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1. Introduction

In 1944, Bailey [5] established a powerful series identity which was later known
as Bailey’s lemma. The Bailey’s lemma states that, if

(1.1) G, = Z Qe Uy Uy g
r=0

and

(12) Tn = Z 5rur—nvn+r

then, under the suitable convergence conditions and if change in the order of
summations is allowable

n=0 n=0

where «,., d,, u, and v, are functions of r, such that -, exists. The proof of the
lemma is trivial.

The Bailey lemma has been a powerful tool in proving Rogers-Ramanujan
type of identities and also a verity of transformations of basic and Poly-basic
hypergeometric series. Slater [15], [16] used Bailey’s lemma systematically to
produced long list of 130 identities of Roger-Ramanujan type. The theory of
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basic hypergeometric series has been extensively studied and developed during
last decades due to its various application in mathematics as well as in other
disciplines. For a complete account of the theory and its some of the applications
one is referred to the notes of Gasper and Rahman [12], Exton [9], Agarwal [2],
Fine[10], Andrew [3], [4] Ernst [8] and Tariboon et al [17].

In the present paper, we have made an attempt to establish some interesting
transformations and summations of basic and polybasic hypergeometric series by
making use of Bailey lemma. Some applications have also been discussed.

In what follows, the following notations and definitions [12] have been used.

For |q| < 1,

PN R IEE R A A
o L n=>0

or, equivalently,

oo

(a; q)n _ H 1 B aqj = (aa q)oo

(@ —agmt) " (ag";q)e’

o0

(@:9)e = [J(1—ag,

n=0

where a is real or complex.
A Basic Hypergeometric Series is defined as

1,09, -y Ay G5 2 - (a1;@)n (@25 Q)n---(ar; @)n n 20D e o opn
D, = —1)"q >
{ b1, b, .., bs } z_; (@5 Dn(b1; O (bz;Q)n-.-.(bs;Q)n[( ) |

For 0 < |¢q| < 1, the series converges absolutely for all z if r < s and for
2| <1ifr=s+1.

This series also converges absolutely if |¢| > 1 and |z| < |by1bs...bs|/|a1as...a,|.

We define the Poly-Basic Hypergeometric Series as

) a1,0A2,...ap 1 C11,...C1 oo Cm1s - Comr 3 4,4142.-.Qmy 2
bl,bz,...bs : dl,l;'-'dl,sl ;-'-;dm,l;'-'dm,sm
n—1 m
a17a2 Clm t CJ, -Gy, Taqu)
=2 (bbb
— Q7 1,92 ]:1 jS]7QJ)
which converges for max (|g|, |q1], .., |gm]) < 1.

We shall also require the following known results in our work

a, vy ¢ q| _ (aq,yq D
(R L‘—m,ayq;q)n (1], AppI1(8))

o, g, —qv/a, e g l/el  (ageq;q)n
(1.5) 4%{ Va, —ya, agfe L_ (4, q/e; q)ne” (11}, App I1(8)
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Gq)5|:a7 Q\/Oé, —Q\/OZ, B, e 0; qa; q
(1.6) Vo, =V, agq/f, aqfy, aq/s "

_ (O‘qaﬁq77q,5q,q)n

where a = 376

1) 3y g B 0T _ (ol 0u)

— (1-a)(g:9)ilap/Bip)i — (@:0)ulap/B;p)a ([12],App.(11.34))

Xn: (1—ap'q’)(1 — Bp'q ) (a; p)i(B;p)i(v; @)i(a/B; )ig'
—~  (1-a)1=08)(ga)i(aq/B;q)i(ap/v; p)i(Byp; )i

_ (ap, Bp; p)n (V4 O)nlag/B7; @)n
 (a.2q/B; a)ul0p/7: P)n(BYP; D) (112}, App-(I1.35))

—~ (1 —adp’q")(1 = Bp"/8q" ) (v, B; p)r (v, 62/ B; q)s v
« (1 —ad)(1 - B3/6)(dq, adq/B; q)r(adp/v, Bvp/d: p)s
(I-a)(1=p)1—=7)(1—-ad*/3)
(1.9) 6(1 —ad)(1—=B/0)(1 —~/8)(1 —ad/B)
" ( (ap, Bp; P)n(vq, 0?q/B7: @)n (v/ad,6/Bv;p) 1/5 B/ad; q) )
(6q. @dq/B;q)n(adp/, Brp/8: P (1/7, Bv/ad? )1 (1/c, 1/5; p):

([12],App.(11.36) for m = 0)

(1.8)

=

2. Main results
The following results have been established in this section.

{a, y, aq, eq q qfe
4P3
q, ayq, aqfe

aq, Yyq, «, Q\/CY, —Q\/O!, €; q; 1/6 :|
2.1 + 6@
( ) 0o [ q, ayq, \/Oé, _\/047 QQ/e

—_ G(I)S |: a, vy, a, Q\/a7 _Q\/O-/, €; q, Q/6:|
q, ayq, \/aa —\/Oé, QQ/e

where |¢/e|] <1 and |1/e| < 1. Choose a =0 in (2.1), we have

3@2{% ag,  eg; q;Q/e}
q, aqfe

yg, a, o, —q/a, e q,l/e]
2.2 + 5P
(2.2) [ e e e

_ 5@4{% o /o, —g/a, € g q/e]
q, \/OZ, —\/O[, QQ/G



620 S.A. ALI, S.N.H. RIZVI

where |g/e| <1 and [1/e| <1

G%{G, y, «ag, Bg,  vq,  0¢ ¢ q
¢, ayq, oq/B, aq/y, aq/d

+8¢7{aq, yq, o, qJo, —qo, B, 7, N q}
q, ayq, o, —va, aq/B, aq/y, aq/d

(aq,yq, aq, g, 7q, 0¢; @) o
(¢, 9v9, ¢, 0q/B,0aq/v,0q/0; q)oo

+8q)7|:a’ Y, «, q\/&7 _q\/&a Ba v, 57 q, q2:|
q, ayq, o, —J/a, aq/B, aq/y, aq/d

(2.3)
(D[a, y,  Bq: ap; q, p; q/B
q, ayq: ap/p
2.4 +©[aq, ye,  B: o« apg; q, p, PG 1/6}
q, ayq: ap/B: «

:@{a, y, B o apg g, p, pg; Q/ﬁ}
q, ayq: ap/f: «

Taking p = ¢ in (2.4), we get

4@3{60, y, Bqg, aq q q/B
q, ayq, aq/p

+®{aq, yg, B, a: a¢® q ¢ 1/6}
¢ ayq, og/f: «

B q,{a, Y, B, a: ag’ oq, ¢% Q/ﬁ}
¢, ayq, oq/f: «

q){aq, yq, v, of/fy: o« B: apg: Bp/e; ¢ v, pa, p/g; q]
q, ayq, agq/B: ap/y, Byp: a: 5

Lo|® ¥ e ad/Byvioap, Bprog, by
g, ayq, aq/B: oap/y, Pyp

(aq, yq, Y4, aq/ B7; @)oo (D, BD; D)oo
(2,4, ayq, 2q/ B35 @)oo (D /7, BYD; P) o

cp { a, y, ya/by:  a,B:  apg: Bple; q.p.pes p/a ¢° }
4, ayq, aq/B: ap/vy, Byp: o« &4

(2.6)
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(1-a)(1 -3 =) —ad®/3y)
0(1 —ad)(1 = B/6)(1 = ~/0)(1 — ad/B)

( {cu Yy, g, «ad’q/By:  ap,  Bp; q. p; q]
ayq, 0q, «dq/B: adp/y, Pyp/d

(ag,y¢: @)oo, (L= 7/ad)(1 = 6/67)(1 — 1/9)(1 — ﬁ/a5)>
(g @) (1—1/7)(1 = By/ad®)(1 —1/a)(1 - 1/5)

_ (a9,99,74,00%¢/ v @) (0P, BpiP)e (1= a)(1 = B)(1 —1)
(¢, ayq, dq, adq/ B; @)oo (adp/7, B/ 05 P)oe O(1 — ad)(1 = B/0)

o (1—ad/py)  (a4,y4;9) (1 = 7/ad)(1 = 6/57)
(I=9/0)(1—ad/By)  (¢,ay4 Q) (1 —1/a)(1—1/5)

L (1 =1/8)(A = B/ad) (1= a)(1 = B)(1 =)~ ad®/by)
(1 =1/7)(1 = By/ad?) 6(1 — ad)(1 — B/5)(L —v/6)(1 — ad/B7)

& { aq,yq, 7,0/ By - a, B adpq : Bp/dq; ¢, p. pa, P/G g ]

ayq, 6q, adq/B: adp/vy, Byp/d:ad: B/0

(D { a, y, v, ad?/By:a, B:adpq: Pp/dq;  q, v, pe, PTG ¢ }
ayq, 6q, adq/B : adp/y, Byp/d:ad: 3/6

(2.7)

Proof of 2.1. Let us choose u, = v, = 1 and ¢, = Mq’" in (1.1) and
(¢, ayq; q)»
(1.2), we get
ﬁ% = ZE:CW
(2.8) =

Tn = 2{:5r

and -y, can be written as,

:i&—i:&—i—én
r=0 r=0

(a,y; ¢)n
(¢, ayq; q)n

— (0,59, , = (@y0. , (¥ ,
%«ZZ(—.Q —Z( —q + - q

“ (¢, ayq; @)r —~ (¢ ayq; )y (4,094 9)n

By choosing 4, = q" in the above relation, gives

By using (1.4), we have,

aq, Y4 Qo (00,94 @)n | (@400 4,
(2.9) _00.Y8 9D (09,95:9)n | (0:y59)
(@094 0)oe (@090 D (4 0YG D
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Substituting (2.8) and (2.9) in (1.3), we obtain the following relation

ia [(aq,yq;q)oo_(aq,yq;q)n+ (@Y Dn
"Wgay; o (0 ayq; )0 (4, ayq; @)n

n=0

(2.10)

Y ACAT

— (¢, ayq; q)n

(a, g/, =g/, €5.9)r
(¢, Va,—va,aq/e; q)re”

Bn _ Z (Oé, Q\/Qa _Q\/aa €; q>7‘

r—0 (qa \/CY, —\/Oé, QQ/B; q)rer

By choosing a, = in (2.8), we get

By using (1.5), we get

g5 = (00cq)n
" (g, aq/e;q)ner

Now, put a,, and 3, in (2.10). We have (2.1).

(o, gV, —gv/a, 8,7, 6;.4)r
(q7 \/Oé, _\/057 QQ/ﬂa C(C]/’Y, QQ/67 q)r

— (@,Q\/Oé, _q\/&v55775§Q>r r
= z; (¢, Vo, =, aq/ B, aq/, aq/6; q)rq

By employing (1.6), we have

Proof of 2.3. Let o, =

¢" in (2.8). We get

g, - (aq, Bg,74,0¢; O)n
(¢, q/ 8, 0q/v,aq/0;q)x

By substituting a,, and 3, in (2.10), we get (2.3).

(apq; pq)r(; p)r(B59)r 57"

Proof of 2.4. By taking a, =
(a; pg)(ap/B; )i (4 @)

in (2.8), we have

= (opg;pq) () (B 0)r
o= ; (@ 00)- (00 /B D) (@ 0), "

By using (1.7), we obtain

(ap; P)n(BG @)n
(@ On(ap/B;D)n

Now, put a,, and 3, in (2.10). We obtain (2.4).

Bn = g

Proof of 2.6. Let us choose

_ (apg;pa).(Bp/a;p/a)r (e, B; ) (v, /B3 0)rd”
(o pa)r (B; 0/ @)r (4, aq/ B; q)r (ap /7, Byp; p)r

r
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in (2.8) and we have

n

3 (apg; pa)-(Bp/a; p/ @) (e, B;p)r (v, 0/ BV @)
— (a;p9): (8 p/9)+(a: @q/ B; @), (ap/v, Bp; p)r

Bn:

By employing (1.8), we get

(ap, Bp; p)n (Y4 @G/ B7; )n
(¢, 2q/B; O)n(ap/7, BYD; P)n
By substituting «,, and 3, in (2.10), we get (2.6).

6n:

Proof of 2.7. Let us choose
(adpq; pq)-(Bp/dq; p/q)r (@, B; p)r (v, a0?/ B7; 4)rq"

~ (ad; pa)-(8/8;p/a)-(@dp /7, Bp]8; ), (6q, adq ) B; @),
in (2.8) and, by employing (1.9), we have

(1-a)(1 =B -7 —ad®/3y)
0(1 —ad)(1 = 3/6)(1 —~/0)(1 — ad/p)

ﬁn:

v/ad,8/6v;p)1(1/8, B/ad; g

y ( (ap, Bp: P)n(vq, @0°q/ B7: @)n
(6, adq/B; q)n(adp/v, BYP/6;D)n

By substituting «,, and 3, in (2.10), we get (2.7).

_
(

Concluding remark

L)y, By/ad?; q)1(1/a, 1/B;p)

623

)

In the above section, we have demonstrated the power of Bailey lemma as a
tool for discovering new transformations of basic hypergeometric series from the
known summations and transformations. Some of the transformations in the
previous section generalize the known transformation formulae. The study may
be continued to further develop the theory of summation and transformation of

basic hypergeometric series
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