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1. Introduction, notations and definitions

The q-rising factorial (a; q)k is defined as,

(a, q)k =

{
1, if k = 0;
(1− a)(1− aq)(1− aq2) . . . (1− aqk−1), if k ≥ 1.

Similarly, the infinite q-rising factorial is defined by

(a; q)∞ =
∞∏

r=0

(1− aqr), for |q| < 1.

Ramanujan’s Notebooks, specially the ‘Lost’ notebook contains a large num-
ber of q-series identities. Some of the identities found in the ‘Lost’ notebook are
very interesting and noteworthy. Our aim is to discuss and also generalize few
identities found in the ‘Lost’ notebook of Ramanujan.

2. Main results

In this section, we shall discuss following identities. Making use of the q-binomial
theorem Ramanujan established following transformation

(2.1)
∞∑

m=0

(a; qh)m(b; q)mht
m

(qh; qh)m(c; q)mh

=
(b; q)∞(at; qh)∞
(c; q)∞(t; qh)∞

∞∑
n=0

(c/b; q)m(t; qh)mbm

(q; q)m(at; qh)m

,

where |t| < 1, |b| < 1. [2; Theorem (1.2.1) p.6]

Further, he deduced a large number of identities as special cases of (2.1). One
of the identities is,



670 s.n. singh, s.p. singh

(2.2)

∞∑
n=0

(a; q2)n(b; q)nt
n

(q2; q2)n(c; q)n

=
(b; q)∞(at; q2)∞
(c; q)∞(t; q2)∞

∞∑
n=0

(c/b; q)2n(t; q2)nb
2n

(q; q)2n(at; q2)n

+
(b; q)∞(atq2; q2)∞
(c; q)∞(tq; q2)∞

∞∑
n=0

(c/b; q)2n+1(tq; q
2)n

(q; q)2n+1(atq; q2)n

b2n+1,

where |t| < 1, |b| < 1. [2; Theorem (1.2.2) p.7]

(a) The two variable generalization of (2.1) is

(2.3)

∞∑
m,n=0

(a; qh1)m(d; qh2)n

(qh1 ; qh1)m(qh2 ; qh2)n

(b; q)mh1+nh2

(c; q)mh1+nh2

xmyn

=
(b; q)∞(ax; qh1)∞(dy; qh2)∞
(c; q)∞(x; qh1)∞(y; qh2)∞

∞∑
r=0

(c/b; q)r(x; qh1)r(y; qh2)rb
r

(q; q)r(ax; qh1)r(dy; qh2)r

,

where |x|, |y|, |b| < 1.

Proof of (2.3). The left hand side of (2.3) is

=
(b; q)∞
(c; q)∞

∞∑
m,n=0

(a; qh1)m(d; qh2)n

(qh1 ; qh1)m(qh2 ; qh2)n

(cqmh1+nh2 ; q)∞
(bqmh1+nh2 ; q)∞

xmyn

Applying q-binomial theorem [2; (1.22) p. 6].

=
(b; q)∞
(c; q)∞

∞∑
m,n=0

(a; qh1)m(d; qh2)nxmyn

(qh1 ; qh1)m(qh2 ; qh2)n

∞∑
r=0

(c/b; q)rb
rqr(mh1+nh2)

(q; q)r

.

Since |x|, |y|, |b| < 1, both series are convergent. So changing the order of sum-
mations we have

=
(b; q)∞
(c; q)∞

∞∑
r=0

(c/b; q)rb
r

(q; q)r

∞∑
m=0

(a; qh1)m(xqrh1)m

(qh1 ; qh1)m

∞∑
n=0

(d; qh2)n(yqrh2)n

(qh2 ; qh2)n

Again, applying q-binomial theorem

=
(b; q)∞
(c; q)∞

∞∑
r=0

(c/b; q)rb
r

(q; q)r

(axqh1r; qh1)∞
(xqh1r; qh1)∞

(dyqh2r; qh2)∞
(yqh2r; qh2)∞

=
(b; q)∞(ax; qh1)∞(dy; qh2)∞
(c; q)∞(x; qh1)∞(y; qh2)∞

∞∑
r=0

(c/b; q)r(x; qh1)r(y; qh2)rb
r

(q; q)r(ax; qh1)r(dy; qh2)r

,

which is precisely the right hand side of (2.3).

Proceeding in the above manner we have the multi-variables generalization
of (2.1) as

∞∑
m1,m2,...mr=0

(a1; q
h1)m1(a2; q

h2)m2 ...(ar; q
hr)mr(b; q)m1h1+m2h2+...+mrhrx

m1
1 xm2

2 ...xmr
r

(qh1 ; qh1)m1(q
h2 ; qh2)m2 ...(q

hr ; qhr)mr(c; q)m1h1+m2h2+...+mrhr

(2.4) =
(b; q)∞(a1x1; q

h1)∞...(arxr; q
hr)∞

(c; q)∞(x1; qh1)∞...(xr; qhr)∞

∞∑
s=0

(c/b; q)s(x1; q
h1)s...(xr; q

hr)sb
s

(q; q)s(a1x1; qh1)s...(arxr; qhr)s

,

where |x1|, |x2|, ..., |xr|, |b| < 1.



on some more q-series identities 671

(b) Two variables generalization of (2.2) is given by,

(2.5)

∞∑
m,n=0

(a; q2)m(d; q2)n(b; q)m+n

(q2; q2)m(q2; q2)n(c; q)m+n

xmyn

=
(b; q)∞(ax; q2)∞(dy; q2)∞
(c; q)∞(x; q2)∞(y; q2)∞

∞∑
r=0

(c/b; q)2r(x; q2)r(y; q2)rb
2r

(q; q)2r(ax; q2)r(dy; q2)r

+
(b; q)∞(axq; q2)∞(dyq; q2)∞
(c; q)∞(xq; q2)∞(yq; q2)∞

∞∑
r=0

(c/b; q)2r+1(xq; q2)r(yq; q2)rb
2r+1

(q; q)2r+1(axq; q2)r(dyq; q2)r

,

where |x|, |y|, |b| < 1.

Proof of (2.5). The left hand side of (2.5) is

=
(b; q)∞
(c; q)∞

∞∑
m,n=0

(a; q2)m(d; q2)n(cqm+n; q)∞
(q2; q2)m(q2; q2)n(dqm+n; q)∞

xmyn

Applying q-binomial theorem

=
(b; q)∞
(c; q)∞

∞∑
m,n=0

(a; q2)m(d; q2)nxmyn

(q2; q2)m(q2; q2)n

∞∑
r=0

(c/b; q)rb
rqmr+nr

(q; q)r

=
(b; q)∞
(c; q)∞

∞∑
m,n=0

(a; q2)m(d; q2)nxmyn

(q2; q2)m(q2; q2)n

×

×
{ ∞∑

r=0

(c/b; q)2rb
2rq2mr+2nr

(q; q)2r

+
∞∑

r=0

(c/b; q)2r+1b
2r+1qm(2r+1)qn(2r+1)

(q; q)2r+1

}

=
(b; q)∞
(c; q)∞

∞∑
r=0

(c/b; q)2rb
2r

(q; q)2r

∞∑
m=0

(a; q2)m(xq2r)m

(q2; q2)m

∞∑
n=0

(d; q2)n(yq2r)n

(q2; q2)n

+
(b; q)∞
(c; q)∞

∞∑
r=0

(c/b; q)2r+1b
2r+1

(q; q)2r+1

∞∑
m=0

(a; q2)m(xq2r+1)m

(q2; q2)m

∞∑
n=0

(d; q2)n(yq2r+1)n

(q2; q2)n

.

Applying again q-binomial theorem

=
(b; q)∞
(c; q)∞

∞∑
r=0

(c/b; q)2rb
2r(axq2r; q2)∞(dyq2r; q2)∞

(q; q)2r(xq2r; q2)∞(yq2r; q2)∞

+
(b; q)∞
(c; q)∞

∞∑
r=0

(c/b; q)2r+1b
2r+1(axq2r+1; q2)∞(dyq2r+1; q2)∞

(q; q)2r+1(xq2r+1; q2)∞(yq2r+1; q2)∞
.

=
(b; q)∞(ax; q2)∞(dy; q2)∞
(c; q)∞(x; q2)∞(y; q2)∞

∞∑
r=0

(c/b; q)2r(x; q2)r(y; q2)rb
2r

(q; q)2r(ax; q2)r(dy; q2)r

+
(b; q)∞(axq; q2)∞(dyq; q2)∞
(c; q)∞(xq; q2)∞(yq; q2)∞

∞∑
r=0

(c/b; q)2r+1(xq; q2)r(yq; q2)rb
2r+1

(q; q)2r+1(axq; q2)r(dyq; q2)r

,

which is the right hand side of (2.5).
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(c) One noteworthy identity given in the ‘Lost’ notebook of Ramanujan [2; (1.4.20)
p. 19] is

(2.6) (−bqn; qn)∞
∞∑

m=0

amqm(m+1)/2

(q; q)m(−bqn; qn)m

= (−aq; q)∞
∞∑

m=0

bmqm(m+1)/2

(qn; qn)m(−aq; q)nm

.

In order to establish (2.6) let us consider (2.1).
Putting t/a for t and then taking a →∞ and b=0 in (2.1) we get,

∞∑
m=0

qhm(m−1)/2(−)mtm

(qh; qh)m(c; q)mh

=
(t; qh)∞
(c; q)∞

∞∑
m=0

(−)mcmqm(m−1)/2

(q; q)m(t; qh)m

,

which yields (2.6) if we put h=n, t = −bqn and c=-aq.
Two variables generalization of (2.6) can be easily deduced from (2.3) in the

following form

(2.7)

(−aq; q)∞
∞∑

m,n=0

qh1m(m+1)/2+h2n(n+1)/2αmβn

(qh1 ; qh1)m(qh2 ; qh2)n(−aq; q)mh1+nh2

= (−αqh1 ; qh1)∞(−βqh2 ; qh2)∞
∞∑

r=0

arqr(r+1)/2

(q; q)r(−αqh1 ; qh1)r(−βqh2 ; qh2)r

.

(d) Another interesting identity due to Ramanujan is

(2.8) (−bq; q)∞
∞∑

n=0

(−λ/a; q)nanqn(n+1)/2

(q; q)n(−bq; q)n

= (−aq; q)n

∞∑
n=0

(−λ/b; q)nb
nqn(n+1)/2

(q; q)n(−aq; q)n

.

[1; (6.2.9) p.146]

Identity (2.8) is noteworthy for several reasons.
It contains large number of identities as its special cases.
If we take λ = 0 in (2.8) we get the identity,

(2.9) (−bq; q)∞
∞∑

n=0

anqn(n+1)/2

(q; q)n(−bq; q)n

= (−aq; q)∞
∞∑

n=0

bnqn(n+1)/2

(q; q)n(−aq; q)n

,

which is n=1, case of (2.6).
Taking λ = ab in (2.8), we get

(2.10) (−b; q)∞
∞∑

n=0

anqn(n+1)/2

(q; q)n(1 + bqn)
= (−a; q)∞

∞∑
n=0

bnqn(n+1)/2

(q; q)n(1 + aqn)
.

If we put λ = −ac in (2.8) we get the new form of the identity as,

(−bq; q)∞
∞∑

n=0

(c; q)na
nqn(n+1)/2

(q; q)n(−bq; q)n

= (−aq; q)∞
∞∑

n=0

(ac/b; q)nbnqn(n+1)/2

(q; q)n(−aq; q)n

. (2.11)
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From (2.11) it is easy to have

(2.12)

∞∑
n=0

(c; q)na
nqn(n+1)/2

(q; q)n(−bq; q)n

∞∑
n=0

(c; q)na
nqn(n−1)/2

(q; q)n(−bq; q)n

=

∞∑
n=0

(ac/b; q)nb
nqn(n+1)/2

(q; q)n(−aq; q)n

(1 + a)
∞∑

n=0

(ac/bq; q)nb
nqn(n+1)/2

(q; q)n(−a; q)n

=
1

1+

a(1− c)/(1 + bq)

1−
aq(c + bq)/(1 + bq)(1 + bq2)

1+
aq(1− cq)/(1 + bq2)(1 + bq3)

1−
aq3(c + bq2)/(1 + bq3)(1 + bq4)

1+
aq2(1− cq2)/(1 + bq4)(1 + bq5)

1− ... .

Proof of (2.12).
∞∑

n=0

(c; q)nanqn(n+1)/2

(q; q)n(−bq; q)n

∞∑
n=0

(c; q)nanqn(n−1)/2

(q; q)n(−bq; q)n

=
1

1 +

∞∑
n=0

(c; q)na
nqn(n−1)/2(1− qn)

(q; q)n(−bq; q)n

∞∑
n=0

(c; q)na
nqn(n+1)/2

(q; q)n(−bq; q)n

=
1

1 +
a(1− c)/(1 + bq)
∞∑

n=0

(c; q)na
nqn(n+1)/2

(q; q)n(−bq; q)n

∞∑
n=0

(c; q)na
nqn(n+1)/2

(q; q)n(−bq2; q)n

=
1

1 +
a(1− c)/(1 + bq)

1 +

∞∑
n=0

anqn(n+1)/2

(q; q)n

{
(c; q)n

(−bq; q)n

− (cq; q)n

(−bq2; q)n

}

∞∑
n=0

an(cq; q)nqn(n+1)/2

(q; q)n(−bq2; q)n

=
1

1 +
a(1− c)/(1 + bq)

1− aq(c + bq)/(1 + bq)(1 + bq2)
∞∑

n=0

(cq; q)na
nqn(n+1)/2

(q; q)n(−bq2; q)n

∞∑
n=0

(cq; q)na
nqn(n+3)/2

(q; q)n(−bq3; q)n

Proceeding in the same way we get the continued fraction for the above ratio.
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3. A theorem of Ramanujan

In this section, we shall give a simple proof of the following theorem of Ramanujan.

Theorem. Let a and b be any complex numbers and |xy| < 1.

If Φ(a, x, y) =
∞∑

n=0

anxn(n+1)/2

(xy; xy)n

, then

(3.1) Φ(a, x, y)Φ(b, y, x) =
∞∑

n=0

(ax + byn)(ax2 + byn−1)...(axn + by)

(xy; xy)n

Proof. It is easy to show that right hand side of (3.1) is

=
∞∑

n=0

bnyn(n+1)/2(−axy−n/b; xy)n

(xy; xy)n

=
∞∑

n=0

bnyn(n+1)/2(−axy−n/b; xy)∞
(xy; xy)n(−axn+1/b; xy)∞

Applying q-binomial theorem

=
∞∑

n=0

bnyn(n+1)/2

(xy; xy)n

∞∑
r=0

(x−ny−n; xy)r

(xy; xy)r

(−)r ar

br
xr(r+1)

Applying the identity [4; lemma 1(2) p.100] we get

=
∞∑

n=0

∞∑
r=0

bn+rynr+n(n+1)/2+r(r+1)/2(x−n−ry−n−r; xy)r

(xy; xy)n+r(xy; xy)r

(
−a

b

)r

xnr+r(r+1)

=
∞∑

n=0

∞∑
r=0

bn+rynr+n(n+1)/2+r(r+1)/2

(xy; xy)n+r(xy; xy)r

(
−a

b

)r

xnr+r(r+1) (x
−n−ry−n−r; xy)∞
(x−ny−n; xy)∞

=
∞∑

n=0

∞∑
r=0

(−)rarbrynr+n(n+1)/2+r(r+1)/2xnr+r(r+1)

(xy; xy)n+r(xy; xy)r(x−ny−n; xy)−r

=
∞∑

n=0

∞∑
r=0

(−)rarbrynr+n(n+1)/2+r(r+1)/2xnr+r(r+1)(−x−ny−n)r

(xy; xy)n+r(xy; xy)r(xy)r(r+1)/2
(xn+1yn+1; xy)r

which on simplification gives

=
∞∑

n=0

bnyn(n+1)/2

(xy; xy)n

∞∑
r=0

arxr(r+1)/2

(xy; xy)r

= Φ(b, y, x)Φ(a, x, y).

This is precisely the left hand side of (3.1) if we put y=x and b=a in (3.1). We get

(3.2)

{ ∞∑
n=0

anxn(n+1)/2

(x2; x2)n

}2

=
∞∑

n=0

anxn(n+1)/2(−x−n+1; x2)n

(x2; x2)n

4. Special cases

In this section, we shall deduce certain special cases of the results established in
previous sections.
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Taking h1 = h2 = 1 in (2.3), we get

(4.1)

ΦD[b : a, d; c : q; x, y] =
∞∑

m,n=0

(b; q)m+n(a; q)m(d; q)nx
myn

(c; q)m+n(q; q)m(q; q)n

=
(b; q)∞(ax; q)∞(dy; q)∞
(c; q)∞(x; q)∞(y; q)∞

3Φ2

[
c/b, x, y; q; b
ax, dy

]
,

which is n=2 case of a known result [3; Theorem 5, p.207].
Putting x/a for x, y/d for y and then taking a, d →∞ in (2.3) we get

(4.2)

∞∑
m,n=0

(−)m+nqh1m(m−1)/2+h2n(n−1)/2(b; q)mh1+nh2x
myn

(qh1 ; qh1)m(qh2 ; qh2)n(c; q)mh1+nh2

=
(b; q)∞(x; qh1)∞(y; qh2)∞

(c; q)∞

∞∑
r=0

(c/b; q)rb
r

(q; q)r(x; qh1)r(y; qh2)r

,

provided |b| < 1.

As b → 0, (4.2) yields

(4.3)

∞∑
m,n=0

(−)m+nqh1m(m−1)/2+h2n(n−1)/2xmyn

(qh1 ; qh1)m(qh2 ; qh2)n(c; q)mh1+nh2

=
(x; qh1)∞(y; qh2)∞

(c; q)∞

∞∑
r=0

(−)rcrqr(r−1)/2

(q; q)r(x; qh1)r(y; qh2)r

Taking c = −aq, x = −αqh1 and y = βqh2 in (4.3), we get

(4.4)

∞∑
m,n=0

qh1m(m+1)/2+h2n(n+1)/2αmβn

(qh1 ; qh1)m(qh2 ; qh2)n(c; q)mh1+nh2

=
(−αqh1 ; qh1)∞(−βqh2 ; qh2)∞

(−aq; q)∞

∞∑
r=0

arqr(r+1)/2

(q; q)r(−αqh1 ; qh1)r(−βqh2 ; qh2)r

.

Putting c=bq in (2.5) we have,

∞∑
m,n=0

(a; q2)m(d; q2)nxmyn

(q2; q2)m(q2; q2)n(1−bqm+n)
=

(ax; q2)∞(dy; q2)∞
(x; q2)∞(y; q2)∞

∞∑
r=0

(x; q2)r(y; q2)rb
2r

(ax; q2)r(dy; q2)r

(4.5) +
(axq; q2)∞(dyq; q2)∞
(xq; q2)∞(yq; q2)∞

∞∑
r=0

(xq; q2)r(yq; q2)rb
2r+1

(axq; q2)r(dyq; q2)r

Taking b=1 and a=-1 in (2.9) we get,

∞∑
n=0

(−)nqn(n+1)/2

(q2; q2)n

= (q; q)∞(q; q2)∞
∞∑

n=0

qn(n+1)/2

(q; q)2
n

. (4.6)

Putting c=0 in (2.12), we get
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(4.7)

∞∑
n=0

anqn(n+1)/2

(q; q)n(−bq; q)n

∞∑
n=0

anqn(n−1)/2

(q; q)n(−bq; q)n

=

∞∑
n=0

bnqn(n+1)/2

(q; q)n(−aq; q)n

(1 + a)
∞∑

n=0

bnqn(n+1)/2

(q; q)n(−a; q)n

=
1

1+

a/(1 + bq)

1−
abq2/(1 + bq)(1 + bq2)

1+

aq/(1 + bq2)(1 + bq3)

1−
abq5/(1 + bq3)(1 + bq4)

1+
... .

Putting c=q in (2.12) we find,

(4.8)

∞∑
n=0

anqn(n+1)/2

(−bq; q)n

∞∑
n=0

anqn(n−1)/2

(−bq; q)n

=

∞∑
n=0

(aq/b; q)nb
nqn(n+1)/2

(q; q)n(−aq; q)n

(1 + a)
∞∑

n=0

(a/b; q)nbnqn(n+1)/2

(q; q)n(−a; q)n

=
1

1+

a(1− q)/(1 + bq)

1−
aq2(1 + b)/(1 + bq)(1 + bq2)

1+

aq(1− q2)/(1 + bq2)(1 + bq3)

1−
aq4(1 + bq)/(1 + bq3)(1 + bq4)

1+

aq2(1− q3)/(1 + bq4)(1 + bq5)

1− ... .
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