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1. Introduction

The concept of 2-absorbing ideal in a commutative ring with identity, which is
a generalization of prime ideal, was introduced by Badawi in [7] and studied
in [8], [12], and [1]. Various generalizations of prime ideals are also studied in
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[5], [11], [14] and [6]. As a generalization of primary ideals the concept of 2-
absorbing primary ideals and weakly 2-absorbing primary ideals are introduced
in [9] and [10]. Our aim is to extend the concept of 2-absorbing primary ideals of
commutative rings to 2-absorbing primary elements of non modular multiplicative
lattices and give a characterization for principal element domains in terms of 2-
absorbing primary elements.

A multiplicative lattice is a complete lattice L with the least element 0 and
compact greatest element 1, on which there is defined a commutative, associative,
completely join distributive product for which 1 is a multiplicative identity. An
element a of L is said to be compact if whenever a < \/ a. implies a < \/ (e

ael acly
for some finite subset Iy of I. By a C-lattice we mean a (not necessarily modular)

multiplicative lattice which is generated under joins by a multiplicatively closed
subset C' of compact elements. C-lattices can be localized. For any prime element
p of L, L, denotes the localization at F = {z € C | z £ p}. For details on
C-lattices and their localization theory, the reader is referred to [15] and [19]. We
note that in a C-lattice, a finite product of compact elements is again compact.
Throughout this paper, L denotes a C-lattice and the set of all compact elements
of L is shown by L,. An element e € L is said to be principal [13], if it satisfies
the meet principal property (i) a A be = ((a : €) A b)e and join principal property
(ii) (aeVb):e=(b:e)Va. A finite product of meet (join) principal elements of
L is again meet (join) principal from [13, Lemma 3.3 and Lemma 3.4].

If every element of L is principal, then L is called a principal element lattice.
For more information about principal element lattices, the reader is referred to
[3], [16] and [17]. L is called a totally ordered lattice, if any two elements of L are
comparable. L is said to be a Priifer lattice if every compact element is principle.

An element a € L is said to be proper if a < 1. A proper element p of L
(weakly, [4]) prime if (0 # ab < p) ab < p implies either a < p or b < p. If 0 is
prime, then L is said to be a domain. An element m < 1in L is said to be maximal
if m < x <1 implies x = 1. It can be easily shown that maximal elements are
prime. A maximal element m of L is said to be simple, if there is no element
a € L such that m? < a < m. L is said to be quasi-local if it contains a unique
maximal element. If L = {0,1}, then L is called a field. An element a € L is said

to be a strong compact element if both a and a“ = 7\j1a” are compact elements

of L. Strong compact elements have been studied in [16]. For a € L, we define
radical of a as v/a = A{p € L : p is prime and a < p}. Note that in a C-lattice L,
va=Np € L:pisprime and a < p} = V{z € L, | 2" < a for some n € Z*}.
(See also Theorem 3.6 of [21]). A proper element ¢ is said to be (weakly) primary
if for every a,b € L, (0 # ab < q) ab < ¢ implies either a < ¢ or b < ¢ for some
n € Z*, [6]. If ¢ is primary and if \/g = p is a prime element, then ¢ is called
a p-primary element. A principally generated C-lattice domain L is said to be a
Dedekind domain, if every element of L is a finite product of prime elements of L.

Recall from [18] that a proper element g of L is called a (weakly) 2-absorbing
element of L if whenever a,b,c € L with (0 # abc < q) abc < ¢, then ab < q or
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ac < q or be < ¢. In this paper, we introduce the concepts of 2-absorbing primary
and weakly 2-absorbing primary element which are generalizations of primary and
weakly primary elements. A proper element ¢ of L is said to be a (weakly) 2-
absorbing primary element of L if whenever a, b, c € L with (0 # abc < q) abe < g,
then ab < q or ac < /q or be < /q.

Among many results in this paper, it is shown (Theorem 2.4) that the radical
of a 2-absorbing primary element of L is a 2-absorbing element of L. It is shown
(Theorem 2.6) that if ¢; is a p;-primary element of L for some prime element p;
of L and ¢ is a po-primary element of L for some prime element ps of L, then ¢1¢-
and ¢; Agy are 2-absorbing primary elements of L. It is shown (Theorem 2.7) that
if radical of ¢ is primary, then ¢ is a 2-absorbing primary element. 2-absorbing
primary and weakly 2-absorbing primary elements of cartesian product of multi-
plicative lattices are presented (Theorem 2.20-2.24). A new characterization for
principal element domains in terms of 2-absorbing primary elements is established
(Theorem 3.30).

2. 2-absorbing primary and Weakly 2-absorbing primary elements
Definition 2.1

(1) A proper element g of L is called a 2-absorbing primary element of L if
whenever a,b,c € L and abc < ¢, then ab < g or bc < \/q or ac < |/q.

(2) A proper element g of L is called a weakly 2-absorbing primary element of L
if whenever a,b,c € L and 0 # abc < g, then ab < q or ac < |/q or bc < \/q.

The following theorem is obvious from the definitions, so the proof is omitted.

Theorem 2.2 Let g be a proper element of L. Then

(1) If q is a (weakly) prime element, then q is a (weakly) 2-absorbing primary
element.

(2) If q is a (weakly) primary element, then q is a (weakly) 2-absorbing primary
element.

(3) If q is a (weakly) 2-absorbing element, then q is a (weakly) 2-absorbing
primary element.

(4) If q is a 2-absorbing primary element, then q is a weakly 2-absorbing primary
element.

It is known from [Theorem 1, [15]] that if L is a Priifer lattice and p is a
prime element of L, then p™ is p-primary element. Thus p™ is a 2-absorbing
primary element of L for all n > 0.
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Theorem 2.3

(1) An element q € L is a 2-absorbing primary element if and only if for any
a,b,c € Ly, abc < q implies either ab < q or bc < \/q or ac < /q.

(2) An element q € L is a weakly 2-absorbing primary element if and only if for
any a,b,c € L,, 0 # abc < q implies either ab < q or be < \/q or ac < \/q.

Proof. (1) Assume that for any a,b,c € Ly, abc < g implies either ab < ¢ or
be < \/q or ac < /q. Let a,b,c € L, abc < q, bc £ \/q and ac £ ,/q. Then
there exist compact elements a’ < a, b’ < b and ¢ < ¢ such that a'b'¢’ < ¢. Since
ac £ \/q and bc £ /q, there exist compact elements a; < a, ¢; < ¢, c; < ¢ and
by < b such that a;c; £ \/q and bic; £ \/q. Put cs =, Ve VI, aa =ay Vv,
by = by V U'. We show that ab < ¢. Choose compact elements a, < a and b, < b.
Then (azVaq)cs(b2Vba) < q, (a2Vas)cs £ /q, cs(baVby) £ /g and hence by the
hypothesis, (as V aq)(bs V by) < q. So anb, < q. Consequently, ab < g. Therefore
q is a 2-absorbing element of L. The converse part is obvious.

(2) It can be easily shown similar to (1). .

Theorem 2.4 Ifq is a 2-absorbing primary element of L, then \/q is a 2-absorbing
element of L.

Proof. Let a,b,c € L such that abc < /g, ac £ /q and bc £ ,/q. Since
abc < \/q, there exists a positive integer n such that (abc)” = a™b"c* < q. We
obtain a"c" £ ,/q and b"c" £ ,/q. Since g is 2-absorbing primary, we conclude
that a"b™ = (ab)" < ¢, and hence ab < V4. Thus ,/q is a 2-absorbing element
of L. "

Theorem 2.5 Let q be a proper element of L. Then \/q is a (weakly) 2-absorbing
element of L if and only if \/q is a (weakly) 2-absorbing primary element of L.

Proof. Since \/\/q = /g, the proof is clear. u

Theorem 2.6 If q is a 2-absorbing primary element of L, then one of the fol-
lowing statements must hold.

(1) /g = p is a prime element,

(2) /4 = p1 Ap2, where py and py are the only distinct prime elements of L that
are minimal over q.

Proof. Suppose that ¢ is a 2-absorbing primary element of L. Then /g is a
2-absorbing element by Theorem 2.4. Since /,/q¢ = /q, the claim follows from
Theorem 3 in [18]. .

Let g be a proper element of L. Tt is known that if /g is a maximal element
of L, then ¢ is a primary element of L. The following theorem states that it is
sufficient that if /g is a primary element of L, then ¢ is a 2-absorbing primary
element of L. Note that /g is a (weakly) prime element of L if and only if /g is

a (weakly) primary element of L as \/q = /\/q.
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Theorem 2.7 Let q be a proper element of L.

(1) If \/q is a primary element of L, then q is a 2-absorbing primary element
of L.

(2) If \/q is a weakly primary element of L, then q is a weakly 2-absorbing
primary element of L.

Proof. (1) Suppose that abc < ¢ for some a,b,c € L and ab £ q. Since (ac)(bc) =
abc® < g < v/ and /q is a primary element of L, we have bc < ,/q or ac < \/q.
Hence ¢ is a 2-absorbing primary element of L.

(2) Suppose that 0 # abe < g for some a,b,c € L and ab £ g. Suppose that
ab £ \/q. Since ,/q is a weakly primary element of L, we have ¢ < /g, and thus
ac < ,/q. Suppose that ab < /g. Since 0 # abc < ¢ and ab < /g, we have
0 # ab € /q. Since ,/q is a weakly primary element of L and 0 # ab < /g,
we have a < \/q or b < \/q. Thus ac < ,/q or bc < /q. Thus ¢ is a weakly
2-absorbing primary element of L. .

Definition 2.8 Let ¢ be a 2-absorbing primary element of L. Then p = ,/q is a
2-absorbing element by Theorem 2.2. We say that ¢ is a p-2-absorbing primary
element of L.

Theorem 2.9 Let q; is a p1-primary element of L and qo is a po-primary element
of L for some prime elements p1 and ps of L. Then the following statements hold.

(1) q1ge is a 2-absorbing primary element of L.

(2) ¢1 A qo is a 2-absorbing primary element of L.

Proof. (1). Suppose that abc < qq; for some a,b,c € L, ac £ \/q1q2, and
be £ \/q1qz- Then a,b,c £ \/qiq2. As \/q1q2 = p1 A p2, \/q1q2 is a 2-absorbing
element of L by [18]. Since ac,bc £ \/qiq2, we have ab < /qiq;. We show
that ab < qiq2. Since ab < \/q1qz < p1, we may assume that a < p;. Since
a £ \/q1q2 = p1 A p2 and ab < /12 < p2, we conclude that a £ p; and b < po.
Since b < py and b £ \/q1G2, we have b £ p1. If a < ¢; and b < go, then ab < g1 o,
so we are done. Thus assume that a £ ¢;. Since ¢; is a p;-primary element of L
and a £ qi, we have bc < p;. Since b < pp and be < py, we have be < \/q1q2, a
contradiction. Thus a < ¢;. Similarly, if b £ g2, we conclude ac < /q1G2, which
is again a contradiction. So a < ¢; and b < ¢o and thus ab < q1¢».

(2). Let ¢ = g1 Aga. Then /g = p1 Aps is a 2-absorbing element of L. Suppose
that abc < ¢ for some a,b,c € L, ac £ \/q, and be £ /q. Then a,b,c £ \/q =
p1 A pz and ab < /g < p;. We show that ab < ¢. Since ab < /q < p;, we may
assume that a < p;. Since a £ /g and ab < \/q < py, we conclude that a £ p,
and b < py. Since b < py and b £ /q, we get b £ p;. If a < ¢ and b < g, then
ab < g and we are done. So suppose that a £ ¢;. Since ¢, is a p;-primary element
of L and a £ ¢, we have bc < p;. Since b < ps and be < p;, we have be < VO
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a contradiction. Hence we have a < ¢,. By the similar argument, we conclude
a < q and b < ¢o. Thus ab < gq. "

As a consequence of Theorem 2.9, we have the following corollary.

Corollary 2.10 Let p1,ps be prime elements of L. If p} is a p1-primary element
of L and py' is a pa-primary element of L for some positive integers n,m, then
PPy and p} A pht are 2-absorbing primary elements of L.

Theorem 2.11 Let ¢, qo, ..., q, be p-2-absorbing primary elements of L for some

2-absorbing element p of L. Then q = /\q,; 18 a p-2-absorbing primary element
of L. =1

Proof. Let a,b,¢c € L with abc < g. Suppose that ab £ q. Then ab £ ¢; for
some 7 € {1,2,...,n}. It implies either bc < /g; = p or ac < /¢; = p. Since

n
Vi = /\\/@ = p, we are done. "
i=1

Definition 2.12 Let ¢ be a weakly 2-absorbing primary element of L. We say
(a,b,c) is a triple-zero of q if abc =0, ab £ ¢, be £ /g, and ac £ \/q.

Note that if ¢ is a weakly 2-absorbing primary element of L that is not 2-
absorbing primary element, then there exists a triple-zero (a,b,c) of ¢ for some
a,b,c € L.

Theorem 2.13 Let g be a weakly 2-absorbing primary element of L and suppose
that (a,b,c) is a triple-zero of q for some a,b,c € L. Then

(1) abq = becq = acq = 0,

Proof. (1) Suppose that abg # 0. Then there exists a compact element = < ¢ such
that abz # 0. Hence 0 # ab(c V x) < ¢. Since ab £ q and ¢ is weakly 2-absorbing
primary, we have a(cV z) < /g or b(cV z) < \/q. So ac < \/q or be < \/q, a
contradiction. Thus abxr = 0, and so abg = 0. Similarly, it can be easily verified
that becq = acq = 0.

(2) Suppose that aqqs # 0 for some compact elements ¢, g2 < g. Hence from
(1) we have 0 # a(bV ¢1)(c V q2) = aq1q2 < ¢q. It implies either a(bV ¢1) < ¢
or a(cV q) < gor bV q)(cVq) < /g. Thus ab < q or ac < /g or
bc < /q, a contradiction. Therefore ag® = 0. Similarly, one can easily show
that bg* = cq? = 0. .

Theorem 2.14 If q is a weakly 2-absorbing primary element of L that is not
2-absorbing primary, then ¢ = 0.
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Proof. Suppose that ¢ is a weakly 2-absorbing primary element that is not a
2-absorbing primary element of L. Then there exists (a,b,c) a triple-zero of ¢
for some a,b,c € L. Assume that ¢> # 0. Hence qiqaq3 # 0, for some compact
elements q1,¢2,q3 < ¢. By Theorem 2.13, we obtain (a V ¢1)(bV g2)(c V q3) =
¢1q2q3 # 0. This implies that (a V ¢1)(bV q2) < g or (a V q1)(cV q3) < /q or
(bV@2)(cVags) < y/q. Thus we have ab < q or ac < /g or be < /g, a contradiction.
Thus ¢ = 0. .

Corollary 2.15 If q is a weakly 2-absorbing primary element of L that is not
2-absorbing primary, then \/q = V0.

Theorem 2.16 Let q1,qo, ..., ¢, be weakly 2-absorbing primary elements of L that

are not 2-absorbing primary. Then q = /\qi is a weakly 2-absorbing primary
element of L. =1
Proof. Since ¢;’s are weakly 2-absorbing primary that are not 2-absorbing pri-

mary, we get /q; = V0 for each 1 < i < n by Corollary 2.15. So the result is
obtained easily similar to the argument in the proof of Theorem 2.11. .

Theorem 2.17 Suppose that 0 has a triple-zero (a,b,c) for some a,b,c € L such
that ab £ /0. Let q be a weakly 2-absorbing primary element of L. Then q is not
a 2-absorbing primary element of L if and only if ¢ < /0.

Proof. Suppose that ¢ is not a 2-absorbing primary element of L. Then ¢ < /0
by Corollary 2.15. Conversely, suppose that ¢ < +/0. By hypothesis, we conclude
that ab £ ¢, ac £ V0, and be £ /0. Thus (a, b, ¢) is a triple-zero of q. Hence g is
not a 2-absorbing primary element of L. u

Recall that L is said to be reduced if v/0 = 0.

Corollary 2.18 Let L be a reduced lattice and q # 0 be a proper element of L.
Then q is a weakly 2-absorbing primary element if and only if q is a 2-absorbing
primary element of L.

Theorem 2.19 Let m be a maximal element of L and q be a proper element of
L. If q s a 2-absorbing primary element of L, then q,, is a 2-absorbing primary
element of L,,.

Proof. Let a,b,c € L, such that a,,b,,¢,, < q,,. Then abc < q,,, so uabc < ¢
for some u £ m. Hence we get either uab < g or be < ,/q or uac < /q. Since

(V@Om = +/@m by [15], and u,, = 1,,, it follows either a,,bm, < ¢ O bypCm < \/Gm
O UpCm < +/Gm-It completes the proof. n

Recall that for any a € L, L/a = {b € L : a < b} is a multiplicative lattice
with multiplication ¢ o d = ¢d V a. For more details, the reader is referred to [2].
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Lemma 1 Let a and q be proper elements of L with a < q. If q is a 2-absorbing
primary element of L, then q is a weakly 2-absorbing primary element of L/a.

Proof. The proof is clear. n

Theorem 2.20 Let L = Ly X Ly, where Ly and Ly are C- lattices. Then a proper
element q is a 2-absorbing primary element of L if and only if it has one of the
following three forms.

(1) ¢ = (q1,11,) for some 2-absorbing primary element q, of Ly,
(2) ¢ = (11,,q2) for some 2-absorbing primary element qo of Lo,

(3) ¢ = (q1,q2) for some primary element ¢; of Ly and some primary element

q2 of Lo.

Proof. If ¢ = (q1,11,) for some 2-absorbing primary element ¢; of L; or ¢ =
(11,,¢2) for some 2-absorbing primary element g, of Lg, then it is clear that ¢
is a 2-absorbing primary element of L. Hence assume that ¢ = (¢1,¢2) for some
primary element ¢; of Ly and some primary element gs of Ly. Then ¢} = (¢1, 1z,)
and ¢b = (11,,¢2) are primary elements of L. Hence ¢} A ¢ = (q1,q2) = q is a
2-absorbing primary element of L by Theorem 2.9.

Conversely, suppose that ¢ is a 2-absorbing primary element of L. Then
q = (q1,q2) for some element ¢; of Ly and some element go of Ly. Suppose that
q2 = 11,. Since ¢ is a proper element of L, ¢; # 17,. Let L' = L/{0} X Ls.
Then § = (q1,1y,) is a 2-absorbing primary element of L’ by Lemma 1. Now,
we show that ¢ is a 2-absorbing primary element of L;. Let abc < ¢ for some
a,b,c € Ly. Hence (a,11,)(b,11,)(c,11,) = (abc,11,) < G, which implies that
(a,17,)(b,11,) <G or (b,11,)(c,11,) < +/qor (a,11,)(c,11,) < +1/q. It means that
either ab < ¢, or be < \/q1 or ac < /q;. Thus q; is a 2-absorbing primary element
of Ll.

If ¢4 =11, then g2 can be obtained as a 2-absorbing primary element of Ly by
the similar way. Hence assume that ¢; # 17, and g2 # 17,. Then \/q = (\/q1, \/@2)-
On the contrary, suppose that ¢; is not a primary element of L;. Then there are a,
b € Ly such that ab < ¢, but neither a < ¢; nor b < \/q;. Let z = (a,1), y = (1,0),
and z = (b,1). Then xyz = (ab,0) < ¢ implies that either zy = (a,0) < ¢ and
vz = (ab,1) < \/gand yz = (b,0) < ,/q, a contradiction. Therefore ¢, is a primary
element of L;. Similarly it can be easily seen that ¢, is a primary element of Lo,
as needed. n

Theorem 2.21 Let Ly and Ly be C-lattices, q be a proper element of Ly, and
L = Ly X Ly. Then the following statements are equivalent.

(1) (q,11,) is a weakly 2-absorbing primary element of L.
(2) (q,1,) is a 2-absorbing primary element of L.

(3) q is a 2-absorbing primary element of L.
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Proof. (1)=(2) Since (q,11,) £ V0, we conclude that (g, 1z,) is a 2-absorbing
primary element of L by Corollary 2.15.

(2)=-(3) Suppose that ¢ is not a 2-absorbing primary element of L;. Then there
exist a,b,c € L; such that abc < g, but ab £ ¢, be £ \/q, and ac £ ,/q. Since
(CL, 1L2)(b7 1L2)(C7 1L2) < (Q7 1L2)7 we have (a7 1L2)(b7 1L2) = (ab7 1L2) < (Q7 1L2) or
(av 1L2)(C7 le) = (aca 1L2) < (Qa 1L2) = (\/(_]7 le) or (b’ 1L2)(Cv 1L2) = (bca 1L2) <

(¢:11,) = (\/, 11,). It follows that ab < g or be < /g or ac < /g, a contradic-
tion. Thus ¢ is a 2-absorbing primary element of L;.

(3)=(1) Let ¢ be a 2-absorbing primary element of L;. Then it can be easily
shown that (g, 1,,) is a 2-absorbing primary element of L, therefore (1) holds. =

Theorem 2.22 Let Ly and Lo be C-lattices, q1, g2 be nonzero elements of L1 and
Lo, respectively, and let L = Ly X Lo. If (q1,q2) is a proper element of L, then the
following statements are equivalent.

(1) (q1,q2) is a weakly 2-absorbing primary element of L.

(2) 1 = 11, and g2 is a 2-absorbing primary element of Ly or ¢o = 11, and ¢
is a 2-absorbing primary element of Ly or qi, g2 are primary elements of L,
and Loy, respectively.

(3) (q1,q2) is a 2-absorbing primary element of L.

Proof. (1)=(2) Assume that (¢, ¢2) is a weakly 2-absorbing primary element of
L. If ¢ = 15, (g2 = 1,), then ¢o is a 2-absorbing primary element of Ly (¢
is a 2-absorbing primary element of L;) by Theorem 2.21. So we may assume
that ¢; # 17, and ¢ # 1;,. Let a,b € Ly such that ab < ¢o and let x € L, with
0 # 2 < q. Then 0 # (z,1)(1,a)(1,b) = (z,ab) < (q1,q2). Since ¢; is proper,
(1,a)(1,b) = (1,ab) £ v/(q1,¢2). Hence we have (z,1)(1,a) = (z,a) < (¢1,¢2) or
(z,1)(1,0) = (z,0) < v/(q1,¢2), and so a < gp or b < /qz. Thus g, is a primary
element of L. Similarly, it can be easily shown that ¢; is a primary element of L;.

(2)=(3) The proof is clear by Theorem 2.20.
(3)=(1) It is clear. .

Theorem 2.23 Let Ly and Ly be C-lattices and L = L, X Ly. Then a nonzero
proper element q of L is a weakly 2-absorbing primary element of L that is not
2-absorbing primary if and only if one of the following conditions holds.

(1) ¢ = (q1,q2), where g1 is a nonzero weakly primary element of Ly that is not
primary and g = 0 is a primary element of Lo.

(2) ¢ = (q1,q2), where qo is a nonzero weakly primary element of Ly that is not
primary and g = 0 is a primary element of L.
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Proof. Suppose that ¢ is a nonzero weakly 2-absorbing primary element of L that
is not 2-absorbing primary element. Then ¢ = (1, ¢2) for some elements ¢y, ga of
Ly and Ly respectively. Assume that ¢; # 0 and ¢o # 0. Then ¢ is a 2-absorbing
primary element of L by Theorem 2.22, a contradiction. Therefore ¢; = 0 or
g2 = 0. Without loss of generality we may assume that ¢go = 0. We show that
g2 = 0 is a primary element of L,. Let a,b € Ly such that ab < ¢, and let x € L,
such that 0 # = < ¢;. Since 0 # (x,1)(1,a)(1,b) = (z,ab) < g and (1,a)(1,b) =
(1,ab) £ /q, we obtain (z,a) = (z,1)(1,a) < g or (z,b) = (x,1)(1,b) < /g,
and so a < ¢ or b < /qo. Thus ¢» = 0 is a primary element of Ly. Next,
we show that ¢ is a weakly primary element of L;. Let 0 # ab < ¢, for some
a,b € L1 Smce O 7é (a 1)(b 1)(1 0) < (¢1,0) and (ab,1) £ (q1,0), we conclude
(a,0) = < V(@1,0) = /g or (b,0) = (b,1)(1,0) < \/(q1,0) = \/q.
Thus a S q1 or b § vV, and therefore ¢; is a weakly primary element of L;.
Now, we show that ¢; is not primary. Suppose that ¢; is a primary element of
Ly. Since ¢ = 0 is a primary element of L, we conclude that ¢ = (¢1,¢2) is a
2-absorbing primary element of L by Theorem 2.20, a contradiction. Thus ¢; is a
weakly primary element of L; that is not primary.

Conversely, suppose that (1) holds. Assume that (0,0) # (a,a’)(b,b')(c, ') <
q = (¢1,0). Since d't'/d = 0 and (0,0) # (a,d’)(b,0')(c, ) < (¢1,0), we conclude
that abc # 0. Assume (a,a’)(b,b') £ g. We consider three cases.

Case one: Suppose that ab £ ¢, but a’b’ = 0. Since ¢ is a weakly primary
element of L, we have ¢ < ,/q1. Since go = 0 is a primary element of L, we have

a'=0orb <./ Thus (a,a’)(c,c) < \/qor (b,V)(c,cd)<./q

Case two: Suppose that ab £ ¢; and a'b' # 0. Then (c,¢) < (\/q1,V0) = /7.
Thus (a,a’)(c,c’) < /g or (b,0)(c,c) < \/q.

Case three: Suppose that ab < ¢, but @'t # 0. Since 0 # ab < ¢; and ¢, is a
weakly primary element of L;, we have a < ¢; or b < ,/gq;. Since a’b’ # 0 and
q2 = 0 is a primary element of Lj, we have ¢’ < ,/g;. Thus (a,a’)(c,c’) < \/q or
(b,b")(c,c') < \/q. Hence ¢ is a weakly 2-absorbing primary element of L. Since
¢1 is not a primary element of Lq, ¢ is not a 2-absorbing primary element of L by
Theorem 2.22. .

Theorem 2.24 Let L = L1 X LyX...xL,, where 2 < n < oo, and Ly, Lo, ..., L,
are C-lattices and let q be a nonzero proper element of L. Then the following
statements are equivalent.

(1) q is a weakly 2-absorbing primary element of L.
(2) q is a 2-absorbing primary element of L.

(3) Either ¢ = (qi)7-, such that for some k € {1,2,...,n}, qx is a 2-absorbing
primary element of Ly, and q; = 1y, for every t € {1,2,...,n} \ {k} or
q = (q)7—, such that for some k,m € {1,2,...,n}, qx is a primary element
of L, Gm is a primary element of L,,, and q; = 1y, for everyt € {1,2,...,n}\

{k,m}.
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Proof. (1) (2) Since ¢ is a proper element of L, we have ¢ = (q1, -, qn),
where every ¢;’s are element of L;, and ¢; # 1, for some j € {1,...,n}. Suppose
that ¢ = (q1,42, .-, qn) # 0 is a weakly 2-absorbing primary element of L. Then
there is a compact element 0 # (aq,as, ...,a,) < q. Hence 0 # (ay,aq,...,a,) =
(ay,1,1,...,1)(1,a9,1,...,1)...(1, 1, ..., a,) < q implies there is a j € {1,...,n} such
that b; = 1z, and (b1, ...,b,) < /G = (\/@1, .-, /@n), Where by, ..., b, € {ay, ..., an}.
Hence ,/q; = 11, and so ¢; = 17,. Thus \/q # /0, and hence by Corollary 2.15,
q is a 2-absorbing primary element. The converse is obvious.

(2)< (3) We use induction on n. If n = 2, then we are done by Theorem 2.22.
Hence let 3 < n < oo and assume that the result is satisfied when S = L; x --- X
L,_1. Thus L = S x L,. Theorem 2.22 implies that ¢ is a 2-absorbing primary
element of L if and only if either ¢ = (s, 1) for some 2-absorbing primary element
sof S or ¢ = (14,t) for some 2-absorbing primary element t of L,, or ¢ = (s,t) for
some primary element s of S and some primary element ¢ of L,,. Since a proper
element s of S is a primary element of S if and only if s = (qk)z;% such that for
some k € {1,2,...,n — 1}, we conclude that ¢ is a primary element of Ly, and
q = 1y, for every t € {1,2,....,n — 1} \ {k}. So this completes the proof of the
theorem. u

3. 2-absorbing primary elements in some special lattices

Theorem 3.25 Suppose that v/0 is a prime (primary) element of L. Let q be a
proper element of L. Then q is a weakly 2-absorbing primary element of L if and
only if q is a 2-absorbing primary element of L.

Proof. Suppose that ¢ is a weakly 2-absorbing primary element of L. Assume
that abc < ¢ for some a,b,c € L. If 0 # abc < ¢, then ab < g or ac < /q or
bc < /q. Hence assume that abc = 0 and ab ﬁ q. Since abc = 0 < V0 and
V0 is a prime element of L, we conclude that a < V0 or b < V0 or ¢ < V0.
Since 0 < V4, we conclude that ac < V0 < V/q or be € V0 < V4. Thus ¢ is a
2-absorbing primary element of L. The converse is clear. u

Recall that L is called quasilocal if it has exactly one maximal element.

Theorem 3.26 Let L be a quasilocal lattice with maximal element V0. The fol-
lowing statements hold.

(1) Ewvery element of L is a weakly 2-absorbing primary element of L.

(2) A proper element q of L is a weakly 2-absorbing primary element if and only
if q is a 2-absorbing primary element.

Proof. It is obvious by Theorem 3.25. u

Theorem 3.27 Let Ly, Ly and L3 be C-lattices and let L = Ly X Lo X Lz. Then
every proper element of L is a weakly 2-absorbing primary element of L if and
only if Ly, Lo and Lg are fields.
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Proof. Suppose that every proper element of L is a weakly 2-absorbing primary
element of L. Without loss of generality, we may assume that L is not a field.
Then there exists a nonzero proper element ¢ of L;. Thus a = (¢,0,0) is a weakly
2-absorbing primary element of L, which contradicts with Theorem 2.24.
Conversely, suppose that L;, Ly, L3 are fields. Then every nonzero proper
element of L is a 2-absorbing element by Theorem 2.24. Since 0 is always weakly
2-absorbing primary, the proof is completed. n

Theorem 3.28 Suppose that every proper element of L is a weakly 2-absorbing
primary element. Then L has at most three incomparable prime elements.

Proof. Assume that there are py, ps, p3 and p, incomparable prime elements of L.
Let ¢ = p1 Ap2 Aps. Hence \/q = /p1 A /P2 N\ \/p3. Thus ,/q is not a 2-absorbing
element of L by Theorem 2.6. So ¢ is not a 2-absorbing primary element of L by
Theorem 2.2. Hence ¢*> = 0 by Theorem 2.14. Thus ¢ = pip3p3 = 0 < p, implies
that p; < pg or po < pg or p3 < p4, a contradiction. Thus L has at most three
incomparable prime elements. n

In view of Theorem 3.28, we have the following result.

Corollary 3.29 Suppose that every proper element of L is a weakly 2-absorbing
primary element. Then L has at most three mazximal elements.

Theorem 3.30 Let L is a principally generated domain that is not a field. Then
the following statements are equivalent.

(1) L is a principal element domain.

(2) Ewvery mazimal element is strong compact and a nonzero proper element q
of L is a 2-absorbing primary element of L if and only if either ¢ = m™ for
some mazimal element m of L and some positive integer n or ¢ = mims

for some mazximal elements my, my of L and some positive integers n, k.

(3) Ewery mazimal element is strong compact and a nonzero proper element q
of L is a 2-absorbing primary element of L if and only if either ¢ = p™ for
some prime element p of L and some positive integer n or q = piph for some
prime elements py, pe of L and some positive integers n, k.

Proof. (1) = (2). Let L be a principal element domain. Then every maximal
element is strong compact by [16, Theorem 2|. Suppose ¢ is a nonzero 2-absorbing
primary element of L that is not maximal. Then ¢ = m{*m5*.--- .m;* for some
distinct maximal elements my, ..., my of L and some integers ny,...,ng > 1. Since
every nonzero prime element of L is maximal and /g is either a maximal element
of L or ¢; A\ go for some maximal elements ¢y, g2 of L by Theorem 2.6, we conclude
that either ¢ = m™ for some maximal element m of L and some n > 1 or ¢ = m}m5
for some maximal elements mq, ms of L and some n,m > 1. Conversely, suppose

that ¢ = m™ for some maximal element m of L and some positive integer n > 1
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or q= m’fmg for some maximal elements mq, mo of L and some integers n, k > 1.
Then ¢ is a 2-absorbing primary element of L by Theorem 2.9 and Corollary 2.10.
(2)=-(3) It is clear.

(3)=-(1) Suppose that m is a maximal element of L and ¢ € L with m? < ¢ < m.
Then ¢ is an m-primary element. Hence ¢ is a 2-absorbing primary element. From
the hypothesis (3), either ¢ = m or ¢ = m?, so there is no element a € L such
that m? < a < m which shows that m is simple. Therefore, by [16, Theorem 2],
L is a principal element domain. u

Suppose that L is principally generated. Then L is a Dedekind domain if
and only if L is a principal element lattice by Theorem 2.7 in [3]. So we have the
following result as a consequence of Theorem 3.30.

Corollary 3.31 Let L be a principally generated domain. If L is a Dedekind
domain, then 15, # q € L is 2-absorbing primary if and only if ¢ = p"™ for some
prime element p of L, a positive integer n or g = pipy for some prime elements
p1,p2 of L, some positive integers n, m.
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