication of (18) by wzpS(z), we have

0 = [S(x), T(x)],0y8[S5(x), T (z)|awzpS(x)
(20) +[T (), S(@)]s 0T () yyS (x)wzpS(x)

From (19) and (20), we obtain
(21) 0 = [S(z), T(x)],0yBA(z, 2)
where A(z, z) = [S(2), T'(z)]awzpS(x) — S(z)pzw[S(x), T (x)]a-

0= [S(x),
(
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Replacing y by 2pS(z)wy in (21) gives
(22) 0 = [S(2),T(x)],02pS(x)wyBA(z, 2)
Left multiplication of (21) by S(z)pzw gives
(23) 0 = S()pmwlS(a), T(x)],0yBA(x, 2)
Combining (22) and (23), we arrive at

0 = A(z,2)dyBA(z, 2)

for all z,y,z € M and 9,0 € I'. Hence by semiprimeness of M, it follows
A(x,z) = 0 and hence

(24) [5(z), T(2)]awzpS(z) = S(x)pzw[S(x), T(x)]a
The substitution of z by T'(z)vyy in (24) gives
(25) [S(z), T(@)]oawT (2)yypS(x) = S(@)pT(x)yyw[S(x), T (z)]a

The relation (25) makes it possible to replace in (18), [S(z), T'(z)]s58T (z)yyaS(x)
by S(z)aT (x)yyB[S(x), T(x)]s. Thus we have

0 = [S(x), T(2),0yBlS(2), T(@)]a — S(x)aT (x)yyB[S (x), T (x)]s
which reduces to
(26) 0 = T(x)yS(x)oyplS(x), T(x)]a
Putting y = T'(x)wy in (26), we have
(27) 0 = T(x)yS(@)oT (x)wyB[S(x), T(x)]a
Multiplying (26) from the left side by T'(x)w, we have
(28) 0 = T(x)wT(x)yS(x)oyp[S(x), T(2)]a
Subtracting (28) from (27), we have
0 = T(x)w[S(x),T(x)],6y8[S(x), T(z)]a
which gives putting y = ywT'(z),

0 = T(z)w[S(x), T(x)],0ywT (x)B[S(z), T (x)]a
= T(z)w[S(z),T(2)],0ybT (z)w[S(z), T (2)]a

whence it follows

(29) 0 = T(x)w[S(),T(x)]a
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The substitution y = yBT(x) in (25) gives because of (29)
(30) 0 = [S(z),T(x)]awylT(x)pS(x)

From (13), we obtain the relation

0 = [S(),T(@)]aBS(y) +[S(), T(Y)aBS () + [S(y), T'(x)]aBS(x)
(see the proof of (6)). Putting in the above relation y = z7yy, we have
0 = [S(@),T(x)]aBS(@)vy + [S(x), T(x)vylaBS (x) + [S(2)yy, T(2)]aBS(2)
= T(x)v[S(@),ylaBS(@) + [S(@), T(x)]avyBS(x)

+S @)y, T(2)]aBS(2) + [S(2), T (2)]avyBS(2)
Thus we have
0= 2[5(z), T(z)lavyBS(2) + T(2)7[S(2), ylaBS(x) + S()V]y, T (2)]aBS(2)
which can be written after some calculation in the form
(31) 0=[S(z), T(x)]avyBS(x) + S(x)vyaT (2)BS(x) — T(x)yyas(z)BS(x)

The relation (24) makes it possible to replace in (31), [S(z),T(z)]oayyBS(z) by
S(x)Byy[S(x), T(x)]s. Thus we have

0 = S()By[S(x), T(x)]a + S(x)yyaT ()35 (x) — T(x)yyas(z)3S(z)
= S()ByyS(x)aT (x) — T(x)yyas(x)8S(x)

Therefore, we have

(32) S(x)ByyS(z)al(z) = T(x)yyasS(r)BS(z)
Putting in the above relation y = T'(x)wy, we have
(33) S(@)BT (x)wyyS(z)al(z) = T(z)T(z)wyasS(z)sS(x)

Left multiplication of (32) by 7'(z)w gives
(34) T(2)wS(x)ByyS(x)aT(x) = T(x)wT(x)yyas(z)3S(z)
Combining (33) and (34), we have
0 = [S(x), T(2)]swyyS(x)aT(z)

which gives together with (30),

0 = [S(x),T(2)awyBlS(z), T(2)]a
Hence by semiprimeness of M, we have
(35) [S(@),T(@)]a = 0

If M is a prime I'-ring, then relation (35) and Lemma 2.3 complete the proof of
the theorem. .
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Theorem 1.2 Suppose that M is a 2-torsion free noncommutative semiprime

[-ring satisfying the assumption (A) and S, T are left centralizers on M. If
[S(x), T(x)]a, S(x)]g = 0 holds for allz € M and o, f € T'. Then [S(x), T(x)]o =0
forallz € M and a € I'. Moreover, if M is prime I'-ring satisfying the assump-

tion (A) and S # 0(T # 0), then there exists A € C, (the extended centroid of M)

such that T'= AaS(S = \aT).

Proof. By the assumption

(36) [[S(x), T(2)la, S(x)]g = 0

the linearization of (36) gives

(37) 0=[[S(x), T(2)]a, S(W)]a+[[S(@), T(Y)la, S(@)]a+[[S (), T(2)]a, S(x)]s
Putting y = xyy in (37), we have

0 = [[S(x), T(x)]a, S(x)yyls + [[S(2), T(2)7yla, S(2)]s
S (@)Y, T(2)]a, S(2)]s
= [[5(2), T(2)]a, S(@)lgyvy + S(@)7[[S(2), T(2)]a: yls

+H[S(@), T(@)avy + T(2)v[S(), Ylas S(2)]5
+[S (@), T(@)lavy + S(@)yly, T(2)]a, S(2)]s
= S@[[5(), T(@)la, yls + [[5(2), T(@)]a, S(@)]g7y
+[5(2), T(@)lavly, S(@)lg + T(2)7[[S(2), Yla, S(2)]s
+T'(x), S(@)]g7[5(2), ylo + [[S(2), T(2)]a, S(2)]57y
+HS(2), T(@)]avly, S(@)lg + S(@)y{ly, T(@)]a, S(2)]s

Therefore, we have

(38) 0 = S@nlS), T(@)]ayls +3[5(x), T(x)]av]y, ()]s
+T(2)7[15(2), Yla, S(@)]g + S(@)y(ly, T(2)]a, S(2)]s

Replacing y by ydS(x) in the above relation, we have

0 = ( NS (@), T(@)]a, y0S(@)]s + 315 (), T(2)]avydS (), S(x)]s
+T(@)v[[S(2), y05()]ar S(2)]g + S(2)7[[ydS (x), T()]a, S(2)]s
T

= S@N[[5(x), T(2)]a, yledS () + S(x)7yd[[S(2), T (x)]a, S(2)]a
+3[5(2), T(@)]avly, S(2)]505(x) + T(2)v[[5(x), yladS (), S()]s
+5(2)y(ly, T(2)]ad5 (x) + yo[S(x), T (), S(x)]5

= S(I)v[[S(fﬁ) T(x)]a, ylpdS (@) + 3[5(x), T(2)lavly, 5(2)]505 ()

HT(@)7[15(2), yla, S(2)]g05 (x) + S(2)v[ly, T()]a; S(2)]505(2)
+5(@)vly, S(@)]a0[S (@), T(2)]a + S(2)yyd[[S(x), T(2)]a, S(2)]s

Thus we have, according to (36) and (38),

0 = S(z)yly, S(x)]d[S(x), T(2)]a
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which can be written in the form

(39) S(x)yyBS(x)0[S(x), T(x)]a = S(x)vS(x)Byd[S(x), T(x)]a

Putting in the above relation y = T'(z)wy, we have

(40) S(@)vT(x)wyBS()o[S(x), T()]a = S(x)vS(2) BT (x)wyd[S(x), T (x)]a

On the other hand, left multiplication of (39) by T'(x)w, we have

(41) T(2)wS(@)yyBS(x)o[S(x), T(2)]a = T(x)wS(2)yS(x)Byd[S(x), T (x)]a
Subtracting (41) from (40), we obtain

S(x),T (wi]wwyﬂs x)d[S(), Ex)}a [S(2)vS (@), T(2)]pwyd[S(x), T(x)]a

[ (
[S(x), T(x)],wyBS ()d[S(x), T
—([S(), T(2)]p7S(2) + S(@)y[S(2), T(x)]pwyd]S(z), T(2)]a

According to the requirement of the theorem one can replace in the above calcu-
lation [S(x), T (x)]gvS(z) by S(z)v[S(x), T(x)]s which gives

[S(2), T (2)lwyBS(2)0[S(2), T(x)]a
= 25(x)y[5(x), T(2)]pwyd[S (), T(2)]a

Left multiplication of the above relation by S(x)p gives

(42) S(x)plS(x), T(2)lwyBS(x)0]S(x), T'(2)]a
= 25(x)pS(x)7[S(x), T (2)]swyd[S(x), T(x)]a

On the other hand, putting y = [S(z),T(x)]py in (39), we have
(

(43) S()y[S(x), T(2)]wpyBS(2)0[S(x), T (x)]a
= 5(x)yS(@)B[S (), T(2)]lwpyd[S(2), T(x)]a

Combining (42) with (43

);
= S(@)p[S(x), T(2)],wyBS5(x)5[S (2), T(2)]a

Hence by semiprimeness of M, we obtain

0 =

we obtain

(44) S(x)o[S(x), T(x)]la = O
From (44) and the assumption of the theorem, we have
[S(z),T(x)]a0S(x) = 0

The rest of the proof goes through in the same way as in the proof of Theorem 2.1. m
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