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1. Introduction

The concept of a semigroup is very simple but it plays a key role in the devel-
opment of Mathematics. The formal study of semigroups began in the early 20
century. The semigroups are significantly important in many areas of mathematics
because they are the abstract algebraic underpinning of ”memoryless” systems:
time-dependent systems that start from scratch at each iteration. In applied ma-
thematics, semigroups are fundamental models for linear time-invariant systems.
In partial differential equations, a semigroup is associated to any equation whose
spatial evolution is independent of time. The theory of finite semigroups has been
of particular importance in theoretical computer science since 1950s because of
the natural link between finite semigroups and finite automata. In probability
theory, semigroups are associated with Markov process.
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The algebraic theory of semigroups was widely studied by Clifford and Preston
[1], [2], Petrich [15], [16], [17] and Ljapin [14]. They all discussed the notion of an
ideal in semigroups. Good and Hughes [6] and Lajos [11] presented the idea of bi-
ideals in the semigroup. Lajos [12] and Szasz [26], [27] gave the notion of interior
ideals in the semigroup. Steinfeld [25] introduced the notion of quasi-ideals in the
semigroups.

Lehmer [13], gave the formal definition of a ternary semigroup in 1932 but
Kasner and Priifer [10], [18] studied such structures earlier. Sioson [24] developed
the ideal theory of ternary semigroups. Dixit and Dewan [5] enhanced the theory
of quasi-ideal and bi-ideal of the ternary semigroups. Santiago [21], worked on
the theory of ternary semigroups and semiheaps. Dutta et al. [4] studied regular
ternary semigroups.

As a generalization of semigroup and ternary semigroup, Sen [22] introduced
the notion of I'-semigroup in 1981 and developed a theory on I'-semigroups [23].
Many classical notions of semigroups have been extended to I'-semigroups by
Saha and Sen in [19, 20, 23]. The notion of bi-ideal in I'-semigroup was introduced
by Chinram and Jirojkul [3,9]. Iampan [7] and Islam [8] extended the work on
bi-ideals in I'-semigroups.

In this paper we inspired from the concept of ternary semigroup and I'-
semigroup and obtain a new algebraic structure called bil-ternary semigroup.
The word bil" is used due to the double appearance of the nonempty set I' in the
structure. Here the notions of bil’-ternary subsemigroup, bil'-left (right, lateral)
ideal, bil'-quasi ideal and bil'-bi-ideal have been presented with the characteriza-
tion of regular bil'-ternary semigroup by these ideals.

2. Preliminaries
2.1. Semigroup

A semigroup is a set S along with a binary operation ” % ” (that is, a function
x 1S xS — 9) that satisfies the associative property. For all a,b,c¢ € S, the
equation (a * b) * ¢ = a * (b * ¢) holds. Generally, we write this as (ab)c = a(bc).
The semigroup operation induces an operation on the collection of its subsets:
given subsets A and B of a semigroup .S, their product A x B, written commonly
as AB, is the set {ab |a € A and b € B}. In terms of this operations, a subset
A of S is called a subsemigroup of S if AA C A, a right ideal if AS C A, and a
left ideal if SA C A. If A is both a left ideal and a right ideal then it is called
an ideal (or a two-sided ideal). A subsemigroup A of S is called a bi-ideal of S if
ASA C A. A nonempty subset A of S is called an interior ideal of S if SAS C A.

2.2. Ternary semigroup

A ternary semigroup 7" is a nonempty set whose elements are closed under the
ternary operation of multiplication and satisfies the associative law defined as

[[abc] de] = [a [bed] e] = [ablcde]],  for all a,b,c,d,e € T.
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For simplicity we shall write [abc| as abe. A nonempty subset A of a ternary
semigroup 7' is called a ternary subsemigroup of 7" if AAA C A and is called an
idempotent if AAA = A3 = A. A left (right, lateral) ideal of a ternary semigroup
T is a nonempty subset A of T such that TTA C A (ATT C A, TAT C A).
A nonempty subset of T is called an ideal if it is a left, a right and a lateral
ideal of T'. A subsemigroup B of a ternary semigroup 7' is called a bi-ideal of T
if BTBTB C B. A nonempty subset A of T' is called an interior ideal of T' if
TTATT C A.

2.3. I'-Semigroup

Let S ={x,y,z,...} and I = {a, 3,7, ...} be two nonempty sets. Then S is called
a ['-semigroup if it satisfies,

(i) 2y €S

(i) (zBy)yz = xfB(yyz), for all x,y,z € S and B,y € I.

A nonempty subset ‘A’ of a I'-semigroup S is called I'-subsemigroup of S if
AT'A C A. By a left (right) I'-ideal of a I'-semigroup S we mean a nonempty
subset A of S such that STA C A (AI'S C A) and a two sided I'-ideal or simply
a [-ideal is that which is both a left and a right I'-ideal of S. A I'-subsemigroup
B of a I'-semigroup S is called a I'-bi-ideal of S if B'STB C B. A nonempty
subset A of T is called an interior ideal of T if TT ATT C A.

3. Bil'-ternary semigroup
3.1. Basic concepts

Here, we define the basic concepts of Bil'-ternary semigroup.

Definition 3.1.1 Let T' = {z,y,z,...} and I' = {a, 3,7, ...} be two nonempty
sets. Then we call T as a Bil'-ternary semigroup if it satisfies,

(i) (zay)BzeT

(i) ((vawBz)yy)oz = (va(wBayy))oz = va(wB(zyydz),
for all z,y,z,v,w e S and a, 3,7,0 € I
Example 3.1.2 Let T'={4n+3,n € N} and I' = {4n + 1,n € N}. Define the
mapping T X ' x T'x I'x T — T as (zyy)dz =x+~v+y+0+ 2. Let x,y,2 €T
and v,d € ', then
(zay)fz = z+a+y+pG+=2
dny +3+4n" +1+4ns +3 +4n" + 1+ 4nsz + 3
= 4(ni+n'+no+n"+n3+2)+3
= 4n + 3,
(where, n = ny+n'+no+n" +n3+2¢€N, for ny,n',ny,n",nz € N )
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Also it is clear that ((vawfBz)yy)dz = (va(wBryy))dz = va(wB(zyydz), for all
x,y,z,v,w € S and «, §,7,0 € I'. Hence T is a bil'-ternary semigroup.

Example 3.1.3 Let T = {2n,n € N},T' ={a«, 3,7...}. Define (zyy)dz = x + y + z,
for all, z,y,z € T and ~,0 € I'. Then T is a bil-ternary semigroup.

Example 3.1.4 Let S = {0,a,b,c¢} and T' = {«, #}, consider the operation de-
fined bellow

al0|la|b]|c Bl10|lal|b|c
0[0]0101]0 0[]0]010]O0
al0]b|0]|a and |al|la|alala
bl0O|b|O0|c b10[0]0|O
c|0|10]01]0b clalalalec

Then S is a neither a ['-semigroup nor a bil'-ternary semigroup, as we can see,

(aac)ac = a # 0= aa(cac) and
((aac)pb)aa = (afb)aa = aca =b
(aa(cfb))aa = b
ac((cfb)aa) = 0#b

ac(cB(baa) = b
0 # b

which implies that S is not a bil-ternary semigroup.

Remark 3.1.5 Every I'-semigroup is a bil'-ternary semigroup but the converse
is not true.

Example 3.1.6 Let T = Z~ and ' C Z*. Define (zvyy)oz, for z,y,z € T
and v,0 € I' as the usual multiplication of integers. Then for x,y,z € T and
7,0 € I',(zyy)dz € T and ((vawpfz)yy)oz = (va(wBzyy))dz = va(wh(zyydz),
for all z,y,z,v,w € S and «,3,7,6 € I'. Hence T is a bil’-ternary semigroup.

Now for z,y e T=Z" and a € I' = ZT, zay ¢ T = Z~. Which shows that
T = Z~ is not a I'-semigroup.

Example 3.1.7 Let T = iR,where, i = v/—1 and R is the set of real numbers.
If I' C R and (zay)fz is defined as the usual multiplication of complex numbers.
Then, for x,y, z € T there exist a,b,c € R so that z = az, y = bt and z = ci. For,
«, ﬁ € Fa

(zay)Bz = (aiabi)Bci = abcafi® = —abcaBi = ri, where r = —abca3 € R.
Also,
((vawBz)vy)dz = (va(wBryy))dz = va(wPB(zyydz),

for all z,y,z,v,w € S and «,3,7,6 € I'. Hence T is a bil-ternary semigroup.
But, for x =ai,y=bi € T =iR and a €T,

ray = aiabi = abai* = —aba ¢ T = iR,
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which shows that 7" is not a ['-semigroup.

Definition 3.1.8 Let T be a bil'-ternary semigroup and A be a nonempty subset
of T. Then A is called a bil'-ternary subsemigroup of 7" if,

ATATA C A.

Example 3.1.9 let 7= N = {1,2,3,..} and I' = {4n + 2,n € N}. Define
(xay)Bz = v+ a+y+ B+ z. Under this operation T is a bil-ternary semigroup.

Let A = {4n,n € N} be a nonempty subset of T. For z,y,z € Aand o, 3 € T,

(zray)Bz = (r+a+y)+0+=2
= (4ny +4n 4+ 2+ 4ny) + 4n" + 2 + 4ng
= 4(ni+n" +ng+n"+nz3+1)
= 4dne A
Where,n = ny+n'+ny+n"+n3+1€N, for ny,n’,ny,n", ng € N.

which implies that AUAI’'A C A. Hence A is a bil-ternary subsemigroup.

Definition 3.1.10 Let T be a bil'-ternary semigroup and A a nonempty subset
of T. Then A is called a bil-left (right, lateral ) ideal of 7" if

TI'TTA C A (ATTTT C A, TTATT C A)

A is called a bil'-ideal of T if it is a bil'-left, a bil’-right and a bil'-lateral ideal
of T.

Example 3.1.11 Let T'= {2n,n € N},I' ={a,5,7,...} and A= {4n,n € N}.
Define, (zvy)éz = (2x + 2y) + 2, for z,y,2 € T and 7,6 € I'. Then T is a
bil’-ternary semigroup. For x,y € T, a € A and «, 5 € I', we have

(xyy)oa = (2z+2y)+a
= 2(2ny + 2ns) +4n',x = 2ny,y = 2ny and a = 4n’
4(ny + ng + n’)
4n € A (where, n =n; +ng+n' € N, for ny,ne,n’ € N.

which implies that TTTT'A C A. Hence A is a bil'-left ideal of T.
Now, consider

(avz)dy = (2a+2z)+y
= (8n' +4ny) + 2n9, 7 = 2ny,y = 2ny and a = 40/
= 4(2n" 4+ n1) + 2no.
Taking n’ = ny=ny=1,= (ayz)dy =4(2.1+1)+2.1 =14 ¢ A.

which implies that ATTTT ¢ A. Similarly we can show that TTAT'T" ¢ A. Hence
A is neither a bil'-right nor a bil'-lateral ideal of T.
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Remark 3.1.12 If we define, (zyy)dz = (x+2y)+2z and (zyy)dz = (2x+y)+22
respectively, then A is a bil'-right and a bil'-lateral ideal of T

Example 3.1.13 In the above example if we define, (zyy)dz = (2 + 2y) + 2z,
then A is a bil'-left, a bil-right and a bil'-lateral ideal of T. Hence A is a bi I'-ideal
of T.

3.2. Main results

In what follows, let T' denotes a bil'-ternary semigroup, unless otherwise it is
stated. In short, we shall use BI'T'S(s) for bil-ternary semigroup(s), BI'T'SS(s)
for bil-ternary subsemigroup(s), BI'LI(s), BT RI(s), BIMI(s) and BI'I(s) for
bil-left ideal(s), bil-right ideal(s), bil*-lateral ideal(s) and bil*-ideal(s) of a bil'-

ternary semigroup.

Proposition 3.2.1 Let T be a BI'T'S and ¢ # X C T, then
(i) TTTTX be a BU'LI of T.
(i) XTTTT be a BT'RI of T.

(i) TTXTTUTTTUXTT I'T be a BTMI of T.
Proof. It follows directly from the definitions of BI'LI, BRI and BI'MI. n

Lemma 3.2.2 Let T be a BI'TS, for anyt € T, define,

(iv) (t) =tUTTTTtUtITTT UTTtI T UTTTTtITTT.

Then (t), (t)r, (t)m and (t) are BTLI, BT RI, BTUMI and BI'I of T' respectively.

Proof. (i) Since (t); =t UTTTT¢, then

TTTI(t), = TUTD(tUTTTT)
= TTTTtUTTTTTIIT?
TTTTtUTTTTt, since TTTTT CT.
TTTTt C t UTTTTE = (1),
TTTT(t); < (t);, implies that (t); is bil-left ideal of T

N

(ii) and (iii). Proof is similar as (i).
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(iv) (t) = t UTTTTt UDTIT UTTHTT U TTTTUTTTT. As,

TTTT(t) = TTITEUTTITtUtITTT UTTHIT UTTTTtITTT)

= TTTTtUTTTTTTTITtUTTTTMITTT UTTTTTTHNT
UTTTTTTTTtITTT
ITTTTtUTTTTt U TTTITTT T U T T UTT TN TTT
TTTTtU T T UTTTTITTT
tUTTTTtUtITTT UTTIIT UTTTTICTTT = (¢t)

(t),

implies that (¢) is bil-left ideal. Similarly, we can show that it is bil-right ideal.
Now consider,

-
TTTT(t) C

TT()IT = TTrUTTTTtUtrTTTUTICT U TTTTICTrT)IT
TTHIT UTTTTTIMI T U T TTT T UTTTIETTT
UTTTTTTIITTTT
TTHITUTIMI T UTTHI T UTTTIUTTT U TTHIT

= TTI'TUTTTTITTT
tUTTTITtUtITTT UTTHIT UTTTTHITTT = (¢)
(t), implies that (¢) is bil*-lateral ideal.

N 1N

TT(#H)TT
Hence () is bil*-ideal of 7. .

Remark 3.2.3 The ideals (t);, (¢)m, (), (t) are called principal bil-left, bil-
right, bil'-lateral and bil-ideal of T' generated by t. Note that for any a € A C T,
agA(a)l = (4),, agA(a)m = (A, agA(a)r = (A), and agA(a) = (A) are bil-left
ideal, bil'-right ideal, bil'-lateral ideal and bil'-ideal of T' generated by A.

Lemma 3.2.4 LetT be a BI'T'S. Then

(i) The orbitrary intersection of BI'TSS(s) of T is again a BI'TSS of T.

(ii) The orbitrary intersection of BI'LI(s) (BI'RI(s), BIMI(s), BT'I(s)) of T
is a BUCLI (BURI, BCMI, BTI) of T.

Proof. (i) Let {A;,i € I} be a collection of bil-ternary subsemigroups of 7', then
AlFAerl g Ai7 for all € 1. Also ﬂIAZ g Az forall7 el then,
S

iel iel iel
implies that

(NA)T(NA)T(NA4;) € NA;

iel i€l iel iel
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Hence ,ﬂIAi is a bil-ternary subsemigroup of 7.
1€

(ii) Let {L;,7 € I} be a collection of bil-left ideals of Tthen TTTTL; C L;,
for all © € I. Also ’mei C L; for all 7 € I then,
1€

TTTr(NL;)) € TTTITL; C L;, for alli € 1.
iel
TTTT(NL;)) C L, for all ¢ € . Implies that
iel
TTTT(NL;) € NL,.
iel el
Hence ﬂ L; is a bil'-left ideal of T'. Similarly, we can prove for bil'-right and
bil'- lateral ideal of T. n

Definition 3.2.5 A nonempty subset () of a bil’-ternary semigroup 7" is called a
bil'-quasi-ideal of T if

QITTT NTTQTT NTTTIQ C Q

and
QUITT NTTTTQITITT NTITTQ C Q.

Definition 3.2.6 A bil'-bi-ideal B of a bil’-ternary semigroup 7" is a bil'-ternary
subsemigroup of T satisfying,

BI'TTBI'TTB C B.

We will write BI'QI(s) and BI'BI(s) for bil-quasi-ideal(s) and bil-bi-ideal(s),

respectively.
Proposition 3.2.7 LetT be a BI'TS. Then every BI'QI of T is a BI'TSS of T.

Proof. We suppose that () is a bil’-quasi-ideal of 7. Since

QrQrQ QI'TTT, QTQTQ C TTQTT and QT'QT'Q C TTTTQ.

-
= QIQIQ CUITTNTTRITNITTITTQ C Q.
= QI'QI'Q C @, since @ is bil'-quasi-ideal.

Implies that @ is bil’-ternary subsemigroup of 7. n
Proposition 3.2.8 The arbitrary intersection of BT'QI(s) of T is a BT'QI of T.
Proof. Straightforward. .

Remark 3.2.9 Note that a BI'LI (BI'RI, BI'MI)of T is also BI'QI of T but
any BTI'QI of T may not be a BT'LI (BT'RI, BT MI)of T, so we have following
lemma.
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Lemma 3.2.10 Let T be a BU'TS. Then every BT LI (BT'RI, BTUMI) of T is a
BTOQI of T.

Proof. Let L be a bil'-left ideal of T, then
TI'TTL C L,

which implies that
LTTTTNITTLITNTITTITL C L,

also
LTTTTNTTITLTTITT NTTTTL C L.

Hence L is bil'-quasi-ideal of T. Other cases are similar. n

Lemma 3.2.11 A nonempty subset QQ of T is a BI'QI of T if and only if it is
an intersection of a BI'LI, a BUMI and a BU'RI of T.

Proof. Let L, M and R be the bil'-left, bil'-lateral and bil'-right ideals of T'. Let
Q@ =RNMnNL, then

QUITT NTTRTT NTITTQ
=(RNMNOLITTTNTT(RONMNL)ITNITTT(RNMNL)
CRIMTTNTTMI'TNTTTTL

CRNMANL, since, L, M and R, are bil'-left, bil'-lateral, bil' — right ideals.

=Q.

Similarly, QUTTT NTTTTQTUTTT NTTTTQ C Q. Hence Q is a bil'-quasi-ideal
of T.

Conversely, let @ be a bil-quasi-ideal of T. For any ¢ € Q, (¢)1, (q)m, (¢), be
the bil'-left, bil'-lateral and bil'-right ideals of T" generated by ¢, then

€ (@)r N (@Qm N (q)

q m

U{g} € U(@,N U(@mn U

Slat & Ul@n Ulaan Ulo
(Q)i-

Q@ S (@)rN(Q)mN(Q)

Since, (Q); = Q U QI'TIT, (Q), = Q UTTQI'T U TTTTQITTT and (Q), =
QUTIT T'Q, then

(@)r N (Q)m N (Q)r
=(QUQTTTT)N(QUTTRTTUTTITQTITT)NQUTTTTQ
=QUQTTTT NTTRITNTTTTQ) U (QITTT NTTITQITTT NTTTTQ)
C @, Since @ is bil’-quasi-ideal of T,

which implies that Q = (Q), N (@) N (Q). Where, (Q),, (@), and (Q); are
bil'-left ideal, bil'-lateral ideal and a bil'-right ideal of T". Hence the proof. .
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Lemma 3.2.12 Let T be a BI'T'S and L, M,,R, be the smallest BI' LI, BT MI,
BURI of T. The Rs N\ My N Ly is the smallest BITQI of T.

Proof. Straightforward. u

Lemma 3.2.13 Let T be a BI'T'S. If Q be a BTQI of T and S be a BI'T'SS of
T, then QNS is a BI'QI of S.

Proof. Let @) be the bil-quasi-ideal and S be a bil'-ternary subsemigroup of 7.
If QNS # ¢, then as

(Q@NS)ISTSNST(QNS)ISNSTST(QNS)
C STSISNSTSTSNSTSTS, since QNS C S.
= SISTSCS.

Also,

(QNS)TSTSNST(QNS)ISNSTST(QNS)
QUSTS NSTRTS NSTSTQ, since QNS C Q.
QUITT NTTTT NTITTQ, since S CT.

Q, since () is bil'-quasi-ideal of T,

N 1N 1N

which implies that
(Q@NS)LSTSNST(QNS)ISNSTST(QNS) CQNS.
Similarly,
(QNS)ISTSNSTST(QNS)ISTSNSTST(QNS) CRNS.
Hence, Q N S is a bil'-quasi-ideal of S. .

Proposition 3.2.14 Let T be a BI'TS and X,Y (# ¢) C T, then XI'TTY is a
BUBI of T.

Proof. Let B = XT'TTY, as

BIBI'B = (XITTY)[(XTTTY)[(XTTTY)
XTTTYTXTTTYTXTTTY
C XITTTTTTTTTTTTTTY

C XITTY =B

which implies that B = XT'TTY is bil-ternary subsemigroup of 7" Also

BITTBITTB = (XTTTY)ITT(XTTTY)ITT(XTTTY)
XTTTYTTTXTTTYTTT XTTTY
C XITTTTTTTTTTTTTTTITTY

C XITTY =B

Hence B is a bil'-bi-ideal of T "
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Theorem 3.2.15 Let XY, Z(# ¢) C T, then XI'YT'Z is a bil'-bi-ideal of T if
any one of X, Y or Z is either a bil'-left ideal or a bil'-right ideal or a bil'-lateral
ideal of T.

Proof. We suppose that Z is bil'-left ideal of T then TTTTZ C Z. Let B =
XTYTZ then as,

BI'BT'B

(XTYTZ)D(XTYTZ)[(XTYTZ)
XTYTTTTTTTTITITT Z
XTYTTTTTZ,

XTYTZ = B, since TTTTZ C Z.

N 1N 1N

Implies that, B = XT'YT'Z is a bil'-ternary subsemigroup of 7.
Also

BITIBITTB = (XTYTZ)ITT(XTYTZ)ITT(XTYTZ)
C XTYTTTTTTTTTTTTTTTTTZ
C XIYTTITTZ
C XTYTZ = B, since TTTTZ C Z.

Hence B = XTYTZ is a bil'-bi-ideal of T. u
Lemma 3.2.16 Let T be a BI'T'S then every BI'QI of T is a BU'BI of T.

Proof. Let ) be a bil'-quasi-ideal of a bil-ternary semigroup 7" then

QITTT NTTQIT NTTTTQ
QITTT NTTTTQTTIT N TTTTQ

() and
Q.

-
-
Now, as

QITTQITIQ C QUTTTTTIT C QUTTT, and
QITTQITIQ C TTTITITIQ C TTTTQ, also
QITTQITTQ C TITIQITIT,

which implies that
QUITQUTTQ CQUITT NTTTTQUTTT NTTITQ,

= QITTQITTQ C Q.
Hence @) is a bil-bi-ideal of T .

Note that the converse of above lemma is not true (see Example 3.3.10).

Corollary 3.2.17 Let T be a BI'TS then every BULI (BI'RI, BUMI)of a T is
a BIU'BI of T.
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Proof. Follows from Lemma 3.2.10 and Lemma 3.2.16. "

Theorem 3.2.18 Let T be a BI'T'S and A be a BI'I and QQ be a BTQI of T then
ANQ is a BUBI of T.

Proof. Since ANQ C Aand ANQ C Q, where A is a bil-ternary subsemigroup
of T and () is a bil'-quasi-ideal of T then as,

(ANQTANQT(ANQY) C ATATAC A, and
(ANQNANQQTANQ) C QIEre C Q,
= (ANQIANQTNANQ) C AN,

implies that AN Q 1is a bil-ternary subsemigroup of 7.
Since () is bil'-quasi-ideal and hence a bil-bi-ideal then,

(ANQITTT(ANQITTT(ANQ) CRITTRTTTQ C Q.
Also, since A is a bil'-ideal and hence a bil'-lateral ideal of T" then
(ANQITT(ANQ)TTT(ANQ) C AT(TTATT)'A C ATAT'A C A.

This implies that (AN QITT(ANQ)ITT(AN Q) € AN Q. Hence ANQ is
bil’-bi-ideal of 7 n

Lemma 3.2.19 Let T be a BI'TS, then the arbitrary intersection of Bl BI(s) of
T is a BI'BI of T.

Proof. Straightforward. .

3.3. Regular bil-ternary semigroup

Definition 3.3.1 Let 7" be a BI'T'S. An element a € T is called a bil'-regular
element of T'if a € al'TTalTTa, i.e. there exists x,y € T and «, 3,7,0 € I" such
that a = aaxfayyda. A BI'TS, T is called a regular bil'-ternary semigroup if its
every element is a bil-regular element.

Lemma 3.3.2 Every BI'M 1 ideal of a reqular BI'T'S is a regular BI'T'S.

Proof. Let T be a regular BI'T'S and M be a BI'M 1 of T' then TTMTI'T' C M.
Let a € M then a € T and T is regular, so there exist z,y € T, o, 3,7,0 € T,
such that
a = aaxfayyda
= aaxfayydaczfayyda = ac(xfayy)dac(zfayy)da
= aamdaamda, where m = xzfBayy € TTMI'T C M.
€ al'MTal’'MTa,

which implies that a is regular in M. Hence M is regular bil’-ternary semigroup.m

Note that a BI'LI and a BI'RI of a regular BI'T'S may not be a regular
BI'TS.
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Corollary 3.3.3 FEvery BI'I of a reqular BI'T'S is a reqular BI'TS.
Proof. Straightforward. .

Definition 3.3.4 Let T be a BI'T'S and [ be a BI'I of T. Then [ is called an
idempotent BI'I of T'if ITIT'] = 1.

Lemma 3.3.5 LetT be a reqular BI'T'S. Then every BUMI of T is an idempotent
BTI of T.

Proof. let M be a bil'-lateral ideal of a regular bil'-ternary semigroup 7" then
MTMTM C TTMTT C M. For any m € M, m € T, (Since M C T) and T is
regular, m € mI"TT'mI"T'T'm implies that

m = maxfmyydm, for, x,y € T and «, 3,7, € I.
= ma(xBmyy)om
€ MI'MI'M, implies that

M C MI'MTM.

Hence MT'MT'M = M, implies that M is idempotent. .

Theorem 3.3.6 Let T be a BI'T'S, then the following statements are equivalent,
(i) T is reqular.

(il) RTMTL = RN M N L, where, L, R and M are BT LI, BTURI and BI'M1
of T.

(iii) (a) L' (b)mI'(c) = (a), N (b)m N ()i, for every a,b,c € T.
(iv) (&)L (&)l (t) = )y N (t)m N (t), for each t € T.

Proof. (i) = (ii) Let T" be a regular BI'T'S and R, M, L be the bil*-right, bil'-
lateral and bil'-left ideals of 1" then as

RI'MTI'L C RI'ITT CR

RIT'MT'L C TIMI'T' C M and
RI'MT'L C TI'ITL C L, implies that
RI'MI'L C RNnMnNL.

Now let a € RNMNL C T and T is regular then there exist x,y € T, o, 3,7v,0 € T’
such that a = aaxBayyda. Also

a = aaxfayyda = ac(xBayy)da € RTMTL
= RNMNLCRI'MTIL.

Hence RNMNL=RI'MTL.
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(ii) = (iii) Let RN M N L = RITMTL, for every bil*-right R, bil*-lateral M
and bil-left ideal L of T For a,b,c € T, taking R = (a),, M = (b),, and L = (c),,
by (ii), we have (a),I'(b)I'(¢c)i = RTMTL=RNMNL=(a), N ()N (c).

(iii) = (iv) Taking a = b = ¢ = t, then (iii) becomes (t),['(t),,I'(t), =
()r N () O ()1

(iv) = (i) For any t € T, the bil'-right ideal, bil*-lateral ideal and bil'-left
ideal of T" generated by ¢ are given as,

(t), = tUTTTT,
()m = tUTTICT UTTTTCTTT
(t) = tUTITT%.

By given condition

@) N () N (E)r = () L(E)mI(2),
= (tUtTTT LU T T UTTTTHTTT) It U TTTT
= (tI'tTt) U (TTTtCTT) U ((TTTTTtCt) U (tKtTTTTT )
UTTTTTtITTTTY).
Since, t € (), N (t)m N (£);.
If t € tI'tI't, then
t = tatpt, for a, €.
= tatPtatpft € tI'TTI'TTt, t is regular.
Ift e tI'TTtI'TTt, then t is regular.
If t e tI'TTTTtI't, then
t = taxPyvtot, forx,y €T, a,(,v,0 €.
= ta(xByyt)dta(zLyyt)ot
€ tI'TTtI'TTt, since, xfByyt € T, =t is regular.
If t e tTtI'TTTTt, then

t = tatPryyit, forx,yeT, a,3,v,6 €I
= ta(tBzyy)dta(tfzyy)dt
€ tI'ITtI'TTt, since, tBxyy € T, =t is regular.
If t etI'TTTITtI'TTTTt, then as

tI'TTTTrITTTt C tIITTTTTITTTTE, since, t € T.

tI'r'T't, since TTTTT CT.

tI'"I'Tt, then

taxpt, x €T, o, €.

= taxftaxft € tI'TTtI'TTt, =t is regular.

m 1N

~
I

Since t € T is arbitrary. Hence T is regular bil’-ternary semigroup. .
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Theorem 3.3.7 Let T be a BI'T'S, then the following statements are equivalent,
(i) T is reqular
(i) RI'TTL = RN L, for every BTRI, R and BU'LI, L of T.

(iii) (s).LTT(t); = (s), N (t);, for every s,t € T.

(iv) (1), I'TT(t); = (t), N (t);, for eacht € T.
Proof. Straightforward. n

Theorem 3.3.8 Let T be a BI'T'S then the following statements are equivalent,
(i) T is reqular.
(i) BITTBI'TTB = B, for every BI'BI, B of T.

(i) QITTRITIQ = Q, for every BTQI, Q of T.

Proof. (i) = (ii) Let T'be a BI'T'S and B be a BI'BI of T' then BITT'BI'TTB C
B. Now, for b € B C T, where T is regular, b € bI'TTb'ITTh C BI'TTBI'ITB,
implies that, B C BI'TTBI'ITB. Hence BI'TTBI'TTB = B.

(ii) = (iii) We suppose that (ii) holds and @ be a bil'-quasi-ideal of T then
by Lemma 3.2.16, Q is a bil'-bi-ideal of T and by (ii), QI'TTQT'TTQ = @, holds.

(iii) = (i) We suppose that for any bil'-quasi-ideal @ of T, QU TTQUTTTQ =
@ holds. Let R,M and L be the the bil'-right, bil'-lateral and bil-left ideals
of T respectively. Then RN M N L = @ be a bil'-quasi-ideal of T and by the
supposition

erTPerTFQl = Ql =RNMnN L, and
QrITTrer'irrQY, € RIMTTMIITL C RTMTL, since M is lateral ideal.
This implies that, RN M NL C RI'MIL.

Also,

RI'MTL
implies that, RI'TMT'L

RI'TTT C R, RTMI'L C M and RUMI'L C L,

C
C RNMnNL.

Hence RTUMT'L = RN M N L, which implies that by Theorem 3.3.6,T is regular.m

Lemma 3.3.9 Let T be a BI'T'S. Then T is regular if and only if every BI'I of
T is an idempotent BI'I.
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Proof. Let T be a regular BI'T'S and A be a bil'-ideal of T. Then AT'AT'A C A.
Now, let a € A C T and T is regular then there exist z,y € T and «, 3,7,0 € '
such that

a = aa(xfayy)da,
€ AT'AT' A, since, xfBavyy € TTAI'T C A.
A C ATATA.

Hence ATAT'A = A ie. A is idempotent.

Conversely, we suppose that every bil'-ideal of T' is idempotent. Let A, B, C
be three bil-ideals of T' then A N B N C' is also a bil'-ideal of T" and hence by
supposition

(ANBNC)YI'ANBNCO)IN(ANBNC)=(ANnBNC).

Since, A, B,C are bil'-ideals of T then A'BI'C' C AT'TT'T C A, AI'BT'C
CTI'BI'T C B and ABI'C CTT'TT'C C C, implies that ATUBI'C C AnNBNC.
Also, ANBNC CAANBNC CBand ANBNC CC, implies that

(ANBNCY'(ANBNC)I'N(ANBNC) C AI'BI'C,
implies that, AN BNC C AI'BI'C.

Hence AT'BI'C' = AN BN C and by Theorem 3.3.6, T is regular. .

Example 3.3.10 Let T be a BI'T'S. Then a BI'BI of T may not be a BI'QI
of T.

Proof. Let T be a BI'T'S, which is not regular. Let Ly, M, and R, be the
smallest bil'-left ideal, bil'-lateral ideal and bil'-right ideal of T then by Lemma
3.2.12 and 3.2.16, R,I'M,I'L, is a bil'-bi-ideal of T. We claim that R, M,I'Ly is
not a bil'-quasi ideal of T, otherwise, consider as

RIMJIL, C RJTTT C R, since R is bil'-right ideal.
RIMJIL, TTMJIT C M, since M, is bil'-lateral ideal.

-
RIMJIL, C TTUTTL, C L,, since L, is bil'-left ideal,

implies that, R,I’M, 'L, C Rys N M, N L.

Now, if R, ML, is a bil'-quasi itdeal of T then by Lemma 3.2.12, R, N
M, N Ly is the smallest bil'-quasi tdeal of T. Which implies that R, N M,N L, C
RJIM[IL,. Hence RN M,N L, = RIMJI'L,, where Ly, My and R, be the bil'-
left ideal , bil'-lateral ideal and bil-right ideal of 7. But this hold only if 7" is a
regular bil'-ternary semigroup, which is a contradiction. Hence R,JI'M,I'L; is a
bil'-bi-ideal of T but not a bil'-quasi ideal of T. u

From the above example, we can write the following lemma.

Lemma 3.3.11 Let T be a reqular BI'T'S. Then every BI'BI of T is a BI'QI
of T.
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Proof. Straightforward. .
By combining Lemmas 3.2.16 and 3.3.11, we can write the following theorem.

Theorem 3.3.12 Let T be a reqular BI'T'S. Then a nonempty subset A of T is
a BU'BI of T if and only if it is a BT'QI of T.

Also, in view of Lemmas 3.2.11 and 3.3.11, we can write the following theorem.

Theorem 3.3.13 Let T be a regular BI'T'S. Then a BI'T'SS of T is a BI'BI of
T if and only if it is an intersection of a BI'LI, a BUMI and a BT RI of T.
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