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Abstract. This paper aims to discuss Heinz inequalities for unitarily invariant norms.
We present some refinements of the Heinz inequalities for matrices due to Kittaneh
[Integr. Equ. Oper. Theory, 68:519-527, 2010]. Our results generalize the results shown
by Feng [J. Inequal. Appl., 2012:18, 2012], Wang [J. Inequal. Appl., 2013:424, 2013]
and Yan et al. [J. Inequal. Appl. 2014:50, 2014].
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1. Introduction

Let M,,, be the space of m x n complex matrices and M, = M, ,. Let ||| - |||
denote any unitarily invariant norm on M,,. So, |[[UAV||| = |||A]|| for all A € M,
and for all unitary matrices U,V € M,. The Ky Fan k-norm |||-|||x) is defined as

k
NAIw =) i (A), k=1,---n,
j=1

where s (A) > s9(A) > -+ > 5,1 (A) > s, (A) are the singular values of A, that

1
is, the eigenvalues of the positive semidefinite matrix |A| = (AA*)2, arranged
in decreasing order and repeated according to multiplicity. The Schattenp-norm
|| - |||, is defined as

n 1/17
A, = (ZS?UU) = (A", 1<p< oo
7=1

It is known that these norms are unitarily invariant [1].
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Let A, B, X € M, such that A and B are positive semidefinite. Then, for
every unitarily invariant norm, the function

p(v) = [[[A"X BT + ATX B

1
is convex on [0, 1], attains its minimum at v = 3 and attains its maximum at
v=0and v = 1. Moreover, p (v) =p(l —v) for 0 <v <1.

Bhatia and Davis proved Heinz inequalities in [2] that if A, B, X € M,, such
that A and B are positive semidefinite, for 0 < v < 1 and for every unitarily
invariant norm, then

2/||AzX B3 ||| < [[[A"XB'"" + ATV X B

(1)
< [[|AX + AB||.

For more information on Heinz inequality for matrices, the reader is referred
to [2]-[7].

By the convexity of function ¢ (v) = |||A*X B™* + A" X B"|||, Kittaneh [3],
Feng [4], Wang [5] and Yan et al [6] got some refinements of (1). In this paper, we
also present several refinements of (1). Our results are generalization of results
shown in [3]-[6].

2. Main results

In this section, we present several improvement refinements of the Heinz inequal-
ities, to do this, we need the following lemmas.

Lemma 1. (Hermite-Hadamard Integral Inequality) [3] Let f be a real valued
convez function on the interval [a,b]. Then

(5 <5ty [ roms 1010

Lemma 2. Let f be a real valued convex function on the interval [a,b]. Then

b b
1Y) <52 [ 1o
1 a+b

o (=@ 2 (50 -1 )

NIOESI0]
- 2

IN

where n > 2 is an integer.
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Proof. By Lemma 1, we can easily verify the inequality

o |- D r@2r (5) + - p s < LD,

Then, we will prove the following inequality:

1 a+b

L[ g lw-nr@er (S5 -]

Using Lemma 1, we have

a+b

1 b 1 ER 1 b
b_a/a f(t)dt:b_a/a f(t)dt+b_a/a;bf(t)dt

_ 1 [f(a)ntf(‘%b)'b—a+f(“7+b)+f(b)_b—a]
“b—a 2 2 2 2
— @2 () v r0)
1 [n a+b n
:%Ef(a)ﬂ”lf (T)Jrgf(b)}
<5 5@ 2 (52) + T @+ S 0) + 51 0)
— 5 |- D@ er (50) 4 -0 50
This completes the proof. .

Applying Lemma 2 to the function ¢ (v) = |||[AYX B'™" + A" X BY||| on the
interval [u, 1 — u] when 0 < u < =, and on the interval [1 — u, u] when 5 <u <1,

we achieve a refinement of the first inequality in (1).

Theorem 1. Let A,B, X € M, such that A and B are positive definite, for
0 <wu <1 and for every unitarily invariant norm. Then

1
|1 — 2u|

1 1 1
) < - [m-DlAmX B+ A ex B |+ 2] A XBY|

1—u
2|||Az X Bz ||| < / [|[A"X B~ 4+ A" X B"|||dv

< [||A"X BT+ ATMX B,

where n > 2 is an integer.
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1
Proof. If 0 <u < 3 then, by Lemma 2, we have

l—u+u 1 1—u
— | <
90( 2 )_1—2u/u # (v) dv
l—u+u

|0 Do+ 20 (T ) = et - )

_ e te(i-uw
< pisy,

90(%) < _12u /ul_uw(v)dv

1
<ilm-vew ()]

< ¢ (u),
where ¢ (v) = |||[AVXB'™" + A" X B"|||. Thus

IN

That is,

1—u
2/||A2 X Bz||| < / [|A" X B + A" X B?|||dv

1—2u

3 1
) - (0= D A“X B 4 AT X B + 2| AL X BY|

IN

< |||A*X B + A" X BY|||.
1 L 1 .
If 3 < u < 1, then the proof is similar to the case 0 < u < 57 S0 we obtain

2|||[A2X B3| < 7= [ |[[APX B + ATV X B|||dv

— 2u—1

IN

1
(4) = |(n = l|A"X B+ A B + 2| AEXBY|
< [[|JA*X B + AT X BY||.

Hence,

1
lim

1—u
1 m / |||AUXBl_U+A1_UXBU|||dU
u—3 u

1 1
— Tim = [m — 1)[||A“X B AUX BY|| + 2\||A%XBa||y]

u—>%n
1 1
= 2[||A> X B=]|].

The inequalities in (2) follow by combining the inequalities (3) and (4). This
completes the proof. .
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Applying Lemma 2 to the function ¢ (v) = |||[AVX B'™" + A" X BY||| on the
interval [u, %} when 0 < u < %, and on the interval [%,u] when % <u <1, we
obtain the following result.

Theorem 2. Let A, B, X € M, such that A and B are positive definite. For
0 <wu <1 and for every unitarily invariant norm. Then

2 >
< T3 / A" X B 4 A X BY|||dv
(5) 1

< % [(n—1D)|||A“X B + A" X B"||]
n

142u 3-2 3—2u 14+2u
1

+2||A7T XBF + A% XB i

1 1
Il +2(n — 1| Az X Bz|||]
]. 1 1
< 5 (A" X B+ A7 X B[ + 2/|| AR x BE )
where n > 2 is an integer.

Proof. The proof is similar to Theorem 1, so we omit it. n

Inequalities (5) and the first inequality in (1) yield the following refinement
of the first inequality in (1).

Corollary 1. Let A,B,X € M, such that A and B are positive definite. For
0 <u <1 and for every unitarily invariant norm. Then

14+2u 3—2u 3—2u 14+2u
4

XB 5 4 AT XBT||

2l[[Az X Bz < [[|A

2

1
2
S m / ’l‘AUXBl_U+A1_UXBv‘||dU

1 u —Uu —Uu u
©) < —[(n—D[|A“X B + A X BY||

2n
142u 3—2u 3—

F[ATTXBYE + AT XB

14+2u 1 1
I+ 2(n = D)[|A2X Bz [[]]

IN

1 ;
5 (IA“X B + 47X BY|| + 2| 4E X BY ||
< |[|A*X B+ ATUX B,

where n > 2 is an integer.

It should be noticed here that in the inequalities (5) and (6)

) T—2u] /2|||A”XB”+A”XB”H|dv = |||l A=x B=]]|.
u—3 — 2U u
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In the sequel, we get another refinement of the second inequality in (1).
Applying Lemma 2 to the function ¢ (v) = |||[A"X B*™" + A" X BY||| on the

interval [0,u] when 0 < u < 3 and on the interval [u, 1] when 5 <u <1, we

obtain the following theorem.
Theorem 3. Let A, B, X € M, such that A and B are positive definite. Then
1. for0 <u < % and for every unitarily invariant norm,

I|[A2XB'"2 + A" X B2 |||

1 U
<1 / IA"X B'" 4 A" X BY|||dv
u Jo

IN

1 u u u u
(7) 5o [(n = DI|AX + XBJ|| +2/[|ALX B2 + AT EXBE|
n
Hn = DIAX BT+ ATX B
1
< 5 (AX + XBJ|| + [[[A"X B + AT X B"]]])

where n > 2 is an integer,

1
2. for 3 <wu <1 and for every unitarily invariant norm,

14+u 14w

IIA = XB = + A 2" XB "]
1 1

1—/ [|A"X B + A" X BY|||dv
_u "

1 u —Uu —Uu u
o [(n = DI[|AX + XBJ| +2l|A X B + AT XB ||
n

+(n = D|[|AX B + AT X B

~—~

0]

~—
IA

1
< 2 (IIAX + XBJ|| + | A"X B + AT X B,

where n > 2 is an integer.
Proof. The proof is similar to Theorem 1, so we omit it. .

In view of the fact that the function ¢ (v) = [||[A*XB'™" + A""XB|||
1 1
is decreasing on the interval [0, 5] and increasing on the interval 27 1|, by Theo-

rem 3, we have the following result, which is a refinement of the second inequality
in (1).
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Corollary 2. Let A, B, X € M,, such that A and B are positive definite. Then
1
1. for0 <u < 3 and for every unitarily invariant norm

H'AuXBliu—i—AliuXBum

u

<|[[A2XB'"5 + A X B3|

1 u
< —/ I[|A"X B + A" X BY|||dv
u Jo

1 B ., . .
) < -l = DIIIAX + XB[| +2/[[AZXB'7% + ATEXBE]|
n

+(n = D|JAXB™" + ATTX B[]

IN

1

3 (|I|AX + XB||| + [||A“X B + A" X B"|||)
< |[[AX + X B,

where n > 2 is an integer.

1
2. for 3 <wu <1 and for every unitarily invariant norm

’HAUXBlfu_i_AlquBulH
<|I| A XB T + AT XB ||
1 1
1—/ I[|A"X B + A" X BY|||dv
_u ”

1 U —Uu —Uu u
(10) < oo [(n = DIIAX + X B||| +2||[ AT X B3 + A XBF||
n

+(n—D[||A"X B + A" X B*||]]

IA

1

3 (I|AX + XBJ|| + |||[A*XB'™ + A" X B"||)
< |[[AX + X B,

where n > 2 is an integer.

It should be noticed that in the inequalities (7) to (10), we have

1 u
lim — / [|APX B + A" X BY|||dv
u—0 U 0
1 1
~ lim - / [[AX B + AV X BY|||dv
u— — U "

= |||[AX + X B|]|.
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Remark 1. The three special values n = 2, n = 16 and n = 4 give the refinements
of Heinz inequalities obtained in [4], [5] and [6], respectively.
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