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1. Introduction and preliminaries

Zadeh[34] introduced the fundamental concept of a fuzzy set. Later Chang [7] de-
fined fuzzy topological spaces. Sostak [29] introduced the fundamental concept of
a fuzzy topological structure, as an extension of both crisp topology and Chang’s
fuzzy topology. The fuzzy topology in Sostak’s sense were rediscovered by Chat-
topadhyay et al. [8]. In the same year, Ramadan [22] gave a similar definition of
a fuzzy topology under the name “smooth topology”.

On the other hand, Atanassove and his colleagues [2]-[6] introduced the fun-
damental concept of an intuitionistic fuzzy set. Coker [12], [14] used this type
of generalized fuzzy set to define “intuitionistic fuzzy topological spaces”. Also,
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Coker and Demirci [13] introduced the basic definition and properties of “intui-
tionistic fuzzy topological spaces in Sostak’s sense” which is a generalized form
of “fuzzy topological spaces” developed by Sostak [29], [30]. In this sense many
works have been launched [15], [17]-[20], [25], [32].

Connectedness of fuzzy sets is an important subject in fuzzy topology, it won
the attention of many researchers [1], [9], [16], [21], [24], [26]-[28], [33].

In this paper, many different notions of connectedness of fuzzy sets are ex-
tended to intuitionistic fuzzy topological spaces in Sostak’s sense and the interrela-
tionship between them are studied. Also, we inspect some interrelations between
these types of intuitionistic fuzzy connectedness together with the preservation
properties under intuitionistic fuzzy continuous maps.

Definition 1.1. ([2]) Let X be a nonempty fixed set. An intuitionistic fuzzy set
(briefly, IFS) A is an object having the form

A= {{z, pa(r),7al2)) - v € X},

where the map py : X — I and v4 : X — I denote the degree of membership
(namely, pa(x)) and the degree of nonmembership (namely, y4(x)) of each element
x € X to the set A, respectively, and 0 < pa(z) + vya(zx) < 1 for each z € X.
Obviously, every fuzzy set A on a nonempty set X is an IFS having the form

A= {(z, pa(), 1 = pa(x)) - x € X}.

For the sake of simplicity, we shall use the symbol A = (z, pa(x),va(x)) for the
IFS A = {{z, ua(x),va(x)) : © € X}. For a given nonempty set X, let us denote
the family of all IFSs in X by the symbol ¢¥.

Definition 1.2. ([2],[14]) Let X be a nonempty set, and the IFSs A and B in X
be in the form A = {(z, ua(x),va(x)) : x € X}, B = {{z,up(z),y5(x)) : v € X}.
Furthermore, let {4; : i € J} be an arbitrary family of IFSs in X. Then,

A CBiff pa(z) < pp(z) and ya(x) > yp(x), for all z € X

A= {(z,7a(2), pa(2)) 1 2 € X}
A—B=ANB;

mAi {<x7/\/vLAz(‘r>7v7Az<x>> MRS X}7
{(l’,\//LAl(l'),/\”yAz(iC» ‘T E X}7

(vii) 0~ = {(x,0,1) :z € X} and 1. = {(x,1,0) : x € X }.

C

A

Definition 1.3. ([11]) Let a and b be two real numbers in [0,1] satisfying the
inequality @ + b < 1. Then the pair (a,b) is called an intuitionistic fuzzy pair.

Let (a1, by1), (as, by) be two intuitionistic fuzzy pairs. Then we define
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(i) (a1,b1) < (az,by) < a1 < ag and by > by;
(11) <a1,bl) = <a2,b2) & ap = aq and by = bg;

(iii) If {{(a;, b;) : i € J} is a family of intuitionistic fuzzy pairs, then
\/<alv 2> <Va27/\b> and /\<aubl> = </\a'lvvb7,>7

(iv) The complement of an intuitionistic fuzzy pair (a,b) is the intuitionistic

fuzzy pair defined by (a,b) = (b, a);

(v) 1~ = (1,0) and 0~ = (0, 1).

Definition 1.4. ([14]) Let X and Y be two nonempty sets and f: X — Y be a
map.

(i) If B = {{y,us(y), vB(y)> y € Y} is an IFS in Y, then the preimage of B
under f, denoted by f~1(B), is the IFS in X defined by

f7HB) = {{&, " (up) (@), f~H(yB)(2)) : w € X}
(i) If A = {{(z,pa(z),va(x)) : @ € X} is an IFS in X, then the image of A
under f | denoted by f(A) is the IFS in Y defined by

FA) ={(y, F(pa) (W), f(va)(W)) - y € Y}, where f(va) =1 = f(1 —7a).

Definition 1.5. ([10]) Let A, B € ¢X. Then, A and B are said to be quasi-coinci-
dent, denoted by AgB iff there exists an element x € X such that pa(x) > vp(x)
or ya(z) < pp(z), otherwise A 4B.

Theorem 1.6. ([10],(31]) Let A, B € ¢(*. Then,
() A 4B iff ACB,
(i) AgB if AZ B,
(iii) if AN B =0, then AC B,
(iv) if AZ B, then AN B # 0.
Definition 1.7. ([11]) An IFS £ on the set (¥ is called an intuitionistic fuzzy

family (IFF for short) on X. In symbols, denote such an IFF in form & = (¢, 7).

Let ¢ be an IFF on X. Then the complemented IFF of { on X is defined by
& = (g, 7e-) where jig- (A) = pig(A) and - (A) = 7¢(A), for each A € ¢,

If 7 is an IFF on X, then for any A € (¥, construct the intuitionistic fuzzy
pair (u-(A),v-(A)) and use the symbol 7(A) = (1. (A4), v-(A4)).

Definition 1.8. ([13]) An intuitionistic fuzzy topology in Sostak’s sense (IFT for
short) on a nonempty set X is an IFF 7 on X satisfying the following axioms:
(Th) 7(0~) = 7(1.) = 175

(Ty) 7(AN B) > 7(A) AT(B), for any A, B € ¢¥;

(T3) 7(UA;) > AT(A;) for any {A; :i € J} C ¢¥.
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§ In this case, the pair (X, 7) is called an intuitionistic fuzzy topological space
in Sostak’s sence (IFTS for short). For any A € (¥, the number y,(A) is called
the openness degree of A, while 7, (A) is called the nonopenness degree of A.

Definition 1.9. ([13]) Let (X, 7) be an IFTS on X. Then, the IFF 7* of comple-

mented IFSs on X is defined by: 7%(A) = 7(A). The number pu,«(A) = p.(A) is
called the closedness degree of A, while ~y,«(A) = v, (A) is called the nonclosedness
degree of A.

Theorem 1.10. ([13]) The IFF 7* on X satisfies the following properties:
(Cy) 7™(0) =75(1.) =175

(Cy) (AU B) > 7*(A) AT*(B), for any A, B € (*;

(C3) T(NA;) > NT*(A;), for any {A; :i € J} C (X,

Definition 1.11. ([13]) Let (X, 7) be an IFTS and A be an IFS in X. Then the
fuzzy closure and fuzzy interior of A are defined by

cop(A) = N{Ke(*: ACK,7(K) > (a,0)}
intag(A) = U{GE* G CATG) > (o, p)},

where o € [y = (0,1],6 € I, = [0,1) with a + 5 < 1.

Theorem 1.12. ([13]) The closure and interior operators satisfy the following
properties:

(i) ACclap(4) ;
(i) inta,p(A) S A;

(iil) clap(cla,s(A)) = clas(A) ;

(iv) inta,p(inta,s(A)) = inta,s(A) ;

(V) clag(AUB) = clag(A) Uclas(B);
(vi) intag(ANB) =intyg(A) Ninty g(B);
(vii) cla,5(A) = intas(A) ;

(vili) intas(A) = clos(A).

Definition 1.13. ([13]) Let (X, 7) and (Y, 72) be two IFTSs and f : X — Y be
a map. Then, f is said to be intuitionistic fuzzy continuous iff

n(f7(B)) > na(B),

for each B € ¢¥.

Theorem 1.14. ([13]) The following properties are equivalent:
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(i) f: (X, ) — (Y, 1) is an intuitionistic fuzzy continuous.
(i) 77 (f~YB)) > 75(B), for each B € (V.
Definition 1.15. ([23]) Let A be an IFS in an IFTS (X, 7). For a € 1,8 € I
with a + 5 < 1, A is called:
(i) an (o, B)-intuitionistic fuzzy regular open (briefly, (o, 3)-ifro) set of X, if
Z'Tlf;a’ﬁ(cla’gA) = A,

(ii) an («, B)-intuitionistic fuzzy regular closed (briefly, (a, §)-ifrc) set of X, if
Clayg(intQﬂA) = A.

Theorem 1.16. ([23]) Let A be an IFS in an IFTS (X,7). Then, for a € I,
g el witha+ 3 <1.
(i) If A is an («, B)-ifro (resp. («, B)-ifrc) set then,
7(4) = (a, B) (resp. T°(A) = (a, B)).
(ii) A is an (a, B)-ifro set iff A is an (a, B)-ifrc set.

2. Different notions of connectedness of intuitionistic fuzzy sets

Definition 2.1. Let (X,7) be an IFTS and N € (*. For a € Iy,3 € I; with
at+<1,

(i) If there exist the IFSs U,V € ¢X with 7(U) > (a, 8), 7(V) > («, B) satis-
fying the following properties, then N is called an intuitionistic fuzzy c?’ﬂ -
disconnected (briefly, IF¢’-disconnected), (i = 1,2,3,4):

IFS? NCUUV,UNVCN,NONU#0., NNV #£0..
IFS’: NCUUV, NNUNV =0, NNU #0., NNV #0..
IFeS’: NCUUV,UNVCN,UZN,VZN.

IFS? NCUUV, NNnUNV =0.,U¢Z N,V ZN.

(i) NN is said to be intuitionistic fuzzy ¢-connected(briefly, IF¢’-connected)
if N is not an IF¢™’-disconnected, (i = 1,2,3,4).

Remark 2.2. From Definition 2.1, we have the following implication between
IFc"P-connectedness (i = 1,2,3,4).

IFc?’ﬁ -connectedness = Ich’ﬁ -connectedness

4 Y

IF ¢y’ -connectedness = IF¢S’-connectedness

But the reciprocal implication are not true in general as shown by the fol-
lowing examples.
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Example 2.3. Let X = {a,b,c} and Ny, No,G; € ¢X (i = 1,2,3,4) defined as

follows:
N = (z, (% Ob3
Ny = (x, (%, Ob4
Gs = (z, (%, Obﬁ

Let 7 : (X — I x I defined as follows:

17,
m®{®@0&
07,

b
)7 ae 7))

b
D57 03
()

b
) (o5 5 52)
()
Cye b

if Ae{0.,1.}
if A=Gi(i=1,2,3,4)

otherwise.

Let a = 0.4, 3 = 0.5. Then, N; is both an IF¢5’-connected and IFc§’-connected
but not an IFc¢’-connected (i.e., Ny is an IFc5”-connected since, for every
G; € ¢* with 7(G;) > (o, ), i = 1,2,3,4, and satisfies Ny C G, UGy, N; C
G1UG3, N1 g G1UG4, N1 Q G3UG2, N1 Q G3UG4, we have N1mG1ﬂG2 7’é ON,
NNGING3#0., NNNGINGy#00, NNNG3NGe # 0, NyNG3NGy # 0.

Similarly, N; is an IFc§”

-connected. N is not an IF¢)”

A_connected since, there

exist G1,Gy € ¢X with 7(G;) > (o, 3), i = 1,2 and satisfies N; C G; U Gb,
GiNGy € N, N\NG, # 0. and Ny NGy # 0~). By the same technique we have,
Ny is an IF¢S’-connected but not an IF¢y’-connected.

Example 2.4. Let X = {a,b,c} and N, G; € X (i = 1,2,3,4) defined as follows:

iii

(0 40.6° 1.0)>
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Let 7 : (X — I x I defined as follows:

1~, if Ae{0.,1.}
<O5,02>7 if Ae {Gl,Gl}
<O7, 02>, if Ae {Gg, G4}
0~, otherwise.

T(A) =

Let oo = 0.3, 3 = 0.6. Then, N is an IF¢}"’-connected but not an IF¢5’-connected.

Definition 2.5. Let X be a nonempty set and A, B € (X. For a € Iy, € I,
with o + 6 < 1, A and B are said to be

(i) (o, B)-intuitionistic fuzzy weakly separated (briefly,(c, 5)-IFWS) if there
exist IFSs U,V € ¢* with 7(U) > (o, 8), 7(V) > (a, 3) such that A C U,
BCV, A4V, B 4U.

(ii) (e, B)-intuitionistic fuzzy g-separated (briefly, (a, 5)-1FqS) if Cl, 5(A) N B=0.,
and ANCl,3(B) =0..

Theorem 2.6. Let (X,7) be an IFTS and A, B € ¢X. For a € Iy, 3 € I, with
a+ <1, Aand B are (o, 8)-IFWS iff closA C B and clo, 3B C A.

Proof. Suppose that A, B are (a, 3)-IFWS. Then, there exist U,V € (X with
7(U) > {a, 3) such that ACU, BCV, A 4V, B 4U. By Theorem 1.6, A CV,
since 7*(V) = 7(V)) > («, B) then, cl, A CV C B. Similarly, cl, 3B C A.

Conversely, suppose that cl, 3A C B and cl, 3B C A. Then, B C cl,3A =V,
A C cly 3B = U which implies that, 7(U) = 7(clogB) = 7*(clagB) > (o, 8) and
T(V)=1(clogA)=7"(clo sgA) > (a, 3). Also, A C clo3A=V and B C clo3B = U,
which implies that A 4V, B 4U. Hence, A, B are («, 3)-IFWS.

Definition 2.7. Let (X,7) be an IFTS and N € (*. For a € Iy, 3 € I, with
a+ <1,
(i) N is called an intuitionistic fuzzy ¢®’-disconnected (briefly, IFc®’-discon-
nected) if there exist an («, 3)-IFWS sets A, B € (¥ such that AUB = N
and A # 0., B # 0.
(ii) N is called an intuitionistic fuzzy ¢};’-disconnected (briefly, IF¢5; -discon-

nected) if there exist (a, 3)-IFqS sets A, B € ¢~ such that AU B = N and
A#0., B#0..

(iii) N called an IFc®P-connected if N is not an IFc®?-disconnected.
(iv) N called an IFc;’-connected if N is not an IF¢§;’-disconnected.

Theorem 2.8. Let (X,7) be an IFTS and N € (X. For a € Iy,3 € I, with
a+ 3 <1, if N is an IFc®P-connected then, N is an IFcﬁf—connected.

Proof. Suppose for a contradiction that NV is an IFC})\}B -disconnected. Then, there
exist A, B € (X such that AUB = N, (clogA) N B = 0., (clasB) N A = 0.,
A # 0., B # 0.. By Theorem 1.6, we have cl, 3A C B, cl,3B C A. Then by
Theorem 2.6, N is an IFc®’-disconnected which is a contradiction. Hence, N is
an IF¢’-connected.
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Theorem 2.9. Let (X,7) be an IFTS and N € (X. For a € Iy,3 € I, with
a+ 6 <1,if N is an [Fc‘f”g-connected then, N is an IFcP-connected.

Proof. Suppose that N is an IFc®?-disconnected. Then, there exist A, B € ¢X
such that, AUB = N, cl,3A C B, closB C A, A # 0., B # 0.. By Theorem
2.6, there exist U,V € ¢* with, 7(U) > (o, 8), 7(V) > {(«, 8) such that, A C U,
BCV,A4V,B 4AU. Then, N =AUB CUUYV. Also, NNU # 0.. For, if
NNU =0, then NNA = 0., so that A = 0_(since, A C N) which a contradicts
that A # 0.. Similarly, NNV # 0.. Also, UNV C N. For,if UNV ¢ N then,
(U NV)gN which implies that (U NV)gA or (UNV)gB. Then (UgA and V¢A)
or (UgB and V¢B), a contradiction with A /V and B /qU. Thus, N is an
IF P -disconnected, which is a contradiction. Hence, N is an [Fc2P-connected.

Theorem 2.10. Let (X,7) be an IFTS and N € (*. For a € Iy, 3 € I, with
a+ (B <1, if N is an [FcP-connected then, N is an Ich’ﬁ-connected.

Proof. Suppose that N is an IFCS"B -disconnected. Then, there exist U,V € (X
with, 7(U) > («a, 5), 7(V) > (a, ) such that, N CUUV, NnUNV = 0.,
NNU#0., NNV #0.. put A=NNU CU and B= NNV C V. Then,
AUB=(NNU)UNNV)=NNUUV) = N. Now, if AgV then, there
exists x € X such that pa(z) > v (z) or va(x) < py(x). First if pa(z) > vy (x)
then, pa(xz) > 0. Since N = AV B and A < U then, py(z) > 0 and py(x) > 0.
py(x) # 0. (since, if py(x) = 0., then vy (z) = 1, a contradiction with pa(z) >
v (x)). Thus, (un(z) A py(x) A py(x)) > 0. So, NNUNV # 0., a contradiction
with NNUNV =0.. Thus A 4V. Second: if y4(x) < py(x) then, py(z) > 0.
pn(x) >0 (for, if uy(z) =0 then, N = AU B implies that, pa(z) = ug(xz) =0,
so va(x) = 1 a contradicts with y4(z) < py(x)). Since, N CU UV, py(z) > 0,
pn(z) > 0 then, (ux A pu A py)(x) # 0 and so, NNU NV # 0., a contradiction,
then A 4V. Similarly, B 4U. Then, N is an IFc®#-disconnected, a contradiction.
Thus, N is an Ich"’g—connected.

Theorem 2.11. Let (X,7) be an [FTS and N € (X. For a € Iy, 3 € I, with
a+ B <1, if N is an IFc®P-connected then, N is an [ch’ﬂ—connected.

Proof. Suppose that N is an Ich’ﬂ -disconnected. Then, there exist U,V € (¥
with, 7(U) > («, 8), 7(V) > (a, 3) such that, N CUUV, UNV C N, U ¢ N,
VZN. Pt A=NNUCU and B=NNV CV. Then, AUB = N.

Let R = (z, pr(x),vr(x)) and S = (x, ug(x),vs(x)). Where,

i = {1 e
= {1 L
= {5
= { 1
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Then, N = RUS. Now, R # 0. (since, if R = 0., then U C V which implies
that, U = U NV C N, a contradiction). Similarly, S # 0.. Also, RC A C U
and S € B C V. Now, R V. For, if RqV then, there exists, x € X such
that, pr(x) > v (x) or yr(x) < py(x). First, if ugr(z) > vy (z) then, pugr(x) >0
which implies that, uy(x) > py(x). Since N = RU S then, uy(z) > pr(z) >
v (z). Since, UNV C N then, ux(z) < qp(z) V yv(z) but, pux(z) > ()
this implies that vy (x) > ~y(z) then, yg(xz) = 1 this implies that pgr(z) = 0,
a contradiction. Then, R /V. Second, if yg(z) < wy(x) then , ygr(z) < 1
which implies that vy (z) < vy (x). Since N = RU S then, vy (z) = (v A vs)(x)
implies that yy(z) < yg(z) then, yy(z) < py(z). Since, UNV C N then,
w(®) > (s A () but, y(x) < pv(z) this implies that v (z) > ()
then, pugr(x) = 0 implies yg(z) = 1 a contradiction. Then, R V. Similarly,
S 4U. Then N is an IFc®-disconnected, which is a contradiction. Thus, N is
an IFc¢§”-connected.

Theorem 2.12. Let (X,7) be an IFTS and N € (*. For a € Iy, 3 € I, with
a+ B <1,if N is an IFS” -connected then, N is an IFcS -connected.

Proof. Suppose that NV is an IFcﬁf -disconnected. Then, there exist A, B € (¥
such that, AUB = N, (clogA) N B = 0., (clagB)NA=0., A#0., B#0..
Let U = cl,3A and V = cl, gB. Then, 7(U) = 7%(U) = 7*(clo 3A) > {(a, 3) and
(V) =71(V) = 7*(clagB) > {(a, B).

Now, UNV = cly 3ANcla 3B = clogAUclysB = clo (AU B) = clo sN C N.
Also, UUV = clygAUcly gB=clogANclygB=clog(ANB) = clag0. =0.=1..
Then, N CUUV. Also, U € N. For if U C N then, N C U = cl, gA this implies
that, closA 2 AU B implies clo3A O B implies B N cly3A # 0~, a contra-
diction. Similarly, V' &€ N. Therefore, N is an Ich’ﬁ -disconnected which is a
contradiction, then N is an IFC?\}”G -connected.

Definition 2.13. Let X be a nonempty set and A, B € (X. Fora € I,3 € I,
with a + 6 < 1, A and B are said to be

(i) (a, B)-intuitionistic fuzzy separated (briefly, (o, 3)-IFS), if there exist IFSs
U,V € ¢X with 7(U) > {(a, 3) and 7(V) > («, 3) such that AC U, BCV,
UNB=0.and ANV =0..

(ii) («, B)-intuitionistic fuzzy strongly separated (briefly, («, 3)-IFSS) if there
exist IFSs U,V € ¢X with 7(U) > (a,8) and 7(V) > («a,3) such that
ACU, BCV,UNnB=0., ANV =0, UgA and V¢B.

Definition 2.14. Let (X, 7) be an IFTS and N € ¢¥. For a € Iy, € I, with
at+3<1,

(i) N is called an intuitionistic fuzzy O%#-disconnected (briefly, IFO*#-discon-
nected) if there exist an (o, 3)-IFS sets A, B € ¢X such that AUB = N,
A#0.and B #0..

(i) NV is called an intuitionistic fuzzy Of’-disconnected (briefly,IFOS-*-discon-
nected) if there exist an (a, 3)-IFSS sets A, B € (¥ such that AUB = N,
A#0. and B # 0..
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(iii) NV is called an IFO*P-connected if N is not an IFO*P-disconnected.

(iv) ) N is called an IFOgﬂ—connected if N is not an IFOg’ﬁ—disconnected.

Theorem 2.15. Let (X,7) be an IFTS and N € ¢X. For a € Iy, 3 € I, with
a+ <1, N isan Ich’ﬁ—connected iff N is an IFO*P-connected.

Proof. Suppose that N is an IFO®P-disconnected. Then, there exist A, B € (¥
such that, A, B are («,()-IFS, N = AUB, A # 0., B # 0.. Since A, B are
(o, B)-IFS, there exist U,V € ¢* with 7(U) > (o, ) and 7(V) > («, ) such
that, ACU, BCV, UNB=0.,VNA=0.. N=AUB CUUYV. Now,
NNUNV =(AuB)NUNV)=(ANUNV)UBNUNV) = 0.. Also,
NNU=(AuB)NU = (ANnU)U(BNU) = AU0. = A # 0.. Similarly,
NNV #0.. Then, N is an Ich’/B -disconnected, which is a contradiction. Hence,
N is an IFO*"-connected.

Conversely, suppose that N is an Ich’ﬁ -disconnected. Then, there exist
UV e ¢X with 7(U) > (a,3) and 7(V) > (a,3) such that, N C U UV,
NNUNV=0.,, NNU # 0., NNV # 0.. Lt A = NNU C U and
B=NnNnV CV. Then, AUB = (NNU)UNNV)=NNn{UUV)=N.
Also, UNB =UNNNV = 0.. Similarly, VN A = 0.. So, N is an IFO*5-
disconnected which is a contradiction. Then, N is an Ich’B -connected.

Theorem 2.16. Let (X,7) be an [FTS and N € (*. For a € Iy, 3 € I, with
a+ 6 <1,if N isan [FCZ"B—connected then, N 1is an IFO;"B—connected.

Proof. Suppose that N is an IFO‘;’ﬁ—disconnected.Then, there exist A, B € ¢*
such that, A, B are («,3)-IFSS, N = AU B. Since A, B are («, 3)-IFSS, there
exist U,V € ¢X with 7(U) > (a,) and 7(V) > {(a,3) such that, A C U,
BCV,UNB=0.VNA=0. UgA, VgB. N=AUBC UUYV. Now,
NNUNV =(AuB)NnUNV =ANnUNV)U(BNUNV) = 0.. Also,
since UgA and A C N, there exists x € X such that uy(z) > ya(x) > yn(z) or
Yo () < pa(z) < py(z) this implies that, U € N. Similarly, V' & N. Therefore,
N is an IFCZ’B -disconnected which is a contradiction. Then, N is an IFO[‘;’ﬁ—
connected.

Remark 2.17. From Remark 2.2 and Theorems 2.8-2.12,2.15,2.16 we can build
the following diagram
IF¢5"°-disconnectedness

I
[FcP-disconnectedness
N
Ich"ﬁ -disconnectedness Ich"ﬂ -disconnectedness =
[ . / ITFO*B-disconnectedness

IFC%’IB ~disconnectedness  IFc}”-disconnectedness

4

IFog"f@—disconnectedness
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Examples 2.3, 2.4 and the next examples show that the reverse implications

in Remark 2.17 are not true in general.

Example 2.18. Let X = {a,b} and N,G; € ¢* (i = 1,2) be defined as fol-

lows: ; ;
a a
N = — — ) (—, —
G104 0502
a b a b
Gl - <$7 (ﬁa @)a (ﬁ7 ﬁ»
a b a b
G2 - <‘T7 (0727 ﬁ)a (ﬂ? ﬁ»
Let 7 : (X — I x I defined as follows:
1~, if Ae{0.,1.}
] (05,0.3), ifA=Gy
T(4) = (0.7,0.2), if A=Gs
0~, otherwise.

Let o = 0.4, 8 = 0.5. Then, N is an IFc®?-connected but not an IFc‘f’ﬁ—connected.

Example 2.19. Let X = {a,b} and N,G; € ¢* (i = 1,2,3,4,5,6) defined as
follows:

N = (o (5 20, ()
Gr = (o, (o ), (o o)
Go= (o (o7 05 (5050
Gy = (o, (o 2), (o o)
Gi= (o (o ), (o5 o)
G = (o, (05 05 (= )
Go = (o, (o, ), (o o)

Let 7 : (X — I x I defined as follows:

1, if Ae{0.,1.}
) = (0.4,0.2), if A€ {Gy,Go}
= (0.5,04), if A€ {Gs, Gy

07,

otherwise.
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Let o« = 0.4, 3 = 0.5. Then, N is both IF¢5"’-connected and IF¢5’-connected

but not IFc®?-connected.

Example 2.20. Let X = {a,b,c} and N,G; € ¢* (i = 1,2,3) defined as follows:

b
Nt e
Gy = (z, (%a (f57
6= 0555553

Let 7 : (X — I x I defined as follows:

1=,

0~,

< 0.3,0.5 >,
< 0.7,0.2 >,

if Ae{0.,1.}
if Ae {Gl, Gg}
if A=Gs

otherwise.

Let @« = 0.1, = 0.8. Then, N is an IFOg’ﬁ-Connected but not an IFCZ"ﬁ—

connected.

Example 2.21. Let X = {a,b,c¢} and N,G; € ¢* (i = 1,2,3,4) defined as

follows: -
N = <$a(0§,ﬂ,
Gp:@¢£y£4
Gf:@xiggg
Gy = (7, (é, Ob5

b
) (550759
b
(5703 03)
) (s o)
b
)7 (%7 @7 0%»
boc

if Ae {0.,1.}
if Ae{G1,Gs}
if Ae{Gs,G4}

otherwise.

Let o = 0.2, = 0.7. Then, N is an IFCS’-connected but not an IF¢y”-

connected.
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3. Intuitionistic fuzzy c?’ﬁ -connectedness

Definition 3.1. Let (X, 7) be an IFTS. For a € Iy, 5 € I} with a + [ < 1,
(i) X is called an intuitionistic fuzzy ¢2-disconnected (briefly, IFc2’-discon-
nected) if there exist an IFS A € ¢X such that 7(A) > (o, 8), 7(A) > (o, 5),
A#0.and AF#1..

(ii) X is called an (a, 3)-intuitionistic fuzzy disconnected (briefly, («, ) IF-
disconnected) if there exist an IFSs A, B € (¥ with 7(A) > (o, f),
7(B) > (o, 3), such that AUB=1., ANB=0., A# 0. and B # 0..

(iii) X called an IFc$"’-connected if X is not an IFc$"’-disconnected.
(iv) X called an (a, 8)IF-connected if X is not an («, #)IF-disconnected.

Theorem 3.2. Let (X, 7) be an IFTS. For o € Iy, € Iy witha+5 < 1, if (X, T)
is an IFP -connected then, (X, 7) is an (o, B3)IF-connected.

Proof. Suppose that (X, 7) is an («, 3)IF-disconnected. Then, there exist A, B € ¢X
with, 7(A) > («, ), 7(B) > {(a, 3) such that, AUB=1., ANB=0., A# 0.,
B # 0.. This implies that, us V up = 1x, v4a A v = Ox, pa N up = Ox,
YaVyg=1x. Let C ={x € X : pa(z) >0} and D ={z € X : pa(z) = 0}.

If € C then, pa(z) > 0 = pp(r) =0 = pa(z) =1 = va(x) =0 =
vp(z) = 1.

If x € D then, pa(x) =0 = ya(z) =1 = 7yp(x) = 0 = pp(r) = 1. Then,
pa = v and y4 = pp; in other words, B = A then, 7*(A) = 7(4) = 7(B) >
(o, B). and since B # 0., A # 1.. Thus, (X, 7) is an Ich"B-disconnected which
is a contradiction. Hence, (X, 7) is an («, §)IF-connected.

Theorem 3.3. Let (X,7), (Y,72) be two IFTSs and f : (X,71) — (Y, 72) be
an intuitionistic fuzzy continuous and surjective map. For o € Iy, 3 € I with
a+ 0 <1,if (X,7) is an (a, B)IF-connected then so is (Y, To).

Proof. Suppose that (Y, 7) is an («, 3)IF-disconnected. Then, there exist
U,V € (Y with, (U) > {(a, 3), (V) > (a, 8) such that, UUV = 1., UNV = 0,

U # 0. and V # 0.. Since f is an intuitionistic fuzzy continuous then,

n(f7HU)) = n(U) = (o, B) and 1 (f71(V)) = 72(V) = (a,B). Let A =
Y U), B= f~4(V), then 1y (A) > (o, 8) and 71(B) > («, 8). Since f is surjective
and U # 0. then, A = f~1(U) # 0. (For, if f~(U) = 0. then, U = f(f~1(U)) =
f(0~) = 0. a contradiction). Similarly, B = f~(V) # 0.. Now, AUB =
FFAOyu i (vy=fUuVv)=f11.) = 1.. Similarly, AU B = 0.. Thus,
(X,7) is an (a, B)IF-disconnected which is a contradiction. Hence, (Y, 72) is an
(e, B)IF-connected.

Theorem 3.4. Let (X,7), (Y,72) be two IFTSs and f : (X,7) — (Y, 72) be
an intuitionistic fuzzy continuous and surjective map. For o € Iy, 3 € I with
a+B<1,if (X,n) is an IF & -connected then so is (Y, 7).

Proof. It is similar to Theorem 3.3.

Theorem 3.5. Let (X,7) be an IFTS. For a € Iy, € I} witha+ (<1, (X,7)

L,
is an IF c?’ﬁ—connected iff there is no exist [FSs A, B € (* with T7(A) > (a, 3),
7(B) > {(a, 8) such that A=B , A#0. and B # 0..
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Proof. Assume that there exist A, B € (X with 7(4) > (a, 3), 7(B) > (a, )
such that A= B, A# 0. and B # 0~. Now, 7*(B) = 7(B) = 7(4) > («, #) and
A # 0. implies that B # 1.. Then, (X, 1) is an IF 2 _disconnected which is a
contradiction. Conversely, assume that (X, 7) is an IF C?”g -disconnected. Then,
there exists an IFS A € (¥ such that 7(A4) > (a, ), 7*(A) > (o, (), A # 0.,
A # 1.. Now, take B = A then, 7(B) = 7*(B) = 7(A) > (a, ) and since A # 1.
then B # 0., which is a contradiction. Hence, (X, 7) is an IF cg"ﬂ -connected.

Theorem 3.6. Let (X,7) be an IFTS. For a € Iy, € I witha+ <1, (X,7)

is an IF cg’ﬁ—connected iff there is no exist IFSs A,B € (¥ such that B = A,
B=clygA, A=closB , A# 0. and B # 0..

Proof. Assume that there exist A, B € (Y such that B = A, B = cl, 34,
A=clopgB , A# 0., B#0.. Then, 7(A) = 7(clogB) = 7 (clapB) > {(a, 5)
and 7(4) = 7(B) = 7(clapA) = 7*(clagA) > {(a,B). Then, (X,7) is an IF
c?’ﬁ -disconnected, a contradiction. Conversely, suppose that, (X, 7) is an IF c5 -
disconnected. Then there exists an IFS A € ¢V such that 7(A) > (o, ), 7%(A4) >
(a,8), A # 0. and A # 1.. Let B = A. Then, B # 1., B # 0. and since
7*(A) > (o, B) then, A = cl, gA, this implies that B = ¢l, gA. Since 7*(B) =
7™(A) = 7(A) > (a, B), then A = B = cl, gB, a contradiction.

Definition 3.7. Let (X,7) be an IFTS. For a € [y, € I} with a4+ 3 < 1,
X is called an («, 3)-intuitionistic fuzzy strong connected(briefly, («, 3)IF-strong
connected) if there exist IFSs A, B € ¢X with 7*(A) > (o, 8), 7%(B) > («a, 3),
such that pga +pup <1, va+7v>1, A# 0. and B # 0..

Remark 3.8. The notions of cg"ﬁ -connectedness and («, 3)IF-strong connected-
ness are independent as indicated by the following examples.

Example 3.9. Let X = {a,b,c} and G; € (¥ (i = 1,2,3,4) defined as follows:

T L
Gr = {o, (5 e ), (2, 2 )
Gy = fo, (2 0 ) (L e )
Gi= o (35 05 o) (o5 00 o)
Let 7 : (X — I x I defined as follows:
1~, if ,Ae{0.,1.}

<04,05>, if Ae {G17G2}
<05, 05>, if Ae {Gg, G4}
0~, otherwise

7(A) =

Let « = 0.3, = 0.5. Then, X is an («a, 3)-strong connected but not an IFC?’B—
connected.
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Example 3.10. Let X = {a,b,c} and G, Gy € (¥ defined as follows:

a b ¢ a b ¢
G, = 2 Zy (=2 2 =
1= (G506 07 9103002
a b ¢ a b ¢
G2 <x7<0747074aﬁ)7(ﬁvﬁ>ﬁ)>
Let 7 : (X — I x I defined as follows:
1~ it Ae{0.,1.}
] (04,03), ifA=G,
T(A) =9 10.6,02), if A=Gs

0~, otherwise

Let « = 0.2,6 = 0.5. Then, X is an Ich"ﬂ—connected but not an («, 3)-strong
connected.

Theorem 3.11. Let (X,7) be an IFTS. For a € Iy, € I} with a +p < 1,
(X, 1) is an (o, B)-IF strong connected iff there is no ewxist IFSs A, B € (¥ wzth
T(A) > (o, B), T(B) > (0, B) such that pia+pp > 1, va+v5 <1, A# 1. and
B#1..

Proof. Let A, B € ¢* with 7(A) > (o, 8), 7(B) > («,
Yo+ < 1, A # 1. and B # 1.. If we take C
7(C) = (&) = T(A) = (@, 8) , 7'(D) = *(B) =
and D # 0.. Moreover, uc + pup = ya +v8 < 1, 7¢ +
contradiction.

The converse of the proof is obtained by using a similar technique.

uch that ps +pup > 1,
A and D = B, then
r(B) > (a,8), C # 0.
YD ZuA+MB>1a

o

Theorem 3.12. Let f : (X, 1) — (Y, 72) be an intuitionistic fuzzy continuous and
surjective map from an IFTS (X, 1) to another IFTS (Y, 7). For a € Iy, € I
with o + B < 1, if (X, 1) is an («, B)IF-strong connected then so is (Y, T2).

Proof. Suppose that (Y, 72) is not an (a, 8)IF-strong connected. Then, there
exist C, D € ¢¥ with, 75(C) > (a, ), 75(D) > (a, ) such that, uc + pup < 1,
Yo +79p > 1, C # 0., D # 0.. By using Theorem 1.14, we have, 77 (f~1(C)) >
73(C) > (a,B) and 77 (f71(D)) = 15(D) = (a,B). Also, ps-1c) + py-1p) =
F 7 pe) + fHpup) = pe o f+ ppo f < 1o(since, pe + pp < 1.). Similarly,
V1) 1oy = T (ve) () = o fHpof > 1u(since, ye+yp > 1.).
Moreover, f~1(C) # 0. (For, if f~}(C) = 0. then, C' = f(f~'(C)) = f(0.) = 0.,
a contradiction). Similarly, f~'(C) # 0.. This is a contradiction, thus (Y, ) is
(e, B)IF-strong connected.

4. (o, B)-intuitionistic fuzzy super connectedness
Definition 4.1. Let (X, 7) be an IFTS. For o € Iy, € I with a + 3 < 1,
(i) X is called an («, 3)-intuitionistic fuzzy super disconnected(briefly, («, 5)IF-

super disconnected) if there exist an («, 3)-ifro set A in X such that, A # 0.
and A # 1..
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(ii) X called an (o, 3)IF-super connected if X is not an («, 5)IFS-disconnected.

Theorem 4.2. Let (X, 1) be an IFTS. For a € Iy, € I} with a + < 1, the

following statements are equivalent:

(i) X is an («, B)IF-super connected.
(ii) For each A € (X, A # 0. such that T(A) > {«a, ) we have cly A = 1.
(iii) For each A € (¥, A +# 1. such that 7*(A) > (a, B) we have int,gA = 0..
)

There is no exist IFSs A, B € ¢* with, 7(A) > {(a,3) and 7(B) > (o, f3)
such that AC B, A# 0. and B # 0..

(iv

(v) There is no exist IFSs A, B € ¢~ with, 7(A) > (a,3) and 7(B) > (o, f3)
such that B = clogA, A=clogB, A# 0. and B # 0..

(vi) There is no exist IFSs A, B € (X with, 7*(A) > (o, 8) and 7*(B) > {(«a, 3)
such that B =int, gA, A =1int,gB, A# 1. and B # 1..

Proof. (i)=-(ii) Assume that there exist A € ¢X, A # 0. with 7(4) > (a,f)
such that cl,gA # 1. Then, B = int,g(clogA) # 1. is an (o, B)-ifro set in X
and 0. # A C int, g(clogA) = B, which is a contradiction. Then, cl,gA = 1.

(ii)=(ili) Let A # 1. be an IFS in X such that 7%(A) > (a,@. Then,
A # 0. and 7(A) = 7(A) > (o, 8). By (ii) we have, cl,3(A) = 1. implies that
clo g(A)= 0. and by Theorem 1.12, we have int, 3A = 0.

(iii)=(iv) Let A, B € ¢X with, 7(A) > (a, ) and 7(B) > («, 3) such that
ACB,A#0. and B #0.. Then, B # 1. and 7*(B) = 7(B) > («, ). By (iii)
we have int, 3B # 0., and since A < B, then 0. # A = int,sA C inta 3B = 0.
which is a contradiction.

(iv)=-(i) Assume for a contradiction that X is an («, §)IF-super disconnected.
Then, there exists an («, §)-ifro set A in X such that A # 0. and A # 1.. By
Theorem 1.16, 7(A) > (a, ). If we take B = cly3A, then 7(B) > («,3) and
B # 0. (For,if B=0. = clogA=0.=clogA=1.= A=int,p5(clagA) = 1.
which is a contradiction with the fact A # 0.). We also , have A < B and this is
a contradiction too.

(i)=(v) Suppose that there exist IFSs A, B € (¥ with, 7(A) > («,3) and
7(B) > (a, ) such that B = cly3A, A = clopB, A # 0. and B # 0.. Then,
intop(clogA) =intosB = clogB = Aand A # 0., A# 1. (For, if A= 1., then
1. = clo B implies 0. = cl, 3B implies B = 0..). A contradiction with X is an
(o, B)IF-super connected.

(v)= (i) Suppose that X is an (a, 3)IF-super disconnected. Then, there is
an (o, B)-ifro set A in X such that, A # 0., A # 1.. Now, take B = cl, gA.
Then, 7(B) > (o,3), B # 0. and clogB = clog(clapgA) = intaps(clapgA) =
intq p(cly3A) = A which is a contradiction.

(v)=(vi) Let A, B IFSs in X with 7%(A) > (o, ) and 7%(B) > (a, ) such
that B = int, A, A = int,3B, A# 1. and B # 1.. Take C = A and D = B.
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Then, C # 0., D # 0., 7(C) = 7(A) = 7*(A) > (o, 8), 7(D) = 7(B) = 7*(B) >

(o, B) and cl, gC = clo gA = int, gA = int, gA = B = D. Similarly, cl, 3D = C.
This is a contradiction.

(vi)=(v) It is similarly to that (v)=-(vi).

Theorem 4.3. Let (X, 1) be an IFTS. For a € Iy, € I} witha+ <1, if X
is an («, B)IF-super connected then, X is an [FC?’B-COTLTLQCtEd.

Proof. It is clear.

The converse of Theorem 4.3, is not true in general as shows in the following
example:

Example 4.4. Let X = {a,b,c,d} and G; € (¥ (i = 1,2,3,4) defined as follows:

6 =5 3659700 (570 10° 10"
G = (555575 15" (1595 757 5"
=5 355016 (570 10700
6= 55 35 59700 (15 70 10°10"

Let 7: (¥ — I x I defined as follows:

1~, if l Ae{0.,1.}
(0.5,0.4), if Ae{Gy,Gy}
(0.7,0.3), if Ae{Gs,G4}
0~, otherwise

T(A) =

Let « = 0.4,8 = 0.6. Then, X is an Ich‘ﬁ—connected but not an («, 3)IF-super
connected.

Theorem 4.5. Let (X,7), (Y, ) be two IFTSs and f : (X,7) — (Y, 72) be
a surjective intuitionistic fuzzy continuous map. Then, for a € Iy, € Iy with
a+ 0 <1,if X is an (a, B)IF-super connected, then so is Y.

Assume that Y is an («, 8)IF-super disconnected. By Theorem 4.4(iv), there
exist IFSs C, D € ¢¥ with 7(C) > (a, 3) and (D) > («, 3) such that C C D,
C # 0. and D # 0.. Since f is intuitionistic fuzzy continuous, 7 (f~ ( ) >
7(C) > {(a, B) and 71 (f~ (D)) > 1(D) > (« ﬁ) C C D implies that f~1(C) C
YD) = f~YD). Also, f71(C) # 0. and f~'(D) # 0~. By Theorem 4.4(iv), X

is an («, B)IF-super disconnected, a contradiction.
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5. Conclusions

We defined and studied several types of fuzzy connectedness in intuitionistic fuzzy
topological spaces in view of Sostak’s sense. The relationships between different
kinds of intuitionistic fuzzy connectedness were investigated. We Built a diagram
to sum up the interrelationships between these types of intuitionistic fuzzy con-
nectedness and illustrated that the converses are not true in general by giving
several examples.

Acknowledgements. The authors are highly grateful to the referees for their
valuable comments and suggestions.
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