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1. Introduction, notations and definitions

The ¢-rising factorial (a; q) is defined as,

( ) _ 17 ifk=0
U= 1-a)1 —ag)(l —ag?)...(1—ag"™), ifk>1.
Similarly, the infinite ¢-rising factorial is defined by

(a;0)oe = [[(1 = aq"), for |g| <1.

r=0

Ramanujan’s Notebooks, specially the ‘Lost’ notebook contains a large num-
ber of g-series identities. Some of the identities found in the ‘Lost’ notebook are
very interesting and noteworthy. Our aim is to discuss and also generalize few
identities found in the ‘Lost’ notebook of Ramanujan.

2. Main results

In this section, we shall discuss following identities. Making use of the g-binomial
theorem Ramanujan established following transformation

 (@3¢")in (0 @)™ _ (b q at q 0 C/b q t;q")mb™
2.1 = 5
D D B By ZO o

where [t| < 1,[b] < 1. [2; Theorem (1.2.1) p.6]

Further, he deduced a large number of identities as special cases of (2.1). One
of the identities is,

m=0
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iaq bq ~ (9) atqmiC/bq q*)nb*"
n=0

q) (c;q at 1 ¢ )n
(22) " -
+(bq oo (atq?; q ooz C/bQQnJrl 5 ) ons
( Q) tQa 2n+1 atq,q )
where |t| < 1, [b|] < 1. [2; Theorem (1.2.2) p.7]

(a) The two variable generalization of (2.1) is

> . h1md. h2n b m "
Z (a,q ) <7q ) (,Q) hi+ hzxmyn

(th; th)m(qh2; qh2)n (C; Q)mh1+nh2

m,n=0

_ (B @)o(am; ") oo(dy; 4" ooz C/bq 3q")r (g3 4"), "
(€3 Qoo (30" oo (Y3 4")oe = (q30)r(a; g™, (dy; ¢"),

(2.3)

where |z|, |y|, [b] < 1.
Proof of (2.3). The left hand side of (2.3) is

mhi-+nhso

b q 00 Z d qhz) (Cq 7q)w$m n
h1 qh1 hz’ qhz)n (quh1+nh2’ Q)oo Yy

mnO

Applylng q—bmomlal theorem [2; (1.22) p. 6].
b q - Z d qhz) ™ y (C/b, q)rbrqr(mhl-i-nhg)
e ’“ q’“ (¢"5¢")n = (¢; )

Since ]x\, ]y\, b < 1, both series are convergent. So changing the order of sum-
mations we have

b q . C/b q o0 (a q rhl o0 d qhz yqrhz)
Again, applylng q—blnomlal theorem

_ (@)oo o (e/b30) b (a2¢™7: 4" ) (dyd™"5 4™
(Do = (G0 (24754 )00 (ya"2"5 ¢"2)u

_ (@) (0 g™ o (dy; 6™ oozc/bq (M), (g5 ¢") b
= aa:q

(€5 @)oo (@3 4" ) oo (Y5 4"2) o e (dy "),
which is precisely the right hand 31de of (2.3).
Proceeding in the above manner we have the multi-variables generalization

of (2.1) as

mi ,.m2 My

i (al; th)m1 (aQ; qhQ)mT"(aT; th)mr (b7 Q)m1h1+m2h2+~--+mrh Ty Ty ~...T,
(@5 4" )iy (672502 ) iy (@75 @ ), (€5 @)y +mohio ooy b

mi,ma,...mp=0

(24) =

Y

(b5 @)oo (a11; 4" ) o (ar 3 q ooz C/bq 215 ¢") s (@5 ¢") b
(€5 Q) oo(T1; 4" ) 0o (:cr, s(arxy; ). (arxy; g

where |z4|, |xa], ..., |z|, [b] < 1.
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(b) Two variables generalization of (2.2) is given by,

i (( ) (d; q?ﬂ( s Dmin mon

oo (@552 m (a5 ¢%)n(c; Dmin
_ (B g)eo(az; qz)oo(dy q (/b Qar (5 0%), (y; ¢) b
29 S O Py P 2 (@5 0)e(aw: ) (A ),
L @)oo (aq; ¢*) o0 (dyq 7*)oo Z (¢/b; @)ars1(2q; ¢2)r (yq; %) b

(¢ @)oo (2¢; ¢%) 0 (YT 4%) (¢ @)2r+1(azq; ¢*)r(dyq; ¢*)»

where |z|, |y|, [b] < 1.
Proof of (2.5). The left hand side of (2.5) is

b 0)oo (a; q ) (™™ Qoo n
= xr
mz ¢*)n(dg™™; @)oo

Applying g-binomial theorem

bqooz aq dqnwyzc/b

mnO C] Q) r=0 ((],Q)

q br mr+nr

~ (b;q) OOZ aq dq)nmyx

(C, mnO q q)

= (¢/b;q)s
: {Z (4 Q)2 i

(9 c/b Q)2rb” o= (@5 4D m(2*)™ o= (d; %) (ya® )"
~ (¢q) Z (¢:9)2r Z (4% G*)m Z % q?

b2r 2mr+2nr

Mg

(C/bS CI)2r+152T+1qm(2r+1)qn(2r+1)
<Q7 Q)Qr—',-l

Il
=)

L (ba)
Ca Q)OO 2r+1

r= m=0

q“i el 5 (o Plalag” " $ (P
( .

@ @P)m = ()

Applying again g-binomial theorem

(b; q % Z C/b q)2-0” (a2¢”"; ¢*) oo (dya™"; ¢°)
T @)= (@ 02(@ D)y )

2r+1 2r+1.

q)oo‘

b q o Z (c/b; q )2r-1107 " (axg® ™ ¢%) oo (dyq
(45 @)2r+1(2¢* 15 4%) oo (¥4 5 ) o

_ (b; Q)oo(a:v;q (dy: q = Z (/b5 @)ar (3 4*)r (43 4*)rb*

(€ VooV )0 = (@5 @)20 (0 ¢%)p (dy; %)

(6; ¢)oc (a2 ¢°) oo (dY4; 4°) o Z (c/b; Dori1(2g; ¢*)r(ya; ¢*) 0"
(€ Voo (43 6*) oo (Y03 6*)oo =2 (&5 @)2r41(az¢; ¢%), (dyg; ¢7),

which is the right hand side of (2.5).
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(c) One noteworthy identity given in the ‘Lost’ notebook of Ramanujan [2; (1.4.20)
p. 19] is

(2.6) (=bg"™;q" OOZ

O

a™ m (m+1)/2

o a aqqooz

— ( —aq; ¢)nm

bm m(m+1)/2

In order to establish (2.6) let us consider (2.1).
Putting t/a for t and then taking a — oo and b=0 in (2.1) we get,

i q hm(m—1) /2 )mtm (tqh) ( ) qm m—1)/2

‘ @ Dmn (D 2= (@Dt ¢")m

m=

which yields (2.6) if we put h=n, { = —b¢™ and c=-aq.
Two variables generalization of (2.6) can be easily deduced from (2.3) in the
following form

(—ag:q) i gD/ 2Hhan(n1)/2m gn
2 7 ’ - m,n=0 (th’ th)m(qhQ’ qh2>n(_aq’ Q)mhl—i-nhz
27) h h N e
= (—aq"; 4" (84" q OOZ

(—agh; "), (—Bq2; ¢h2),

r=

(d) Another interesting identity due to Ramanujan is

o0

(2.8) bqqooz
n=0

)\/CL q a qn(n+1)/ o0 )\/b C] bn n(n+1)/2
—aq; q)n E
(=bg; )n (—ag; q)n

[1: (6.2.9) p.146]

Identity (2.8) is noteworthy for several reasons.
It contains large number of identities as its special cases.
If we take A = 0 in (2.8) we get the identity,

OO n n(n+1)/2 o bn n(n+1)/
a” q
2.9 (—b4q; q)oo )oo
(29) nz: (=bgiq)n ; —ag; Q)
which is n=1, case of (2.6).
Taking A = ab in (2.8), we get

o n(n+1)/2 0 bn n(n+1)/2
2.10 —b; @)oo )oo
(2.10) %) nz n(1 4 bg™) nz 21+ ag)’

If we put A = —ac in (2.8) we get the new form of the identity as,

Sy A = (ac/b; b
(—bq;Q)ooZ( Dntg —aqiq OOZ / q
n=0

= (¢ Dn(=bg; @)n

n(n+1)/2 n n(n+1)/2

- (2.11)
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From (2.11) it is easy to have

i (C, q)nanqn(nJrl)/Q i ClC/b q) bn n(n+1)/

= (¢;@)n(—bg; ) — (g Q)n(—ag;q)n

= (6 q)aaq D (ac/bg; q)nb"q" "+
; (43 D)n(=0G; ¢)n (1+a) ; (¢ Dn(—a; q)n
(2.12) _ 1 al—c)/(1+bq) ag(c +bg)/ 1+ bq)(1 + bg?)
1+ 1— 1+
aq(l —cq)/(1 +bg*)(1 + bg*) ag’(c + bg*)/ (1 + bg*)(1 + bg")
1— 1+
ag*(1 — cq®) /(1 + bg")(1 + b¢°)

Proof of (2.12). 1=

i (C' q)nanqn(n+1)/2
— (¢;9)n(—bg; q)n 1

o ¢ q)naq" n(n 1)/2 C q a qn(n 1)/2 1 —q"
> >

— (¢ On(—bg; @)n (—bg: @)

1+ 2=0

n n(n+1)/2

°°( q) q
;(q,)(bM)n

1
a(l —c¢)/(1+ bq)
= (¢

2 (q, ) (—=bq; On

n=0
3

n=0

1+

a™ n (n+1)/2

bq @n
1
a(1—c)/(1 + bq)
0o an nn+1)/2 (C;Q)n B (W%Q)n
Z {(—bq;q)n (—bQQ?Q)n}

n:(] q’ q
— a"(cq; q)nq
HZ:O (4 )n(=bg% @)n
1
a(l—c¢)/(1+ bq)

aq(c+bq)/(1+ bg)(1 + bg*)
0 a™ n(n+1)/2

(cq; @)na"q
2 (@ O)n(=bG% q)n

n=0

1+

—_

n(n+1)/2

1+
1—

i (cq; q)paq" 3/
(@5 Q)n (=03 q)n

n=0

Proceeding in the same way we get the continued fraction for the above ratio.
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3. A theorem of Ramanujan
In this section, we shall give a simple proof of the following theorem of Ramanujan.

Theorem. Let a and b be any complex numbers and |xy| < 1.

[f q)( ) i anxn(n—i-l)/Z .
a,r,y) = ——— , then
Y n=0 ($ya$y)n

i (az + by™)(az? + by™1)...(az™ + by)

(3.1)  ®(a,z,y)®(by,z) = (xy; 2Y)n

n=0

Proof. It is easy to show that right hand side of (3.1) is

oo b”y”(”“)/Q(—axy_”/b; l,y)n B i bnyn(n+1)/2(—al‘y_n/b; xy)oo
— (zy; 2y)n = (zy; 3y)n(—az™t /by zy)o

Applying g-binomial theorem

r(r+1)

SIS

X
— (ry;zy)n = (wy;3y), br

Applying the identity [4; lemma 1(2) p.100] we get

bn—H"ynr+n(n+1)/2+r(r+1)/2(x—n—ry—n—r;x,y>r( a)rwnr+r(r+l)

% ZO (zy; 2Y)ntr (2y; 2Y)r b
_ i i prrynrn(ndl) /24 (r+1)/2 <_g)r () (27T 2Y) o
i (2yy 2y )ngr (2Y; 2Y), b (7Y™ 2Y) oo
i i (_)rarbrynr+n(n+1)/2+r(r+1)/2xnr+r(r+l)
- = (g ay)age vy ey (Y ay)
. > rarbrynr+n(n+1)/2+r(r+1)/2xnr+fr(r+1) _l.—ny—n r . N
:ZZ( ) ( ) ( +1y +1.xy)r

(2y; 2Y)nsr (zy; 2y (y) /2

i
=)
<
Il
=)

which on simplification gives

bn n(n+1)/2 X alxrrJrl /2

= Z =d(b,y,x)P(a,x,y).

— (wysay)n o (zy;ay),

This is precisely the left hand side of (3.1) if we put y=x and b=a in (3.1). We get

0 anxn (n+1)/ .~ a™ n (n+1) /2( L 1'2)
3.2 —— "
I i Y=~

n=0

4. Special cases

In this section, we shall deduce certain special cases of the results established in
previous sections.
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Taking hy = he = 1 in (2.3), we get

e}

(0; @) metn (a5 Q)i (d; @)™ y™
Oplb:a,dic: qx,y] = Z : : .
(41) m,n=0 (C’ q)m+”(Q7 Q)m<q; Q)n

_ 00)(0239)oo(dy: D)oo o [C/b,x,y;q;b]
(6 D)oo Do (Y Do~ | 0y ’

which is n=2 case of a known result [3; Theorem 5, p.207].
Putting x/a for x, y/d for y and then taking a,d — oo in (2.3) we get

o0 ( )m+nqh1m(m 1)/24han(n—1) /2(b q)

>

m,n=0

mh1+nh2x y
(q"5¢")m (0"25 ¢"2) 0 (¢ @) mny+nns

(4.2)

(0900 (74" 0 (54" o c/b; Q)b
_ = Z

(c;q (z;¢"), (y; "),

provided |b]| < 1.
As b — 0, (4.2) yields

e (_)m+nqh1m(m—1)/2+h2n(n—1)/2

>

xmyn
(@™5¢")m (025 ¢"2)n(C; @) mny +nhs

(4.3) =0
_ (z q y q" )oo Z g/
) (y; q"),
Taking ¢ = —aq,z = —aq™ and y = B¢ in (4.3), we get
i thm(m+1)/2+h2n(n+l)/2am5n
S (@5 ") (q725.4"2)n (€ @) mny b
(4.4)
_ (—Oéth;q ) ﬂqhz oo Z rqr(r+l)/
(—aq; @)oo (—aq";q").(—=Bq"; q"),

Putting c=bq in (2.5) we have,

3 (@; ) m(d; @)™y (a36%)oo(dY; %)oo ~om (256%)r (y; ¢%) 0%

o0 (@ 0w ) (=0 ) (0% (10%) 00 = (a3 4)(dy; 7).

(45) ) b27’+1

(azq; ¢*) oo (dYq; ¢%) o Z (zq; q yq,
(24, ¢*) e (¥e; ¢*)0 =2 (az¢; ¢*),(dyq; ¢*)»

Taking b=1 and a=-1 in (2.9) we get,

o0 n n (n+1)/2 X _n(n+1)/2

q
E e = (G DG ) Y 5 (4.6)
i = (G

Putting ¢=0 in (2.12), we get
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i n(n+1)/ i bn n(n+1)/2
= (43 0)n(—bq; @) — ( —aq; 4)n
> n(n 1)/2 o S~ pn n(n+1)/2
Z (1+a) Z a
(A7) 7= (@ D)n(=0g; @)n = (g5 )n(—a; Q)
LOL/(1 + bq) abg®/(1 + bg) (1 + bg?)
14+ 1- 1+
aq/(1+bg*)(1 +bg’) abg” /(1 4 bg*)(1 + bq*)
- T

Putting ¢=q in (2.12) we find,

° a"q”("+1)/2 s aq/b q bn n(n+1)/
; (=bg;@)n % (¢ )n(—aq; @)n
) a”q”(”_l)/2 . (a/b; q)nb"q"(”“)/Q
nz; (=b¢; @) I+ ); (@ @)n(=a; 9)n
(4.8) _ 1 a(l—q)/(1+bg)ag*(1 +b)/(1 + bg)(1 + bg?)
1+ 1— 1+
aq(1 = ¢*)/(1 4+ bg®)(1 + bg*) ag* (1 + bg) /(1 + bg®) (1 + bg*)
1— 1+
ag*(1 = ¢*)/(1 + bg*)(1 + bg°)
—
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