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Abstract. In this paper, by the sorting method of vertices, it is obtained that the
equitable chromatic number and the equitable chromatic threshold of the Cartesian
products of fans with bipartite graphs.
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1 Introduction

All graphs considered in this paper are finite, undirected, loopless and without
multiple edges. For a positive integer k and a real number z, let [k] = {1,2, ..., k},
[x] and |z| denote the smallest integer not less than z and the largest integer
not greater than x, respectively.

A graph G is said to be k-colorable if there is a map ¢ : V(G) — [k] such that
adjacent vertices are mapped to distinct numbers. The map c is called a proper
k-coloring of (G, and all pre-images of a fixed number form a so-called color class.
No two vertices are adjacent in each color class. The chromatic number of G,
denoted by x(G), is the smallest number k such that G is k-colorable.
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A graph G = (V| E) is said to be equitably k-colorable if V' (G) can be divided
into k independent sets Vi, V5, ..., Vi such that ||V;| — |V;|| < 1 for all 4,5 € [k].
The smallest integer k for which G is equitably k-colorable is called equitable
chromatic number of a graph G, and denoted by y—(G). The equitable chromatic
threshold of a graph G, denoted by x%(G), is the minimum ¢ such that G is
equitably k-colorable for all £ > t. It is evident from the definition that

X(G) < x=(G) < XL(G)

for any graph G.

Equitable coloring as a special vertex coloring on graphs was first introduced
by Meyer[1]. His motivation came from the problem of assigning one of the six
days of the work week to each garbage collection route. Here, the vertices repre-
sent garbage collection routes and two such vertices are joined by an edge when
the corresponding routes should not be run on the same day. The problem of
assigning one of the six days of the work week to each route becomes the problem
of 6-coloring of GG. On practical grounds it might also be desirable to have an
approximately equal number of routes run on each of the six days, so we have to
color the graph in the equitable way.

Another application of equitable coloring is in scheduling and timetabling.
Consider, for example, a problem of constructing university timetables. It is
known that this problem can be modeled as coloring the vertices of a graph G
whose nodes correspond to classes, edges correspond to time conflicts between
classes, and colors to hours. If the set of available rooms is restricted, then we
may be forced to partition the vertex set into independent subsets of as near
equal size as possible, since then the room usage is the highest. For applications
of equitable coloring such as scheduling and constructing timetables, please see
11, [5), [11], [12], [13].

In [3], by Lin and Chang, it is obtained that the exact values or upper bounds
of the equitable chromatic number on Kronecker products of G and H, when G
and H are complete graphs, bipartite graphs, paths or cycles, and in [4], it is
studied that the equitable colorings of Cartesian product of paths and cycles,
respectively, with bipartite graphs. In [16], Lih and Wu studied the equitable
colorings of bipartite graphs, and in [17], Lih gave a good survey for this coloring.
In [23], Zhu gave a survey for Hedetniemi’s conjecture about the tensor product
of graphs. The general problem of deciding if x_(G) < 3 is NP-complete [10]. If,
however, G has a regular or simplified structure we are sometimes able to provide
a polynomial algorithm coloring it in the equitable way. For more details about
this coloring, please see [1], [2], [6], [7], [8], [14], [20], [21], [22].

The Cartesian product of graphs G = (V, Ey) and H = (V5, Es) is the graph
GUOH with vertex set {(u,z) | u € V1,2 € Va} and edge set

{(u,z) (v,y)|lu=v with zy € Ey or x =y with w € E;}.

Graph products are interesting and useful in many situations. For example,
Sabidussi [19] showed that any graph has the unique decomposition into prime
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factors under the Cartesian product. The complexity of many problems, also
equitable coloring, that deal with very large and complicated graphs is reduced
greatly if one is able to fully characterize the properties of less complicated prime
factors.

In the present paper, we study the equitable colorings of Cartesian products
of fans with complete bipartite graphs.

2. Main results

In the following, let s,l,m,n,n’ be all nonnegative integers, F, .| represent the
Fan with vertex set V (F11) = {z,z1,22,...,2,}, and H represent a complete
bipartite graph with two parts Y = {y1, 99, ..., ym} and Z = {z1, 29, ..., 2, } where
m > n. We will study the equitable chromatic number and the equitable chro-
matic threshold of the Cartesian product F,,,10H according to the parity of n’
and m.

On the other hand, if n = 1, then H is a star and denoted by K, . If
n'+1=2orn +1=3, then F, . is a path or a cycle. In this paper, we always
suppose that n’ +1 > 3. Clearly, x—(F,y+10H) > x(Fn41) = 3.

Yi o Ys Ysp1 * o
e
Xz PP @ . @: 000 @ e .
1 T PO - @ccooo- Py @ oo o 'y
i) 9 @ o oo o PP . @ oo o 'y
I3 xIs3 PP PP Py PRSI .
X4 T4 P . @c oo . P °
x5 Ts P . @c oo . P °
Fn’Jrl: . : :
Tp/—4 Tn/—4 .,.,,:.,”.:....,:,,.,. 0ccvoce
Ty —3 Tpi_s3 .. cleci.... . .. .
Tp/_9 Tp/—2 P .@c oo N P .
Tp/—1 Tp/—1 P -@c oo . P o
Tt Ty P . @c oo . P °

Figure 1. The Cartesian product F,,, . L1H

Theorem 2.1. Suppose that m > n > 1,1 > 2 and k > 4. If n’ = 2l, then
F10H 1s equitably k-colorable.

Proof. The structure of the Cartesian product graph F,,,10H is represented in
Figure 1.
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Form=2p+1,p>0and s=p+1 (orform=2p, p>1ands=p), we
will sort the vertices of F),, ;0H as following.

(l’ yl) (l’ y2) (Iays> ) (xlv Zl) ) (1‘3, Zl) L) (IZ}L—l? Zl) R (xn’—la Zl) )

(21, 22), (x3,22) o (Ton-1,22) oy (X1, 29) 5oy (1, 20) 5 (T3, 20) 5 - - -

(:E?h 1y Zn) 9 (In’—la Zn) ) (m27 ys+1) ) (1‘4, ys-i-l) ) ($2h7 ys+1) Y (xn’v ys+1) )
(332, ys+2) (x4a ys+2) ) (x2h7 y5+2) R (2?;1, ys+2) PRI (an ym) ) (3347 ym) )
(x2h> ym) DR (xn’a ym) ) <x2a 3/1) ) (x27 y2) T (x27 yS) ) ($47 yl) ) ($4, y2) R (33‘4, yS) )
($2h7 yl) (IQhayQ) T (mth yS) L) (xn’v yl) ) (xn’a y2) L) (xn’v y8> )

( ) (I ZQ) ,(ZL’, Zn))(xhys—i-l)7(x3’ys+1>7“'7

($2h 1) ys-l—l) ) (I‘n/_l, ys-i-l) ) (xla ys+2) ) ($3, ys+2) PRI

(Ton—1,Yst2) s (T 1, Ysr2) 5o (X1, Ym) 5 (T3, Ym) 5 - - -

(

(

8

L2h—1, ym) ) (mnul,ym) ) (1’1, y1) ) (xl, yz) cee (951,%) )

r3,91) ($37y2) (@3,9s) - (P21, 91) 5 (Tan-1,92) -+ (Tan-1,Ys)
., (xn/_l, v1), (ZEn'—1, Y2) sy (Tr_1,Ys), (T2, 21) , (w2, 22) 4 - .+, (22, 2)

(x4,21) (T4, 29) ooy (Tay 20) 5o ooy (Ton, 21)  (Ton, 22) 5 oy (Topy 20) 5 - - o

(xn’7 Zl) ) (:En’a 22) PRI (In” Zn) ) (xv ys-i-l) ) (xv ys+2) PRI ($a ym) s

where h is a positive integer and 1 < h < [. It is not difficult to verify that the
smallest cardinality of independent set consisting of consecutive vertices is at least
min{lp+nl+p+1,2pl + 1+ n} for m = 2p+ 1 and min{2lp + n,nl + pl + p} for
m = 2p.

Let

o) — {(21+1)(m]—:n)+t—1J7

where ¢t € [k]. By [ > 2 and k > 4, we have

o {(zu 1)}5m+n)J

<o =

WHl)(mZnHk_lJ _ [<2z+1>]{(:m+n)w . [(2l+1)im+n)]

If m =2p+1, then

5, < {(2l + 1)im+n)w

<min{lp+nl+p+1,2pl + 1+ n}.
If m = 2p, then

< min{2lp + n,nl + pl + p}.

Ot >

[(2[ + 1)im +n)w

Hence, according to the vertex sorting above, the vertex set of F,,.10H can be
partitioned into k independent sets with cardinality oy, 09, ..., 0, respectively.
Therefore F,,,,1OH is equitably k-colorable. n
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Theorem 2.2. Suppose that m > n > 1.
(1) Forn’ =4 and 2n —m € {0,+1, +£2}, or
(2) Forn' =2l,1>3 and m = 2n,
we have that F,,10H is equitably 3-colorable, and then x* (F,+10H) = 3.

Proof. (1) Assume that s is a nonnegative integer, then we can partition the
vertex set V(F,,410H) into the following three parts:

‘/1 :{(Lyl)a(%?ﬂ)w--a(35795)7(5131721)7(173,21)»(551,2’2);($3az2)a---7($1azn)a }
(:E37 Zn)a (an ys-i-l)a (33'4, ys+1)> ($27 ys+2)a (1’4, ys+2)a ceey (:E27 ?Jm)7 (1'4, ym)

‘/2 _ { (xbyl)a <x17y2>7 R3] (wlays)a (x37y1)7 (353,92)7 R3] (x?nys)a <x2721): (332722)7}
L3} <x27 Zn)a (I’4, Zl)? (334, z2)7 RS (.134, Zn)7 (Z‘, y8+1)7 (xaySJrZ)’ ceey (.CU, yWL) ’

and

‘/3 _ { (1‘2791)7 (l’g, 92)7 (ERE) (an ys)’ ($47y1)7 (1:4’ 92)7 (ERE) (I’4, ys)a (:L‘7 Zl)v (l’, 22)7 a}
(1"7 Zn)v (:Bla ys-i-l)a (.1'3, ys+1)7 ('Ila ys+2)7 (1‘3, ys+2)a ceey (xlv ym)a (1'3, ym) ’

where |Vi| =2n+2m — s, |[Va| = 2n+m + s, and |V3| = n + 2m.

Ifm=2n+1and s =n+1, then |Vj| = 2n+2m —s =dn+ 1, |V;| =
2n+m+s=>5n+2, and |V3| =n+2m =5n+2If m =2n — 1 and s = n, then
Vi| =5n — 2, |Va| = 5n — 1, and |V3| = 5n — 2.

If m =2n and s = n, then |Vi| = 2n+2m — s = 5n, |Vo| = 2n+m + s = 5n,
and |V3| =n + 2m = bn.

If m=2n+2and s =n+1, then |Vi|] = 2n+2m —s = 5n+ 3, |Wa| =
2n+m+s=>5n+3, and |V3| =n+2m = 5n + 4.

Ifm=2n—-2and s =n—1, then |Vi| = 2n+2m —s = bn — 3, |V;| =
2n+m+s=>5n—3, and |V3| =n+ 2m =5n — 4.

Therefore, F,,.10H is equitably 3-colorable. By Theorem 2.1, we have
X*:(Fn’+1DH) =3.

(2) Assume that s = n and 1 < h <[, then we will partition the vertex set
V(Fv+10H) into the following three parts:

(337?/1) 3 (xva) PR (l’,ys) ) (xlazl) ) ('173721) JACRICI) (th—th) P

(.Tn/,l, 21) s (513'1, 22) y (1'3, 22) sy (Z’Qh,l, 22) Yoy (SCnlfl, 22) yee ey
‘/1 = (ben)7(x3azn)7--'7(‘T2h7172n)7‘"7(xn’717zn)7(x27y8+1)7(x47y8+1>7 ;
ceey (tha ys+1> PRI (In/, ys+1> ) (x% y8+2> 3 ($47 y8+2) PICE) (tha y8+2) 3

---7($n’,y3+2),-'-,($27ym),(x47ym),---,(th,ym)7---,(In’,ym)

(1, 91), (@, y2) - (01, 9s) 5 (@3, 91) 5 (T3, 92) - (3, 9s)
ceey ($2h717y1) ) (96’2h71>?/2) Yo (-Tthl?ys) Y (l’nubyl) )
Vo = (xn’*17y2)"'7(xn/flays)7(x27zl)7<x27z2)7"'7(x27zn)7 )
(x4,21), (T4,29) 5oy (g, 20) 5 - oy (Tan, 21) , (T2n, 22) 5 - oy (Tan, 2n) s
co (T 21) s (T 22) oo (@, 20) 5 (2, Ysa1) 5 (T, Ysa2) s - ooy (2, Ym)
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and
(552,91) ) (952»92) sy ($27ys) ) ($4,y1) ) (CC4, y2) cey (1‘47%) P ("L‘th yl) ;
(x2h7y2)7"'7($2h7y8)7'--a(xn’7y1)7<xn’ay2)7"'a(xn’7y8)7(xazl)7

‘/3 - ([L’, 22) P (‘1'7 Zn) ) (mlaySJrl) ) (x37y5+1> VI (x2h717y5+1) )
teey (In/*la ys+1) ) (xh y8+2) ) (I’g, y8+2) PR <x2h717 Z/s+2) Yo

($n/_1,ys+2) P (‘rlvym> ) (Z’g, ym) P (th—la ym) yert (I‘n/_l, ym)

It is easy to see that |Vi| = (2l+1)n, |Vo| = (214 1)n, and |V3| = (20 +1)n. Hence
F,,10H is equitably 3-colorable. By Theorem 2.1, we have x* (F,;;10H) = 3. =

Theorem 2.3. Suppose that m >n > 1,1 > 1 and k > 4. If ' =20+ 1, then
F10H 1s equitably k-colorable.

Proof. Form=2p+1,p>0and s=p+1 (or m =2p, p > 1 and s = p), we
sort the vertex set of F,,10H as following:

(1), (x,92) 5y (mys) s (2, 21) (24, 21) - ooy (Tonao, 21) e oy (X1, 21)
(9, 29), (T4,22) .oy (Tapt2, 22) ooy (X1, 22) 5 ooy (T2, 20) (T4, 20)

SR (x2h+27 ZN) PRI (xn’—h ZN) ) (1’17 ys-i-l) ) (333, ys-l—l) DRI (x2h’+1a ys—H) 5
) (xn’a Yst1) 5 (9517 ys+2) (%3, Yst2) 5 - -y (Tonrsa, ys+2) yeees

(an/,strQ) P (xlvym> ) (x?nym) P ($2h’+173/m> PR (xn’7ym) )
(1317?/1) 3 (xbyQ) ) (xlays) 3 (x37y1) ) (x3792) ) (x37ys) [

(x2h’+1a yl) ) (th’-i—h 92) R (th’-i—h ys) P (xnU ?Jl) ) ("L‘n’) 92) )
R (xnla ys) ) (._'L', Zl) ) (‘7}7 22) PRI (l’, Zn) ) ('I27y5+1) 3 ($4,y5+1) P
($2h+27 strl) P (xn’fla ys+1) ) (:EZ? ys+2) ) (1134, ys+2) gy (x2h+27 strQ) 3

o (T, Ysa2) s (X2, Ym) s (T4 YUm) 5oy (Tona2, Um) s -« oy (Tr—1, Ym)
(T2,41) 5 (T2, y2) -5 (T2, Ys) s (Tas91) 5 (T4, 92) s (T4, Ys) 5+ -+, (Tang2 1)
(I2h+2, yz) cee (I2h+2, ys) Yoy (xn'—h y1) ) (xn'—l, y2) ce (%/—1, ys) )
(x1,21), (x1,22) 5oy (1, 20) 5 (23, 21) (T3, 22) 5 -+ oy (X3, 20) 5 - - - s

(Jﬁghq_l, 21) s (.CEQh/_H, Zg) y oo s \L2R/+1, Zn) g ey (:Cn/, Zl) s (.CEn/, 22) sy

(xn’a zn) ) (:L‘,ys+1) ) (xvys+2> PRI (xaym> )

where h,h’ are all nonnegative integers, 0 < h <[ —1,and 0 < A’ < [. Tt is
obvious that the smallest cardinality of independent set consisting of consecutive
vertices in the order above is at least

min{lp+nl+2p+ 1,2lp+1+n,pl +nl+p+1+n}
when m = 2p + 1 and
min{2lp +n,nl +p(l+2),(l+1)p+nl +n}

when m = 2p.
Let

”— {(2l+2)(ml—€kn)+t—1J’
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where ¢t € [k]. By [ > 1 and k > 4, we can obtain that

L(21+2)]£m+n)J <o = L(2l+2)(mzn)+k—1J _ [(2l+2)k(m+n)w
. [(21+2)im+n)-"

o1 =

If m=2p+1, then

. {(2l+2)im—l—n)—‘

op < <min{lp+nl+2p+1,2lp+1+n,pl+nl+p+1+n}.

If m = 2p, then

{(2l + 2)im+ Tﬂ

o < < min{2lp +n,nl + p(l +2), (L + 1)p+ nl + n}.

Therefore, according to the vertex ordering above, the vertex set of F,,10H can
be partitioned into k£ independent sets with cardinality oy, 09, ..., 0%, respectively.
Hence F,,,10H is equitably k-colorable for k > 4. "

Theorem 2.4. Suppose that m >n > 1.
(1) If n' =3, and 2n —m € {0, £1, £2}, or
(2) if 1 >2,n=2l4+1 and m = 2n,
then F,,10H is equitably 3-colorable, and x* (F,y10OH) = 3.

Proof. (1) Assume that s is a nonnegative integer, then we can partition the
vertex set V' (F,,;10H) into the following three parts:

] (), (y2) - (7 ys) (02, 21) (202, 22) -, (T2, 20)
" _{ (@1, Ys1) 5 (@3, Ys1) 5 (1, Yst2) 5 (23, Yst2) 5 - - (21, Ym) 5 (€3, Ym) }
_ (m27y1)7($27y2) (x%ys)?( Ty, Zl)v(x17z2>7"'7(x172n)7
V2 B { (x37 Zl) ) ($3, 22) PRI (1737 Zn) ) <I7y8+1> ) ('Iays+2> y et (x7ym) } ’
and

_ (@ny) (@nye) o (@ ys) s (@3, y1) 5 (23, 92) - (23, Ys)
VS _{ (xvzl)7(I’22>7"'v(w7zn)7(x27ys+1)7(x23ys+2)7"'7(x27ym) }’

where |Vi| =n+2m —s, |[Vo| =2n+m, and |V3] =n+m + s.

Ifm=2n+1and s =n+1, then |Vj] = n+2m—s =4n+ 1, |V5| =
2n+m=4n+1,and |V3| =n+m+s=4n+2. f m =2n —1 and s = n, then
Vil =4n — 2, |Va| =4n — 1, and |V3]| = 4n — 1.

If m =2n and s = n, then |Vi| = n+2m —s = 4n, || = 2n+m = 4n,
and |[Vi| =n+m+s=4n. lf m =2n —2 and s = n — 1, then |Vi| = 4n — 3,
Vo] =4n—2, and |V3| =4n—3. If m =2n+2 and s = n+ 1, then |V}| = 4n+ 3,
|Vo| =4n + 2, and |V3] = 4n + 3.
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Hence F, . 10H is equitably 3-colorable. Applying Theorem 2.3, we have

(2) Assume that s =n, 0 < h <[l—1,and 0 <A’ <. Then we can partition
the vertex set V(F,,10H) into the following three parts:
(w>y1) ) (xva) I (l‘, ys) ’ (1:27 Zl) ) (ZL"4, Zl) I (x2h+2a Zl) PRI )
(Tpr—1,21), (T2, 22) , (4, 22) ooy (Tony2, 22) ooy (Tpro1,22) -
(T2, 2n) 5 (4, 20) s - - -5 (Tong2, 2n) 5 - o o5 (Twr—1, 20) (21, Yst1)
<$3, ys—H) LR (I2h’+17 ys—i—l) L) (xn’a ys—i—l) ) (1’1, ys+2) ) <I37 ys+2) )
SRR ($2h’+1, ys+2> PRI (l’n/, ys+2> PRI (xla ym) ) (m37ym) )
\ " (th’-Haym) yt (wn’aym)

(T2, 91) 5 (T2,92) -+ (T2, Ys) 5 (T4 y1) 5 (T4, 92) -+ (Tas Ys) 5+

(Tont2, Y1), (Tong2, ¥2) - o5 (Tang2, Ys) 5 - - oo (Tw—1,91) 5 (Twr—1,92)
Vo=1¢ .. (Two1,ys), (21, 21),(T1,22) 5. -, (21, 20) , (23, 21) , (T3, 22) , ,

ey (l’g, Zn) Sy (CL’Q},/_H, Zl) s (Ighq_l, 22) gy (J]gh/+1, Zn) sy

(In’v Zl) ) (xn’7 ZQ) IR (:L"n/, Zn) ) (x7ys+1) J (l‘, ys+2) Y (xaym)

and

\

( (171,y1) ) (xby?) Yt (231,ys) ) (:U?)J yl) ) <x37 y2> SR (17373/5) )
ceey (xzh'+1, y1) ) (Izhurh y2) Y (x2h’+1; ys) Y

v, = (T sy1) s (Tny Y2) 5 ooy (T ys) 5 (2, 21) 5 (2, 22) oy (2, 20)

(72, Ys11) » (T4 Yst1) 5 -, (Tong2s Yst1) 5 - (Tr—1, Y1)

(1’27 ys+2) ) (564, ys+2) Yo (l’2h+2> ys+2) Yoy (mnul, ys+2) )

L (2 Ym) s (4, Ym) - (T2ng2s Ym) 5 - - (Tnr—15 Ym) )

It is obvious that
Vi = |Va] = V3] = (2 + 2)n.

Hence F,,10H is equitably 3-colorable.
By Theorem 2.3, we have x* (F,,;;0H) = 3. ]
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