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1. Introduction

In 1944, Bailey [5] established a powerful series identity which was later known
as Bailey’s lemma. The Bailey’s lemma states that, if

βn =
n∑

r=0

αrun−rυn+r(1.1)

and

γn =
∞∑

r=n

δrur−nυn+r(1.2)

then, under the suitable convergence conditions and if change in the order of
summations is allowable ∞∑

n=0

αnγn =
∞∑

n=0

βnδn(1.3)

where αr, δr, ur and υr are functions of r, such that γn exists. The proof of the
lemma is trivial.

The Bailey lemma has been a powerful tool in proving Rogers-Ramanujan
type of identities and also a verity of transformations of basic and Poly-basic
hypergeometric series. Slater [15], [16] used Bailey’s lemma systematically to
produced long list of 130 identities of Roger-Ramanujan type. The theory of
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basic hypergeometric series has been extensively studied and developed during
last decades due to its various application in mathematics as well as in other
disciplines. For a complete account of the theory and its some of the applications
one is referred to the notes of Gasper and Rahman [12], Exton [9], Agarwal [2],
Fine[10], Andrew [3], [4] Ernst [8] and Tariboon et al [17].

In the present paper, we have made an attempt to establish some interesting
transformations and summations of basic and polybasic hypergeometric series by
making use of Bailey lemma. Some applications have also been discussed.

In what follows, the following notations and definitions [12] have been used.
For |q| < 1,

(a; q)n =

{
a(1− a)(1− aq)(1− aq2)...(1− aqn−1); n ∈ N

1; n = 0

or, equivalently,

(a; q)n =
∞∏

j=0

(1− aqj)

(1− aqn+j)
≡ (a; q)∞

(aqn; q)∞
,

(a; q)∞ =
∞∏

n=0

(1− aqn),

where a is real or complex.
A Basic Hypergeometric Series is defined as

rΦs

[
a1, a2, ..., ar; q; z
b1, b2, ..., bs

]
=

∞∑
n=0

(a1; q)n (a2; q)n...(ar; q)n

(q; q)n(b1; q)n (b2; q)n....(bs; q)n

[(−1)nq
n(n−1)

2 ]1+s−rzn

For 0 < |q| < 1, the series converges absolutely for all z if r ≤ s and for
|z| < 1 if r = s + 1.

This series also converges absolutely if |q| > 1 and |z| < |b1b2...bs|/|a1a2...ar|.
We define the Poly-Basic Hypergeometric Series as

Φ

[
a1, a2, ...ar : c1,1, ...c1,r1 ; ...; cm,1; ...cm,rm ; q, q1q2...qm, z
b1, b2, ...bs : d1,1, ...d1,s1 ; ...; dm,1; ...dm,sm

]

=
n−1∑
t=0

(a1, a2....ar; q)t

(q, b1, b2....bs; q)t

zt

m∏
j=1

(cj,1....cj,rj
; qj)t

(dj,1....dj,sj
; qj)t

which converges for max (|q|, |q1|, ..., |qm|) < 1.
We shall also require the following known results in our work

2Φ1

[
a, y; q; q

ayq

]

n

=
(aq, yq; q)n

(q, ayq; q)n

([1], App.II(8))(1.4)

4Φ3

[
α, q

√
α, −q

√
α, e; q; 1/e√

α, −√α, αq/e

]

n

=
(αq, eq; q)n

(q, αq/e; q)nen
([1], App.II(8))(1.5)
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6Φ5

[
α, q

√
α, −q

√
α, β, γ, δ; q; q√

α, −√α, αq/β, αq/γ, αq/δ

]

n

=
(αq, βq, γq, δq; q)n

(q, αq/β, αq/γ, αq/δ; q)n

([1], App.II(25))

(1.6)

where α = βγδ
n∑

i=0

(1− αpiqi)(α; p)i(β; q)iβ
−i

(1− α)(q; q)i(αp/β; p)i

=
(αp; p)n(βq; q)nβ−n

(q; q)n(αp/β; p)n

([12],App.(II.34))(1.7)

n∑
i=0

(1− αpiqi)(1− βpiq−i)(α; p)i(β; p)i(γ; q)i(α/βγ; q)iq
i

(1− α)(1− β)(q; q)i(αq/β; q)i(αp/γ; p)i(βγp; p)i

=
(αp, βp; p)n(γq; q)n(αq/βγ; q)n

(q, αq/β; q)n(αp/γ; p)n(βγp; p)n

([12] , App.(II.35))

(1.8)

n∑
r=0

(1− αδprqr)(1− βpr/δqr)(α, β; p)r(γ, αδ2/βγ; q)r

(1− αδ)(1− β/δ)(δq, αδq/β; q)r(αδp/γ, βγp/δ; p)r

qr

(1− α)(1− β)(1− γ)(1− αδ2/βγ)

δ(1− αδ)(1− β/δ)(1− γ/δ)(1− αδ/βγ)

×
(

(αp, βp; p)n(γq, αδ2q/βγ; q)n

(δq, αδq/β; q)n(αδp/γ, βγp/δ; p)n

− (γ/αδ, δ/βγ; p)1(1/δ, β/αδ; q)1

(1/γ, βγ/αδ2; q)1(1/α, 1/β; p)1

)

([12],App.(II.36) for m = 0)

(1.9)

2. Main results

The following results have been established in this section.

4Φ3

[
a, y, αq, eq; q; q/e

q, ayq, αq/e

]

+ 6Φ5

[
aq, yq, α, q

√
α, −q

√
α, e; q; 1/e

q, ayq,
√

α, −√α, αq/e

]

= 6Φ5

[
a, y, α, q

√
α, −q

√
α, e; q; q/e

q, ayq,
√

α, −√α, αq/e

]
(2.1)

where |q/e| < 1 and |1/e| < 1. Choose a = 0 in (2.1), we have

3Φ2

[
y, αq, eq; q; q/e

q, αq/e

]

+ 5Φ4

[
yq, α, q

√
α, −q

√
α, e; q, 1/e

q,
√

α, −√α, αq/e

]

= 5Φ4

[
y, α, q

√
α, −q

√
α, e; q; q/e

q,
√

α, −√α, αq/e

]
(2.2)
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where |q/e| < 1 and |1/e| < 1

6Φ5

[
a, y, αq, βq, γq, δq; q; q

q, ayq, αq/β, αq/γ, αq/δ

]

+ 8Φ7

[
aq, yq, α, q

√
α, −q

√
α, β, γ, δ; q; q

q, ayq,
√

α, −√α, αq/β, αq/γ, αq/δ

]

=
(aq, yq, αq, βq, γq, δq; q)∞

(q, qyq, q, αq/β, αq/γ, αq/δ; q)∞

+ 8Φ7

[
a, y, α, q

√
α, −q

√
α, β, γ, δ; q; q2

q, ayq,
√

α, −√α, αq/β, αq/γ, αq/δ

]

(2.3)

Φ

[
a, y, βq : αp; q, p; q/β
q, ayq : αp/β

]

+ Φ

[
aq, yq, β : α : αpq; q, p, pq; 1/β
q, ayq : αp/β : α

]

= Φ

[
a, y, β : α : αpq; q, p, pq; q/β
q, ayq : αp/β : α

]
(2.4)

Taking p = q in (2.4), we get

4Φ3

[
a, y, βq, αq; q; q/β

q, ayq, αq/β

]

+ Φ

[
aq, yq, β, α : αq2; q, q2; 1/β
q, ayq, αq/β : α

]

= Φ

[
a, y, β, α : αq2; q, q2; q/β
q, ayq, αq/β : α

]
(2.5)

Φ

[
aq, yq, γ, α/βγ : α, β : αpq : βp/q; q, p, pq, p/q; q
q, ayq, αq/β : αp/γ, βγp : α : β

]

+ Φ

[
a, y, γq, αq/βγ : αp, βp; q, p; q
q, ayq, αq/β : αp/γ, βγp

]

=
(aq, yq, γq, αq/βγ; q)∞(αp, βp; p)∞
(q, q, ayq, αq/β; q)∞(αp/γ, βγp; p)∞

+ Φ

[
a, y, γ α/βγ : α , β : αpq : βp/q; q , p , pq, p/q; q2

q, ayq, αq/β : αp/γ, βγp : α : β

]

(2.6)
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(1− α)(1− β)(1− γ)(1− αδ2/βγ)

δ(1− αδ)(1− β/δ)(1− γ/δ)(1− αδ/βγ)
(

Φ

[
a, y, γq, αδ2q/βγ : αp, βp; q, p; q

ayq, δq, αδq/β : αδp/γ, βγp/δ

]

−(aq, yq; q)∞
(q, ayq; q)∞

× (1− γ/αδ)(1− δ/βγ)(1− 1/δ)(1− β/αδ)

(1− 1/γ)(1− βγ/αδ2)(1− 1/α)(1− 1/β)

)

=
(aq, yq, γq, αδ2q/γ; q)∞(αp, βp; p)∞

(q, ayq, δq, αδq/β; q)∞(αδp/γ, βγp/δ; p)∞

(1− α)(1− β)(1− γ)

δ(1− αδ)(1− β/δ)

× (1− αδ2/βγ)

(1− γ/δ)(1− αδ/βγ)
− (aq, yq; q)∞

(q, ayq; q)∞

(1− γ/αδ)(1− δ/βγ)

(1− 1/α)(1− 1/β)

× (1− 1/δ)(1− β/αδ)

(1− 1/γ)(1− βγ/αδ2)

(1− α)(1− β)(1− γ)(1− αδ2/βγ)

δ(1− αδ)(1− β/δ)(1− γ/δ)(1− αδ/βγ)

−Φ

[
aq, yq, γ, αδ2/βγ : α, β : αδpq : βp/δq; q, p, pq, p/q; q
ayq, δq, αδq/β : αδp/γ, βγp/δ : αδ : β/δ

]

+Φ

[
a, y, γ, αδ2/βγ : α, β : αδpq : βp/δq; q, p, pq, p/q; q2

ayq, δq, αδq/β : αδp/γ, βγp/δ : αδ : β/δ

]

(2.7)

Proof of 2.1. Let us choose ur = υr = 1 and δr =
(a, y; q)r

(q, ayq; q)r

qr in (1.1) and

(1.2), we get

βn =
n∑

r=0

αr

γn =
∞∑

r=n

δr

(2.8)

and γr can be written as,

γr =
∞∑

r=0

δr −
n∑

r=0

δr + δn

By choosing δr =
(a, y; q)n

(q, ayq; q)n

qn in the above relation, gives

γr =
∞∑

r=0

(a, y; q)r

(q, ayq; q)r

qr −
n∑

r=0

(a, y; q)r

(q, ayq; q)r

qr +
(a, y; q)n

(q, ayq; q)n

qn

By using (1.4), we have,

γr =
(aq, yq; q)∞
(q, ayq; q)∞

− (aq, yq; q)n

(q, ayq; q)n

+
(a, y; q)n

(q, ayq; q)n

qn(2.9)
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Substituting (2.8) and (2.9) in (1.3), we obtain the following relation

∞∑
n=0

αn

[
(aq, yq; q)∞
(q, ayq; q)∞

− (aq, yq; q)n

(q, ayq; q)n

+
(a, y; q)n

(q, ayq; q)n

qn

]

=
∞∑

n=0

βn
(a, y; q)n

(q, ayq; q)n

qn

(2.10)

By choosing αr =
(α, q

√
α,−q

√
α, e; q)r

(q,
√

α,−√α, αq/e; q)rer
in (2.8), we get

βn =
n∑

r=0

(α, q
√

α,−q
√

α, e; q)r

(q,
√

α,−√α, αq/e; q)rer

By using (1.5), we get

βn =
(αq, eq; q)n

(q, αq/e; q)nen

Now, put αn and βn in (2.10). We have (2.1).

Proof of 2.3. Let αr =
(α, q

√
α,−q

√
α, β, γ, δ; q)r

(q,
√

α,−√α, αq/β, αq/γ, αq/δ; q)r

qr in (2.8). We get

βr =
n∑

r=0

(α, q
√

α,−q
√

α, β, γ, δ; q)r

(q,
√

α,−√α, αq/β, αq/γ, αq/δ; q)r

qr

By employing (1.6), we have

βn =
(αq, βq, γq, δq; q)n

(q, αq/β, αq/γ, αq/δ; q)n

By substituting αn and βn in (2.10), we get (2.3).

Proof of 2.4. By taking αr =
(αpq; pq)r(α; p)r(β; q)rβ

−r

(α; pq)r(αp/β; p)r(q; q)r

in (2.8), we have

βn =
n∑

r=0

(αpq; pq)r(α; p)r(β; q)r

(α; pq)r(αp/β; p)r(q; q)r

β−r

By using (1.7), we obtain

βn =
(αp; p)n(βq; q)n

(q; q)n(αp/β; p)n

β−n

Now, put αn and βn in (2.10). We obtain (2.4).

Proof of 2.6. Let us choose

αr =
(αpq; pq)r(βp/q; p/q)r(α, β; p)r(γ, α/βγ; q)rq

r

(α; pq)r(β; p/q)r(q, αq/β; q)r(αp/γ, βγp; p)r
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in (2.8) and we have

βn =
n∑

r=0

(αpq; pq)r(βp/q; p/q)r(α, β; p)r(γ, α/βγ; q)r

(α; pq)r(β; p/q)r(q, αq/β; q)r(αp/γ, βγp; p)r

qr

By employing (1.8), we get

βn =
(αp, βp; p)n(γq, αq/βγ; q)n

(q, αq/β; q)n(αp/γ, βγp; p)n

By substituting αn and βn in (2.10), we get (2.6).

Proof of 2.7. Let us choose

αr =
(αδpq; pq)r(βp/δq; p/q)r(α, β; p)r(γ, αδ2/βγ; q)rq

r

(αδ; pq)r(β/δ; p/q)r(αδp/γ, βγp/δ; p)r(δq, αδq/β; q)r

in (2.8) and, by employing (1.9), we have

βn =
(1− α)(1− β)(1− γ)(1− αδ2/βγ)

δ(1− αδ)(1− β/δ)(1− γ/δ)(1− αδ/βγ)

×
(

(αp, βp; p)n(γq, αδ2q/βγ; q)n

(δq, αδq/β; q)n(αδp/γ, βγp/δ; p)n

− (γ/αδ, δ/βγ; p)1(1/δ, β/αδ; q)1

(1/γ, βγ/αδ2; q)1(1/α, 1/β; p)1

)

By substituting αn and βn in (2.10), we get (2.7).

Concluding remark

In the above section, we have demonstrated the power of Bailey lemma as a
tool for discovering new transformations of basic hypergeometric series from the
known summations and transformations. Some of the transformations in the
previous section generalize the known transformation formulae. The study may
be continued to further develop the theory of summation and transformation of
basic hypergeometric series

References

[1] Agarwal, R.P., Generalised hypergeometric series and its applications to
the theory of combinatorial analysis and partition theory, unpublished mono-
graph.

[2] Agarwal, P., A Study of New Trends and Analysis of Special Funtion, LAP
Lambert Academic Publishing, 2013.

[3] Andrews, G.E., Applications of basic hypergeometric funcitons, SIAM, 16
(4), (1974), 441-484.



624 s.a. ali, s.n.h. rizvi

[4] Andrews, G.E., q-Hypergeometric and Related funcitons (Chapter 17).
In NIST Handbook of Mathematical Functions, F.W.J. Olver, D.W. Lozier,
R.F. Boisvert, C.W. Clark (eds.), Cambridge University Press, 2010.

[5] Bailey, W.N., Identities of Rogers-Ramanujan type, Proc. London Math.
Soc., 50 (2) (1949), 1-10.

[6] Denis, R.Y., On certain summation of q-series and identities of Rogers-
Ramanujan type, J. Math. Phys. Sci., 22 (1) (1988), 87-99.

[7] Denis, R.Y., Singh, S.N., Singh, S.P., On certain Transformation and
Summation formulae for q-series, Italian Jornal of Pune and Applied Mathe-
matics, 27 (2010), (79-190.

[8] Ernst, T., A Mathod for q-calculus, J. of Nonlinear Math. Physics, (10)
(2003), 487-525.

[9] Exton, H., Handbook of Hypergeometric Integrals, Ellis Horwood Limited,
Halsted press, John Wiley and Sons, Chichester, New York, 1978.

[10] Fine, N.J., Basic Hypergeometric Series and Applications. Math. Surveys
Monogr., Amer. Math. Soc., Providence, RI 27, 1988.

[11] Foda, O., Quano, Y.H., Polynomial identities of the Rogers-Ramanujan
type, Internat. J. Modern Phys., A 10 (16) (1995), 2291-2315.

[12] Gasper, G., Rahman, M., Basic Hypergeometric Series, Encyclopedia of
Mathematics and Its Applications, Cambridge Univ. Press, New York, NY,
USA, 1990.

[13] Singh, S., On certain summation and transformation formulas for Basic
Hypergeometric series, International Jornal of Mathematics Archive, 2 (12)
(2011), 2670-2677.

[14] Singh, S.N., Certain partition theorems of Rogers-Ramanujan type, J. In-
dian Math. Soc. (N.S.), 62 (1-4) (1996), 113-120.

[15] Slater, L.J., A new proof of Rogers transformations of infinite series, Proc.
London Math. Soc., (2) 53 (1951), 460-175.

[16] Slater, L.J., Futher identities of the Rogers-Ramanujan type, Proc. London
Math. Soc., (2) 54 (1952), 147-167.

[17] Tariboon, J., Ntouyas, S.K., Agarwal, P., New concepts of fractional
quantum calculus and applications to impulsive fractional q-difference equa-
tions, Advances in Difference Equations, (2015), 18.

[18] Warnaar, S.O., An A2 50 years of Bailey lemma, in Algebraic Combi-
natorics and Applications, A. Betten et al. (eds.), Springer, Berlin, 2001,
333-347.

Accepted: 19.10.2015


