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1. Introduction

The concept of a semigroup is very simple but it plays a key role in the devel-
opment of Mathematics. The formal study of semigroups began in the early 20th

century. The semigroups are significantly important in many areas of mathematics
because they are the abstract algebraic underpinning of ”memoryless” systems:
time-dependent systems that start from scratch at each iteration. In applied ma-
thematics, semigroups are fundamental models for linear time-invariant systems.
In partial differential equations, a semigroup is associated to any equation whose
spatial evolution is independent of time. The theory of finite semigroups has been
of particular importance in theoretical computer science since 1950s because of
the natural link between finite semigroups and finite automata. In probability
theory, semigroups are associated with Markov process.



312 m. akram, j. kavikumar, a. khamis

The algebraic theory of semigroups was widely studied by Clifford and Preston
[1], [2], Petrich [15], [16], [17] and Ljapin [14]. They all discussed the notion of an
ideal in semigroups. Good and Hughes [6] and Lajos [11] presented the idea of bi-
ideals in the semigroup. Lajos [12] and Szasz [26], [27] gave the notion of interior
ideals in the semigroup. Steinfeld [25] introduced the notion of quasi-ideals in the
semigroups.

Lehmer [13], gave the formal definition of a ternary semigroup in 1932 but
Kasner and Prüfer [10], [18] studied such structures earlier. Sioson [24] developed
the ideal theory of ternary semigroups. Dixit and Dewan [5] enhanced the theory
of quasi-ideal and bi-ideal of the ternary semigroups. Santiago [21], worked on
the theory of ternary semigroups and semiheaps. Dutta et al. [4] studied regular
ternary semigroups.

As a generalization of semigroup and ternary semigroup, Sen [22] introduced
the notion of Γ-semigroup in 1981 and developed a theory on Γ-semigroups [23].
Many classical notions of semigroups have been extended to Γ-semigroups by
Saha and Sen in [19, 20, 23]. The notion of bi-ideal in Γ-semigroup was introduced
by Chinram and Jirojkul [3, 9]. Iampan [7] and Islam [8] extended the work on
bi-ideals in Γ-semigroups.

In this paper we inspired from the concept of ternary semigroup and Γ-
semigroup and obtain a new algebraic structure called biΓ-ternary semigroup.
The word biΓ is used due to the double appearance of the nonempty set Γ in the
structure. Here the notions of biΓ-ternary subsemigroup, biΓ-left (right, lateral)
ideal, biΓ-quasi ideal and biΓ-bi-ideal have been presented with the characteriza-
tion of regular biΓ-ternary semigroup by these ideals.

2. Preliminaries

2.1. Semigroup

A semigroup is a set S along with a binary operation ” ∗ ” (that is, a function
∗ : S × S → S) that satisfies the associative property. For all a, b, c ∈ S, the
equation (a ∗ b) ∗ c = a ∗ (b ∗ c) holds. Generally, we write this as (ab)c = a(bc).
The semigroup operation induces an operation on the collection of its subsets:
given subsets A and B of a semigroup S, their product A ∗B, written commonly
as AB, is the set {ab |a ∈ A and b ∈ B}. In terms of this operations, a subset
A of S is called a subsemigroup of S if AA ⊆ A, a right ideal if AS ⊆ A, and a
left ideal if SA ⊆ A. If A is both a left ideal and a right ideal then it is called
an ideal (or a two-sided ideal). A subsemigroup A of S is called a bi-ideal of S if
ASA ⊆ A. A nonempty subset A of S is called an interior ideal of S if SAS ⊆ A.

2.2. Ternary semigroup

A ternary semigroup T is a nonempty set whose elements are closed under the
ternary operation of multiplication and satisfies the associative law defined as

[[abc] de] = [a [bcd] e] = [ab [cde]] , for all a, b, c, d, e ∈ T.
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For simplicity we shall write [abc] as abc. A nonempty subset A of a ternary
semigroup T is called a ternary subsemigroup of T if AAA ⊆ A and is called an
idempotent if AAA = A3 = A. A left (right, lateral) ideal of a ternary semigroup
T is a nonempty subset A of T such that TTA ⊆ A (ATT ⊆ A, TAT ⊆ A).
A nonempty subset of T is called an ideal if it is a left, a right and a lateral
ideal of T. A subsemigroup B of a ternary semigroup T is called a bi-ideal of T
if BTBTB ⊆ B. A nonempty subset A of T is called an interior ideal of T if
TTATT ⊆ A.

2.3. Γ-Semigroup

Let S = {x, y, z, ...} and Γ = {α, β, γ, ...} be two nonempty sets. Then S is called
a Γ-semigroup if it satisfies,

(i) xγy ∈ S

(ii) (xβy)γz = xβ(yγz), for all x, y, z ∈ S and β, γ ∈ Γ.

A nonempty subset ‘A’ of a Γ-semigroup S is called Γ-subsemigroup of S if
AΓA ⊆ A. By a left (right) Γ-ideal of a Γ-semigroup S we mean a nonempty
subset A of S such that SΓA ⊆ A (AΓS ⊆ A) and a two sided Γ-ideal or simply
a Γ-ideal is that which is both a left and a right Γ-ideal of S. A Γ-subsemigroup
B of a Γ-semigroup S is called a Γ-bi-ideal of S if BΓSΓB ⊆ B. A nonempty
subset A of T is called an interior ideal of T if TTATT ⊆ A.

3. BiΓ-ternary semigroup

3.1. Basic concepts

Here, we define the basic concepts of BiΓ-ternary semigroup.

Definition 3.1.1 Let T = {x, y, z, ...} and Γ = {α, β, γ, ...} be two nonempty
sets. Then we call T as a BiΓ-ternary semigroup if it satisfies,

(i) (xαy)βz ∈ T

(ii) ((vαwβx)γy)δz = (vα(wβxγy))δz = vα(wβ(xγyδz),

for all x, y, z, v, w ∈ S and α, β, γ, δ ∈ Γ.

Example 3.1.2 Let T = {4n + 3, n ∈ N} and Γ = {4n + 1, n ∈ N}. Define the
mapping T × Γ× T × Γ× T → T as (xγy)δz = x + γ + y + δ + z. Let x, y, z ∈ T
and γ, δ ∈ Γ, then

(xαy)βz = x + α + y + β + z

= 4n1 + 3 + 4n′ + 1 + 4n2 + 3 + 4n′′ + 1 + 4n3 + 3

= 4(n1 + n′ + n2 + n′′ + n3 + 2) + 3

= 4n + 3,

(where, n = n1 + n′ + n2 + n′′ + n3 + 2 ∈ N, for n1, n
′, n2, n

′′, n3 ∈ N )
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Also it is clear that ((vαwβx)γy)δz = (vα(wβxγy))δz = vα(wβ(xγyδz), for all
x, y, z, v, w ∈ S and α, β, γ, δ ∈ Γ. Hence T is a biΓ-ternary semigroup.

Example 3.1.3 Let T = {2n, n ∈ N}, Γ = {α, β, γ...}. Define (xγy)δz = x + y + z,
for all, x, y, z ∈ T and γ, δ ∈ Γ. Then T is a biΓ-ternary semigroup.

Example 3.1.4 Let S = {0, a, b, c} and Γ = {α, β}, consider the operation de-
fined bellow

α 0 a b c
0 0 0 0 0
a 0 b 0 a
b 0 b 0 c
c 0 0 0 b

and

β 0 a b c
0 0 0 0 0
a a a a a
b 0 0 0 0
c a a a c

Then S is a neither a Γ-semigroup nor a biΓ-ternary semigroup, as we can see,

(aαc)αc = a 6= 0 = aα(cαc) and

((aαc)βb)αa = (aβb)αa = aαa = b

(aα(cβb))αa = b

aα((cβb)αa) = 0 6= b

aα(cβ(bαa) = b

0 6= b.

which implies that S is not a biΓ-ternary semigroup.

Remark 3.1.5 Every Γ-semigroup is a biΓ-ternary semigroup but the converse
is not true.

Example 3.1.6 Let T = Z− and Γ ⊆ Z+. Define (xγy)δz, for x, y, z ∈ T
and γ, δ ∈ Γ as the usual multiplication of integers. Then for x, y, z ∈ T and
γ, δ ∈ Γ, (xγy)δz ∈ T and ((vαwβx)γy)δz = (vα(wβxγy))δz = vα(wβ(xγyδz),
for all x, y, z, v, w ∈ S and α, β, γ, δ ∈ Γ. Hence T is a biΓ-ternary semigroup.

Now for x, y ∈ T = Z− and α ∈ Γ = Z+, xαy /∈ T = Z−. Which shows that
T = Z− is not a Γ-semigroup.

Example 3.1.7 Let T = iR,where, i =
√−1 and R is the set of real numbers.

If Γ ⊆ R and (xαy)βz is defined as the usual multiplication of complex numbers.
Then, for x, y, z ∈ T there exist a, b, c ∈ R so that x = ai, y = bi and z = ci. For,
α, β ∈ Γ,

(xαy)βz = (aiαbi)βci = abcαβi3 = −abcαβi = ri, where r = −abcαβ ∈ R.

Also,
((vαwβx)γy)δz = (vα(wβxγy))δz = vα(wβ(xγyδz),

for all x, y, z, v, w ∈ S and α, β, γ, δ ∈ Γ. Hence T is a biΓ-ternary semigroup.
But, for x = ai, y = bi ∈ T = iR and α ∈ Γ,

xαy = aiαbi = abαi2 = −abα /∈ T = iR,
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which shows that T is not a Γ-semigroup.

Definition 3.1.8 Let T be a biΓ-ternary semigroup and A be a nonempty subset
of T. Then A is called a biΓ-ternary subsemigroup of T if,

AΓAΓA ⊆ A.

Example 3.1.9 let T = N = {1, 2, 3, ...} and Γ = {4n + 2, n ∈ N}. Define
(xαy)βz = x + α + y + β + z. Under this operation T is a biΓ-ternary semigroup.

Let A = {4n, n ∈ N} be a nonempty subset of T. For x, y, z ∈ A and α, β ∈ Γ,

(xαy)βz = (x + α + y) + β + z

= (4n1 + 4n′ + 2 + 4n2) + 4n′′ + 2 + 4n3

= 4(n1 + n′ + n2 + n′′ + n3 + 1)

= 4n ∈ A

Where, n = n1 + n′ + n2 + n′′ + n3 + 1 ∈ N, for n1, n
′, n2, n

′′, n3 ∈ N.

which implies that AΓAΓA ⊆ A. Hence A is a biΓ-ternary subsemigroup.

Definition 3.1.10 Let T be a biΓ-ternary semigroup and A a nonempty subset
of T. Then A is called a biΓ-left (right, lateral ) ideal of T if

TΓTΓA ⊆ A (AΓTΓT ⊆ A, TΓAΓT ⊆ A)

A is called a biΓ-ideal of T if it is a biΓ-left, a biΓ-right and a biΓ-lateral ideal
of T.

Example 3.1.11 Let T = {2n, n ∈ N}, Γ = {α, β, γ, ...} and A = {4n, n ∈ N}.
Define, (xγy)δz = (2x + 2y) + z, for x, y, z ∈ T and γ, δ ∈ Γ. Then T is a
biΓ-ternary semigroup. For x, y ∈ T, a ∈ A and α, β ∈ Γ, we have

(xγy)δa = (2x + 2y) + a

= 2(2n1 + 2n2) + 4n′, x = 2n1, y = 2n2 and a = 4n′

= 4(n1 + n2 + n′)

= 4n ∈ A (where, n = n1 + n2 + n′ ∈ N, for n1, n2, n
′ ∈ N.

which implies that TΓTΓA ⊆ A. Hence A is a biΓ-left ideal of T.
Now, consider

(aγx)δy = (2a + 2x) + y

= (8n′ + 4n1) + 2n2, x = 2n1, y = 2n2 and a = 4n′

= 4(2n′ + n1) + 2n2.

Taking n′ = n1 = n2 = 1,⇒ (aγx)δy = 4(2.1 + 1) + 2.1 = 14 /∈ A.

which implies that AΓTΓT /∈ A. Similarly we can show that TΓAΓT /∈ A. Hence
A is neither a biΓ-right nor a biΓ-lateral ideal of T.
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Remark 3.1.12 If we define, (xγy)δz = (x+2y)+2z and (xγy)δz = (2x+y)+2z
respectively, then A is a biΓ-right and a biΓ-lateral ideal of T.

Example 3.1.13 In the above example if we define, (xγy)δz = (2x + 2y) + 2z,
then A is a biΓ-left, a biΓ-right and a biΓ-lateral ideal of T. Hence A is a bi Γ-ideal
of T.

3.2. Main results

In what follows, let T denotes a biΓ-ternary semigroup, unless otherwise it is
stated. In short, we shall use BΓTS(s) for biΓ-ternary semigroup(s), BΓTSS(s)
for biΓ-ternary subsemigroup(s), BΓLI(s), BΓRI(s), BΓMI(s) and BΓI(s) for
biΓ-left ideal(s), biΓ-right ideal(s), biΓ-lateral ideal(s) and biΓ-ideal(s) of a biΓ-
ternary semigroup.

Proposition 3.2.1 Let T be a BΓTS and φ 6= X ⊆ T , then

(i) TΓTΓX be a BΓLI of T.

(ii) XΓTΓT be a BΓRI of T.

(iii) TΓXΓT ∪ TΓTΓXΓT ΓT be a BΓMI of T.

Proof. It follows directly from the definitions of BΓLI, BΓRI and BΓMI.

Lemma 3.2.2 Let T be a BΓTS, for any t ∈ T, define,

(i) (t)l = t ∪ TΓTΓt

(ii) (t)r = t ∪ tΓTΓT

(iii) (t)m = t ∪ TΓtΓT ∪ TΓTΓtΓTΓT

(iv) (t) = t ∪ TΓTΓt ∪ tΓTΓT ∪ TΓtΓT ∪ TΓTΓtΓTΓT.

Then (t)l, (t)r, (t)m and (t) are BΓLI, BΓRI, BΓMI and BΓI of T respectively.

Proof. (i) Since (t)l = t ∪ TΓTΓt, then

TΓTΓ(t)l = TΓTΓ(t ∪ TΓTΓt)

= TΓTΓt ∪ TΓTΓTΓTΓt

⊆ TΓTΓt ∪ TΓTΓt, since TΓTΓT ⊆ T.

= TΓTΓt ⊆ t ∪ TΓTΓt = (t)l

TΓTΓ(t)l ⊆ (t)l, implies that (t)l is biΓ-left ideal of T.

(ii) and (iii). Proof is similar as (i).
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(iv) (t) = t ∪ TΓTΓt ∪ tΓTΓT ∪ TΓtΓT ∪ TΓTΓtΓTΓT. As,

TΓTΓ(t) = TΓTΓ(t ∪ TΓTΓt ∪ tΓTΓT ∪ TΓtΓT ∪ TΓTΓtΓTΓT )

= TΓTΓt ∪ TΓTΓTΓTΓt ∪ TΓTΓtΓTΓT ∪ TΓTΓTΓtΓT

∪TΓTΓTΓTΓtΓTΓT

⊆ TΓTΓt ∪ TΓTΓt ∪ TΓTΓtΓTΓT ∪ TΓtΓT ∪ TΓTΓtΓTΓT

= TΓTΓt ∪ TΓtΓT ∪ TΓTΓtΓTΓT

⊆ t ∪ TΓTΓt ∪ tΓTΓT ∪ TΓtΓT ∪ TΓTΓtΓTΓT = (t)

TΓTΓ(t) ⊆ (t),

implies that (t) is biΓ-left ideal. Similarly, we can show that it is biΓ-right ideal.
Now consider,

TΓ(t)ΓT = TΓ(t ∪ TΓTΓt ∪ tΓTΓT ∪ TΓtΓT ∪ TΓTΓtΓTΓT )ΓT

= TΓtΓT ∪ TΓTΓTΓtΓT ∪ TΓtΓTΓTΓT ∪ TΓTΓtΓTΓT

∪TΓTΓTΓtΓTΓTΓT

⊆ TΓtΓT ∪ TΓtΓT ∪ TΓtΓT ∪ TΓTΓtΓTΓT ∪ TΓtΓT

= TΓtΓT ∪ TΓTΓtΓTΓT

⊆ t ∪ TΓTΓt ∪ tΓTΓT ∪ TΓtΓT ∪ TΓTΓtΓTΓT = (t)

TΓ(t)ΓT ⊆ (t), implies that (t) is biΓ-lateral ideal.

Hence (t) is biΓ-ideal of T.

Remark 3.2.3 The ideals (t)l, (t)m, (t)r, (t) are called principal biΓ-left, biΓ-
right, biΓ-lateral and biΓ-ideal of T generated by t. Note that for any a ∈ A ⊆ T,
∪

a∈A
(a)l = (A)l, ∪

a∈A
(a)m = (A)m, ∪

a∈A
(a)r = (A)r and ∪

a∈A
(a) = (A) are biΓ-left

ideal, biΓ-right ideal, biΓ-lateral ideal and biΓ-ideal of T generated by A.

Lemma 3.2.4 Let T be a BΓTS. Then

(i) The orbitrary intersection of BΓTSS(s) of T is again a BΓTSS of T.

(ii) The orbitrary intersection of BΓLI(s) (BΓRI(s), BΓMI(s), BΓI(s)) of T
is a BΓLI (BΓRI, BΓMI, BΓI) of T.

Proof. (i) Let {Ai, i ∈ I} be a collection of biΓ-ternary subsemigroups of T , then
AiΓAiΓAi ⊆ Ai, for all i ∈ I. Also ∩

i∈I
Ai ⊆ Ai for all i ∈ I then,

(∩
i∈I

Ai)Γ(∩
i∈I

Ai)Γ(∩
i∈I

Ai) ⊆ AiΓAiΓAi ⊆ Ai, for all i ∈ I.

implies that

(∩
i∈I

Ai)Γ(∩
i∈I

Ai)Γ(∩
i∈I

Ai) ⊆ ∩
i∈I

Ai.
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Hence ∩
i∈I

Ai is a biΓ-ternary subsemigroup of T .

(ii) Let {Li, i ∈ I} be a collection of biΓ-left ideals of T then TΓTΓLi ⊆ Li,
for all i ∈ I. Also ∩

i∈I
Li ⊆ Li for all i ∈ I then,

TΓTΓ(∩
i∈I

Li) ⊆ TΓTΓLi ⊆ Li, for all i ∈ I.

TΓTΓ(∩
i∈I

Li) ⊆ Li, for all i ∈ I. Implies that

TΓTΓ(∩
i∈I

Li) ⊆ ∩
i∈I

Li.

Hence ∩
i∈I

Li is a biΓ-left ideal of T . Similarly, we can prove for biΓ-right and

biΓ-lateral ideal of T.

Definition 3.2.5 A nonempty subset Q of a biΓ-ternary semigroup T is called a
biΓ-quasi-ideal of T if

QΓTΓT ∩ TΓQΓT ∩ TΓTΓQ ⊆ Q

and
QΓTΓT ∩ TΓTΓQΓTΓT ∩ TΓTΓQ ⊆ Q.

Definition 3.2.6 A biΓ-bi-ideal B of a biΓ-ternary semigroup T is a biΓ-ternary
subsemigroup of T satisfying,

BΓTΓBΓTΓB ⊆ B.

We will write BΓQI(s) and BΓBI(s) for biΓ-quasi-ideal(s) and biΓ-bi-ideal(s),
respectively.

Proposition 3.2.7 Let T be a BΓTS. Then every BΓQI of T is a BΓTSS of T.

Proof. We suppose that Q is a biΓ-quasi-ideal of T . Since

QΓQΓQ ⊆ QΓTΓT, QΓQΓQ ⊆ TΓQΓT and QΓQΓQ ⊆ TΓTΓQ.

⇒ QΓQΓQ ⊆ QΓTΓT ∩ TΓQΓT ∩ TΓTΓQ ⊆ Q.

⇒ QΓQΓQ ⊆ Q, since Q is biΓ-quasi-ideal.

Implies that Q is biΓ-ternary subsemigroup of T.

Proposition 3.2.8 The arbitrary intersection of BΓQI(s) of T is a BΓQI of T.

Proof. Straightforward.

Remark 3.2.9 Note that a BΓLI (BΓRI, BΓMI)of T is also BΓQI of T but
any BΓQI of T may not be a BΓLI (BΓRI, BΓMI)of T, so we have following
lemma.
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Lemma 3.2.10 Let T be a BΓTS. Then every BΓLI (BΓRI, BΓMI) of T is a
BΓQI of T.

Proof. Let L be a biΓ-left ideal of T, then

TΓTΓL ⊆ L,

which implies that
LΓTΓT ∩ TΓLΓT ∩ TΓTΓL ⊆ L,

also
LΓTΓT ∩ TΓTΓLΓTΓT ∩ TΓTΓL ⊆ L.

Hence L is biΓ-quasi-ideal of T. Other cases are similar.

Lemma 3.2.11 A nonempty subset Q of T is a BΓQI of T if and only if it is
an intersection of a BΓLI, a BΓMI and a BΓRI of T.

Proof. Let L,M and R be the biΓ-left, biΓ-lateral and biΓ-right ideals of T . Let
Q = R ∩M ∩ L, then

QΓTΓT ∩ TΓQΓT ∩ TΓTΓQ

= (R ∩M ∩ L)ΓTΓT ∩ TΓ(R ∩M ∩ L)ΓT ∩ TΓTΓ(R ∩M ∩ L)

⊆ RΓTΓT ∩ TΓMΓT ∩ TΓTΓL

⊆ R ∩M ∩ L, since, L,M and R, are biΓ-left, biΓ-lateral, biΓ− right ideals.

= Q.

Similarly, QΓTΓT ∩ TΓTΓQΓTΓT ∩ TΓTΓQ ⊆ Q. Hence Q is a biΓ-quasi-ideal
of T.

Conversely, let Q be a biΓ-quasi-ideal of T. For any q ∈ Q, (q)l, (q)m, (q)r, be
the biΓ-left, biΓ-lateral and biΓ-right ideals of T generated by q, then

q ∈ (q)r ∩ (q)m ∩ (q)l

∪
q∈Q
{q} ⊆ ∪

a∈Q
(q)r ∩ ∪

q∈Q
(q)m ∩ ∪

q∈Q
(q)l

Q ⊆ (Q)r ∩ (Q)m ∩ (Q)l.

Since, (Q)l = Q ∪ QΓTΓT, (Q)m = Q ∪ TΓQΓT ∪ TΓTΓQΓTΓT and (Q)r =
Q ∪ TΓT ΓQ, then

(Q)r ∩ (Q)m ∩ (Q)l

= (Q ∪QΓTΓT ) ∩ (Q ∪ TΓQΓT ∪ TΓTΓQΓTΓT ) ∩Q ∪ TΓTΓQ

= Q ∪ (QΓTΓT ∩ TΓQΓT ∩ TΓTΓQ) ∪ (QΓTΓT ∩ TΓTΓQΓTΓT ∩ TΓTΓQ)

⊆ Q, Since Q is biΓ-quasi-ideal of T,

which implies that Q = (Q)r ∩ (Q)m ∩ (Q)l. Where, (Q)r, (Q)m, and (Q)l are
biΓ-left ideal, biΓ-lateral ideal and a biΓ-right ideal of T. Hence the proof.
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Lemma 3.2.12 Let T be a BΓTS and Ls,Ms,Rs be the smallest BΓLI, BΓMI,
BΓRI of T. The Rs ∩Ms ∩ Ls is the smallest BΓQI of T.

Proof. Straightforward.

Lemma 3.2.13 Let T be a BΓTS. If Q be a BΓQI of T and S be a BΓTSS of
T, then Q ∩ S is a BΓQI of S.

Proof. Let Q be the biΓ-quasi-ideal and S be a biΓ-ternary subsemigroup of T.
If Q ∩ S 6= φ, then as

(Q ∩ S)ΓSΓS ∩ SΓ(Q ∩ S)ΓS ∩ SΓSΓ(Q ∩ S)

⊆ SΓSΓS ∩ SΓSΓS ∩ SΓSΓS, since Q ∩ S ⊆ S.

= SΓSΓS ⊆ S.

Also,

(Q ∩ S)ΓSΓS ∩ SΓ(Q ∩ S)ΓS ∩ SΓSΓ(Q ∩ S)

⊆ QΓSΓS ∩ SΓQΓS ∩ SΓSΓQ, since Q ∩ S ⊆ Q.

⊆ QΓTΓT ∩ TΓQΓT ∩ TΓTΓQ, since S ⊆ T.

⊆ Q, since Q is biΓ-quasi-ideal of T,

which implies that

(Q ∩ S)ΓSΓS ∩ SΓ(Q ∩ S)ΓS ∩ SΓSΓ(Q ∩ S) ⊆ Q ∩ S.

Similarly,

(Q ∩ S)ΓSΓS ∩ SΓSΓ(Q ∩ S)ΓSΓS ∩ SΓSΓ(Q ∩ S) ⊆ Q ∩ S.

Hence, Q ∩ S is a biΓ-quasi-ideal of S.

Proposition 3.2.14 Let T be a BΓTS and X,Y ( 6= φ) ⊆ T, then XΓTΓY is a
BΓBI of T.

Proof. Let B = XΓTΓY, as

BΓBΓB = (XΓTΓY )Γ(XΓTΓY )Γ(XΓTΓY )

= XΓTΓY ΓXΓTΓY ΓXΓTΓY

⊆ XΓTΓTΓTΓTΓTΓTΓTΓY

⊆ XΓTΓY = B

which implies that B = XΓTΓY is biΓ-ternary subsemigroup of T. Also

BΓTΓBΓTΓB = (XΓTΓY )ΓTΓ(XΓTΓY )ΓTΓ(XΓTΓY )

= XΓTΓY ΓTΓXΓTΓY ΓTΓXΓTΓY

⊆ XΓTΓTΓTΓTΓTΓTΓTΓTΓTΓY

⊆ XΓTΓY = B

Hence B is a biΓ-bi-ideal of T.
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Theorem 3.2.15 Let X, Y, Z(6= φ) ⊆ T, then XΓY ΓZ is a biΓ-bi-ideal of T if
any one of X, Y or Z is either a biΓ-left ideal or a biΓ-right ideal or a biΓ-lateral
ideal of T.

Proof. We suppose that Z is biΓ-left ideal of T then TΓTΓZ ⊆ Z. Let B =
XΓY ΓZ then as,

BΓBΓB = (XΓY ΓZ)Γ(XΓY ΓZ)Γ(XΓY ΓZ)

⊆ XΓY ΓTΓTΓTΓTΓTΓTΓZ

⊆ XΓY ΓTΓTΓZ,

⊆ XΓY ΓZ = B, since TΓTΓZ ⊆ Z.

Implies that, B = XΓY ΓZ is a biΓ-ternary subsemigroup of T.
Also

BΓTΓBΓTΓB = (XΓY ΓZ)ΓTΓ(XΓY ΓZ)ΓTΓ(XΓY ΓZ)

⊆ XΓY ΓTΓTΓTΓTΓTΓTΓTΓTΓZ

⊆ XΓY ΓTΓTΓZ

⊆ XΓY ΓZ = B, since TΓTΓZ ⊆ Z.

Hence B = XΓY ΓZ is a biΓ-bi-ideal of T.

Lemma 3.2.16 Let T be a BΓTS then every BΓQI of T is a BΓBI of T.

Proof. Let Q be a biΓ-quasi-ideal of a biΓ-ternary semigroup T then

QΓTΓT ∩ TΓQΓT ∩ TΓTΓQ ⊆ Q and

QΓTΓT ∩ TΓTΓQΓTΓT ∩ TΓTΓQ ⊆ Q.

Now, as

QΓTΓQΓTΓQ ⊆ QΓTΓTΓTΓT ⊆ QΓTΓT, and

QΓTΓQΓTΓQ ⊆ TΓTΓTΓTΓQ ⊆ TΓTΓQ, also

QΓTΓQΓTΓQ ⊆ TΓTΓQΓTΓT,

which implies that

QΓTΓQΓTΓQ ⊆ QΓTΓT ∩ TΓTΓQΓTΓT ∩ TΓTΓQ,

⇒ QΓTΓQΓTΓQ ⊆ Q.

Hence Q is a biΓ-bi-ideal of T.

Note that the converse of above lemma is not true (see Example 3.3.10).

Corollary 3.2.17 Let T be a BΓTS then every BΓLI (BΓRI, BΓMI)of a T is
a BΓBI of T .
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Proof. Follows from Lemma 3.2.10 and Lemma 3.2.16.

Theorem 3.2.18 Let T be a BΓTS and A be a BΓI and Q be a BΓQI of T then
A ∩Q is a BΓBI of T .

Proof. Since A∩Q ⊆ A and A∩Q ⊆ Q, where A is a biΓ-ternary subsemigroup
of T and Q is a biΓ-quasi-ideal of T then as,

(A ∩Q)Γ(A ∩Q)Γ(A ∩Q) ⊆ AΓAΓA ⊆ A, and

(A ∩Q)Γ(A ∩Q)Γ(A ∩Q) ⊆ QΓQΓQ ⊆ Q,

⇒ (A ∩Q)Γ(A ∩Q)Γ(A ∩Q) ⊆ A ∩Q,

implies that A ∩Q is a biΓ-ternary subsemigroup of T.
Since Q is biΓ-quasi-ideal and hence a biΓ-bi-ideal then,

(A ∩Q)ΓTΓ(A ∩Q)ΓTΓ(A ∩Q) ⊆ QΓTΓQΓTΓQ ⊆ Q.

Also, since A is a biΓ-ideal and hence a biΓ-lateral ideal of T then

(A ∩Q)ΓTΓ(A ∩Q)ΓTΓ(A ∩Q) ⊆ AΓ(TΓAΓT )ΓA ⊆ AΓAΓA ⊆ A.

This implies that (A ∩ Q)ΓTΓ(A ∩ Q)ΓTΓ(A ∩ Q) ⊆ A ∩ Q. Hence A ∩ Q is
biΓ-bi-ideal of T.

Lemma 3.2.19 Let T be a BΓTS, then the arbitrary intersection of BΓBI(s) of
T is a BΓBI of T.

Proof. Straightforward.

3.3. Regular biΓ-ternary semigroup

Definition 3.3.1 Let T be a BΓTS. An element a ∈ T is called a biΓ-regular
element of T if a ∈ aΓTΓaΓTΓa, i.e. there exists x, y ∈ T and α, β, γ, δ ∈ Γ such
that a = aαxβaγyδa. A BΓTS, T is called a regular biΓ-ternary semigroup if its
every element is a biΓ-regular element.

Lemma 3.3.2 Every BΓMI ideal of a regular BΓTS is a regular BΓTS.

Proof. Let T be a regular BΓTS and M be a BΓMI of T then TΓMΓT ⊆ M.
Let a ∈ M then a ∈ T and T is regular, so there exist x, y ∈ T, α, β, γ, δ ∈ T,
such that

a = aαxβaγyδa

= aαxβaγyδaαxβaγyδa = aα(xβaγy)δaα(xβaγy)δa

= aαmδaαmδa, where m = xβaγy ∈ TΓMΓT ⊆ M.

∈ aΓMΓaΓMΓa,

which implies that a is regular in M. Hence M is regular biΓ-ternary semigroup.

Note that a BΓLI and a BΓRI of a regular BΓTS may not be a regular
BΓTS.
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Corollary 3.3.3 Every BΓI of a regular BΓTS is a regular BΓTS.

Proof. Straightforward.

Definition 3.3.4 Let T be a BΓTS and I be a BΓI of T. Then I is called an
idempotent BΓI of T if IΓIΓI = I.

Lemma 3.3.5 Let T be a regular BΓTS.Then every BΓMI of T is an idempotent
BΓI of T.

Proof. let M be a biΓ-lateral ideal of a regular biΓ-ternary semigroup T then
MΓMΓM ⊆ TΓMΓT ⊆ M. For any m ∈ M , m ∈ T, (Since M ⊆ T ) and T is
regular, m ∈ mΓTΓmΓTΓm implies that

m = mαxβmγyδm, for, x, y ∈ T and α, β, γ, δ ∈ Γ.

= mα(xβmγy)δm

∈ MΓMΓM, implies that

M ⊆ MΓMΓM.

Hence MΓMΓM = M, implies that M is idempotent.

Theorem 3.3.6 Let T be a BΓTS, then the following statements are equivalent,

(i) T is regular.

(ii) RΓMΓL = R ∩M ∩ L, where, L,R and M are BΓLI, BΓRI and BΓMI
of T.

(iii) (a)rΓ(b)mΓ(c)l = (a)r ∩ (b)m ∩ (c)l, for every a, b, c ∈ T.

(iv) (t)rΓ(t)mΓ(t)l = (t)r ∩ (t)m ∩ (t)l, for each t ∈ T.

Proof. (i) ⇒ (ii) Let T be a regular BΓTS and R,M, L be the biΓ-right, biΓ-
lateral and biΓ-left ideals of T then as

RΓMΓL ⊆ RΓTΓT ⊆ R

RΓMΓL ⊆ TΓMΓT ⊆ M and

RΓMΓL ⊆ TΓTΓL ⊆ L, implies that

RΓMΓL ⊆ R ∩M ∩ L.

Now let a ∈ R∩M∩L ⊆ T and T is regular then there exist x, y ∈ T, α, β, γ, δ ∈ Γ
such that a = aαxβaγyδa. Also

a = aαxβaγyδa = aα(xβaγy)δa ∈ RΓMΓL

⇒ R ∩M ∩ L ⊆ RΓMΓL.

Hence R ∩M ∩ L = RΓMΓL.
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(ii) ⇒ (iii) Let R ∩M ∩ L = RΓMΓL, for every biΓ-right R, biΓ-lateral M
and biΓ-left ideal L of T. For a, b, c ∈ T, taking R = (a)r,M = (b)m and L = (c)l,
by (ii), we have (a)rΓ(b)mΓ(c)l = RΓMΓL = R ∩M ∩ L = (a)r ∩ (b)m ∩ (c)l.

(iii) ⇒ (iv) Taking a = b = c = t, then (iii) becomes (t)rΓ(t)mΓ(t)l =
(t)r ∩ (t)m ∩ (t)l.

(iv) ⇒ (i) For any t ∈ T, the biΓ-right ideal, biΓ-lateral ideal and biΓ-left
ideal of T generated by t are given as,

(t)r = t ∪ tΓTΓT,

(t)m = t ∪ TΓtΓT ∪ TΓTΓtΓTΓT

(t)l = t ∪ TΓTΓt.

By given condition

(t)r ∩ (t)m ∩ (t)l = (t)rΓ(t)mΓ(t)l

= (t ∪ tΓTΓT )Γ(t ∪ TΓtΓT ∪ TΓTΓtΓTΓT )Γt ∪ TΓTΓt

= (tΓtΓt) ∪ (tΓTΓtΓTΓt) ∪ (tΓTΓTΓtΓt) ∪ (tΓtΓTΓTΓt)

∪(tΓTΓTΓtΓTΓTΓt).

Since, t ∈ (t)r ∩ (t)m ∩ (t)l.
If t ∈ tΓtΓt, then

t = tαtβt, for α, β ∈ Γ.

= tαtβtαtβt ∈ tΓTΓtΓTΓt, t is regular.

If t ∈ tΓTΓtΓTΓt, then t is regular.
If t ∈ tΓTΓTΓtΓt, then

t = tαxβyγtδt, for x, y ∈ T, α, β, γ, δ ∈ Γ.

= tα(xβyγt)δtα(xβyγt)δt

∈ tΓTΓtΓTΓt, since, xβyγt ∈ T, ⇒ t is regular.

If t ∈ tΓtΓTΓTΓt, then

t = tαtβxγyδt, for x, y ∈ T, α, β, γ, δ ∈ Γ.

= tα(tβxγy)δtα(tβxγy)δt

∈ tΓTΓtΓTΓt, since, tβxγy ∈ T, ⇒ t is regular.

If t ∈ tΓTΓTΓtΓTΓTΓt, then as

tΓTΓTΓtΓTΓTΓt ⊆ tΓTΓTΓTΓTΓTΓt, since, t ∈ T.

⊆ tΓTΓt, since TΓTΓT ⊆ T.

t ∈ tΓTΓt, then

t = tαxβt, x ∈ T, α, β ∈ Γ.

= tαxβtαxβt ∈ tΓTΓtΓTΓt, ⇒ t is regular.

Since t ∈ T is arbitrary. Hence T is regular biΓ-ternary semigroup.
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Theorem 3.3.7 Let T be a BΓTS, then the following statements are equivalent,

(i) T is regular

(ii) RΓTΓL = R ∩ L, for every BΓRI, R and BΓLI, L of T.

(iii) (s)rΓTΓ(t)l = (s)r ∩ (t)l, for every s, t ∈ T.

(iv) (t)rΓTΓ(t)l = (t)r ∩ (t)l, for each t ∈ T.

Proof. Straightforward.

Theorem 3.3.8 Let T be a BΓTS then the following statements are equivalent,

(i) T is regular.

(ii) BΓTΓBΓTΓB = B, for every BΓBI, B of T.

(iii) QΓTΓQΓTΓQ = Q, for every BΓQI, Q of T.

Proof. (i) ⇒ (ii) Let T be a BΓTS and B be a BΓBI of T then BΓTΓBΓTΓB ⊆
B. Now, for b ∈ B ⊆ T, where T is regular, b ∈ bΓTΓbΓTΓb ⊆ BΓTΓBΓTΓB,
implies that, B ⊆ BΓTΓBΓTΓB. Hence BΓTΓBΓTΓB = B.

(ii) ⇒ (iii) We suppose that (ii) holds and Q be a biΓ-quasi-ideal of T then
by Lemma 3.2.16, Q is a biΓ-bi-ideal of T and by (ii), QΓTΓQΓTΓQ = Q, holds.

(iii) ⇒ (i) We suppose that for any biΓ-quasi-ideal Q of T, QΓTΓQΓTΓQ =
Q holds. Let R,M and L be the the biΓ-right, biΓ-lateral and biΓ-left ideals
of T respectively. Then R ∩ M ∩ L = Q1 be a biΓ-quasi-ideal of T and by the
supposition

Q1ΓTΓQ1ΓTΓQ1 = Q1 = R ∩M ∩ L, and

Q1ΓTΓQ1ΓTΓQ1 ⊆ RΓTΓMΓTΓL ⊆ RΓMΓL, since M is lateral ideal.

This implies that, R ∩M ∩ L ⊆ RΓMΓL.

Also,

RΓMΓL ⊆ RΓTΓT ⊆ R, RΓMΓL ⊆ M and RΓMΓL ⊆ L,

implies that, RΓMΓL ⊆ R ∩M ∩ L.

Hence RΓMΓL = R∩M ∩L, which implies that by Theorem 3.3.6, T is regular.

Lemma 3.3.9 Let T be a BΓTS. Then T is regular if and only if every BΓI of
T is an idempotent BΓI.
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Proof. Let T be a regular BΓTS and A be a biΓ-ideal of T. Then AΓAΓA ⊆ A.
Now, let a ∈ A ⊆ T and T is regular then there exist x, y ∈ T and α, β, γ, δ ∈ Γ
such that

a = aα(xβaγy)δa,

∈ AΓAΓA, since, xβaγy ∈ TΓAΓT ⊆ A.

A ⊆ AΓAΓA.

Hence AΓAΓA = A i.e. A is idempotent.
Conversely, we suppose that every biΓ-ideal of T is idempotent. Let A,B, C

be three biΓ-ideals of T then A ∩ B ∩ C is also a biΓ-ideal of T and hence by
supposition

(A ∩B ∩ C)Γ(A ∩B ∩ C)Γ(A ∩B ∩ C) = (A ∩B ∩ C).

Since, A,B,C are biΓ-ideals of T then AΓBΓC ⊆ AΓTΓT ⊆ A, AΓBΓC
⊆ TΓBΓT ⊆ B and AΓBΓC ⊆ TΓTΓC ⊆ C, implies that AΓBΓC ⊆ A∩B ∩C.

Also, A ∩B ∩ C ⊆ A,A ∩B ∩ C ⊆ B and A ∩B ∩ C ⊆ C, implies that

(A ∩B ∩ C)Γ(A ∩B ∩ C)Γ(A ∩B ∩ C) ⊆ AΓBΓC,

implies that, A ∩B ∩ C ⊆ AΓBΓC.

Hence AΓBΓC = A ∩B ∩ C and by Theorem 3.3.6, T is regular.

Example 3.3.10 Let T be a BΓTS. Then a BΓBI of T may not be a BΓQI
of T.

Proof. Let T be a BΓTS, which is not regular. Let Ls,Ms and Rs be the
smallest biΓ-left ideal, biΓ-lateral ideal and biΓ-right ideal of T then by Lemma
3.2.12 and 3.2.16, RsΓMsΓLs is a biΓ-bi-ideal of T. We claim that RsΓMsΓLs is
not a biΓ-quasi ideal of T, otherwise, consider as

RsΓMsΓLs ⊆ RsΓTΓT ⊆ Rs, since Rs is biΓ-right ideal.

RsΓMsΓLs ⊆ TΓMsΓT ⊆ Ms, since Ms is biΓ-lateral ideal.

RsΓMsΓLs ⊆ TΓTΓLs ⊆ Ls, since Ls is biΓ-left ideal,

implies that, RsΓMsΓLs ⊆ Rs ∩Ms ∩ Ls.
Now, if RsΓMsΓLs is a biΓ-quasi ideal of T then by Lemma 3.2.12, Rs ∩

Ms ∩ Ls is the smallest biΓ-quasi ideal of T. Which implies that Rs ∩Ms ∩ Ls ⊆
RsΓMsΓLs. Hence Rs ∩Ms ∩ Ls = RsΓMsΓLs, where Ls,Ms and Rs be the biΓ-
left ideal , biΓ-lateral ideal and biΓ-right ideal of T. But this hold only if T is a
regular biΓ-ternary semigroup, which is a contradiction. Hence RsΓMsΓLs is a
biΓ-bi-ideal of T but not a biΓ-quasi ideal of T .

From the above example, we can write the following lemma.

Lemma 3.3.11 Let T be a regular BΓTS. Then every BΓBI of T is a BΓQI
of T.
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Proof. Straightforward.

By combining Lemmas 3.2.16 and 3.3.11, we can write the following theorem.

Theorem 3.3.12 Let T be a regular BΓTS. Then a nonempty subset A of T is
a BΓBI of T if and only if it is a BΓQI of T.

Also, in view of Lemmas 3.2.11 and 3.3.11, we can write the following theorem.

Theorem 3.3.13 Let T be a regular BΓTS. Then a BΓTSS of T is a BΓBI of
T if and only if it is an intersection of a BΓLI, a BΓMI and a BΓRI of T.
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