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Abstract. In this work, by making use of the principle of subordination, we intro-
duce a certain subclass of non-Bazilevic analytic functions defined by linear operator.
Such results as subordination and superordination, sandwich theorem and inequality
properties are given.

1. Introduction

Let A, denote the class of the functions f of the form

(1) f2)=2+ ) a.2", (seN={1,2,3,.}),

n=s+1

which are analytic in the open unit disk U= {z € C: |z| < 1}.

If f(z) and F(2) are analytic in U. Then we say that the function f(z) is
subordinate to F'(z) in U if there exists an analytic function w(z) in U such that
lw(z)] <1and f(z) = F(w(z)), denoted by f < F or f(z) < F(z). Furthermore,
if the function F'(z) is univalent in U, then we have the following equivalence
(see [10]):

f(2) < F(2) & f(0) = F(0) and f(U) C F(U).

Let ¢ : C? x U — C and h(z) be univalent in U. If p(z) is analytic in U and

satisfies the first order differential subordination:

(2) ¢ (p(2), 2p'(2); 2) < h(2),

LCorresponding author.
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then p(z) is a solution of the differential subordination (2). The univalent function
q(z) is called a dominant of the solutions of the differential subordination (2) if
p(z) < q(z) for all p(z) satisfying (2). A univalent dominant ¢ that satisfies § < ¢
for all dominants of (2) is called the best dominant. If p(z) and ¢(p(z), zp'(2))
are univalent in U and if p(z) satisfies first order differential superordination:

(3) h(z) < @ (p(2),2p'(2); 2) ,

then p(z) is a solution of the differential superordination (3). An analytic function
q(z) is called a subordinant of the solutions of the differential superordination (3)
if q(z) < p(z) for all p(z) satisfying (3). A univalent subordinant ¢ that satisfies
q < ¢ for all subordinants of (3) is called the best subordinant. For further
properties of subordination and superordination, see [10] and [11].

For functions f,g € A, where f is given by (1) and ¢ is defined by ¢(z) =
z+ >, b,2", then the Hadamard product (or convolution) f * g of the functions

n=s+1

f and g is defined by

(f*9)(2) = f(2) xg(2) =2+ Z anby2".

n=s+1
For the functions f,g € A,, we define the linear operator Dfm}\ A — Ay
(for k=10,1,2,... ), 0<a<1l, 0<fB<1,A>0,and z € U by:
Dg,ﬂ)\<f xg9)(z) = (f*9)(2),
Dapa(fx9)(z) = Dapal(f*9)(2)
= [1=XMa+8=D(f*9)(z) +2Aa+ 5= D[(f *9)(z)]
= 2+ Y [MatB8-1)(n—1)+1]ab,2",

n=s+1

g
g

and (in general)

Dt 5 \(f % 9)(2) = Dagr (DE A 9)(2))
(4) -

Using (4), it is easy to verify that

Mo+ 8 = 1)2[Dg s\ (f + 9) ()]
= Dyin(f*9)(2) + [1 = Ma + 8 = 1)]Df 5\(f * 9)(2).
Remark 1. For b, = C(0,7n), the operator DY, 5 ,(f*g)(z) extends to D ;5 f(z),

where the operator nyﬂ@/\ f(2) was introduced and studied by Alamoush and
Darus, which generalizes many other operators (see [1]), where

C(6,n) = <”+§_1>.

(5)
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Definition 1. A function f € A, is said to be in the class ijﬁj/\(g, p, u; A, B) if
it satisfies the following subordination condition:

. o DEL () (2) : '
@ 7 (Dﬁ,ﬁa(f . g><z>) DL )(2) (Dfmf ' 9><Z>>
1+ Az
= 1+ B2’

where (g € A;, pe C,0<pu<1l, -1<B<A<L1, A# B, A€R, and
Df ;,f(z) as defined on (4)). Here all the powers are the principal values.

Furthermore, the function f € NQ@/\(g, p, p; w) if and only if f,g € Ay and

. DL (Frg)2) : '
Re{mp) (D';,@,A(f*g)(z)) DL )) (D’o‘im(f *QW)) }m’

where (0 < w < 1; z € U).

We note that:

If k =0, and b, = 1, then the class N§757A(g, p, 1b; A, B) reduces to the class
N(p, i1; A, B) which is defined by Wang el. at [5]. If k=0, p=—-1,n=1, A=1,
B = —1 and b, = 1, then the class Nﬁﬁ)\(g,p,u;A,B) reduces to the class of
non-Bazilevic functions which introduced by Obradovic [13]. If £k =0, p = —1,
n=1A=1-2w, B=—1andb, =1, then the class N ; (g, p, pi; A, B) reduces
to the class of non-Bazilevic functions of order @w(0 < w < 1) which was given
by Tuneski and Darus [12]. Other works related to non-Bazilevic can be found in
([2-[7])-

In the present paper, we discuss and prove the subordination and super-
ordination properties, sandwich theorem and inequality properties for the class

Ni,ﬁ,)\<gvpmu;f47 B)

2. Preliminary results

In order to establish our main results, we need the following definition and lemmas.

Definition 2. [9]. Denote by @ the set of all functions f that are analytic and
injective on U\ E(f), where

B(f) = {c € OV lim /() = oo},

and such that f/(¢) # 0 for ¢ € U\ E(f)

Lemma 1. [10] Let the function h(z) be analytic and convezr (univalent) in U
with h(0) = 1. Suppose also that the function g(z) given by

(7) 9(2) = 14 2 + cppr 25+
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s analytic in U. If

(8) 9(z) +

then

< h(z), (Re(y)>0;7#0;2€U),

e
k

9(2) < q(z) = %z / h(t)tr~tdt < h(z),
and q(z) is the best dominant of (8).

Lemma 2. [8] Let q(z) be a convex univalent function in U and let o € C,
n € C* = C\ {0} with

Re (1 n ZZ,(/S)) > max {0, —Re (%) } .

If the function g(z) is analytic in U and

0g(2) +n2g'(2) < 0q(2) +nzq (),
then g(z) < q(z) and q(z) is the best dominant.

Lemma 3. [9] Let q(2) be a convex univalent function in U and let k € C. Further
assume that Re(k) > 0. If

9(z) € H[q(0),1] N Q,

and
9(2) + kzg'(2)
15 univalent in U, then
q(2) + kzq'(2) < 9(2) + k2g'(2),

implies q(z) < g(z) and q(z) and q is the best subordinant.
Lemma 4. [14] Let F be analytic and convez in U. If

frge A and f,g<F

then
AM4+HA=Ng=<F, (0<A<1).

Lemma 5. [15] Let

be analytic in U and

g(z) =1+ Z by 2"

n=1

be analytic and convex in U. If f(z) < g(z), then
la,| < |b1] (n € N).
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3. Main results

We begin by presenting our first subordination property given by Theorem 1.

Theorem 1. Forge A,, peC, 0<pu<1, -1<B<A<I1, A#B, AcR,
and DY 5\ (f*g) as defined by (4). Let f(z) € NE ;,(g,p, ; A, B) with Re(p) > 0.
Then

(D’fim(f *g)(z)) <4(2)

1
_ W /umﬂ—l—Azudu{l—i—Az
Ma+6—1)sp J, 1+ Bzu 1+ Bz

(9)

and q(z) 1is the best dominant.

Proof. Define the function g(z) by

z

(10) g9(z) = (wa,x(f . g)(z>> (z € U).

Then ¢(z) is of the form (7) and analytic in U with ¢(0) = 1. Taking logarithmic
differentiation of (10) with respect to z and using (5), we deduce that

: " DR *9)(2) . g
) (1+p) <D§,5,A(f * g)(z)) DL 9)) (Dgw(f x g)(z)>
=g(2) + Ne +f - 1)p29'(z).

Since f(z) € Nk 5,(g,p, 11; A, B), we have

Ma+pB-1)p , 1+ Az
T zg'(z) < B

g9(2) +

Applying Lemma 1 to (11) with v = By

———— we get
(a+pB—1)p

a 1
2 _ z - s / s L AL
<D§,6,)\(f * g)(z)) =< a(@) Ma+ 5 — 1)sz : 1+ Bt

1
(12) = 5 / e L) W iy
Ma+6—1)sp J, 1+ Bzu 1+ Bz

and ¢(z) is the best dominant. The proof of Theorem 1 is thus complete. .
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Theorem 2. Let q(z) be univalent in U, p € C*. Suppose also that q(z) satisfies
the following inequality:

0 w8 el )}

If f € A, satisfies the following subordination condition:

z "ODEL(fx9)(2) P g
" (1+p) (D(’;,@»,A(f x g)(z)) _PD’;W(f % 9)(2) (DfY,@A(f N g)(z)>
AMa +5 - 1),02/(],(2)7

<q(z)+

then

(Dz,ﬁ,xf " g><z>> =)

and q(z) 1is the best dominant.

Proof. Let the function ¢g(z) be defined by (10). We know that (11) holds true.
Combining (11) and (14), we find that

Ma+p3—-1 Ma+p3—-1
15) o)+ MOEPID g gy ¢ MOETZ D0y
H H
By using Lemma 2 and (15), we easily get the assertion of Theorem 2. .

1+ Az
1+ Bz

Corollary 1. Let p € C and —1 < B < A < 1. Suppose also that

1— Bz W
Re(l—i—Bz) >maX{O’_R6()\(a+ﬁ—1)p)}'

If f € A, satisfies the following subordination:

< ' Di?Lﬁl,A(f*g)(Z) z "
(1+p) (D’;ﬁ,x(f *g)(z)) NI (D’Oféﬂ’A(f *g)(z))
1+ Az Ma+pF—-1)p(A—-DB)z
“15B: T 4 (Ut B

z 8 ~ 1+ Az
DE 5\ (f % 9)(2) 1+ Bz’

1s the best dominant.

Taking ¢(z) = in Theorem 2, we get the following result.

then

1
and the function i
1+
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Now, by making use of Lemma 3, we now derive the following superordination
result.

Theorem 3. Let q(z) be convex univalent in U, p € C with Re(p) > 0. Also let

(Dg,ﬂ,x(f *g)(z)) € Hg(0),1]1nQ

and

2 " DEL(fr9)(2) . g
(1+p) (Dﬁ,g,A(f*g)(z)) _pry’ﬁ’/\(f*g)(z) (nyﬁ’/\(f*g)(z))

be univalent in U. If f € A, satisfies the following superordination:

Ma+3—1)p
U

. DML (Fxg)(2) : '
“ (nym(f*g)(@) _prv,,@,a,A(f*ng) ( Dasalf=9)(z >> |

12 = (Dz,ﬁ,w*g)(z))

and the function q(z) is the best subordinant.

2q'(2)

Proof. Let the function g(z) be defined by (10). Then

Ma+8-1)p P g
po o) (Dz,ﬁ,xf*g)@)

_ DﬁJ%lA(f*g)(Z) z g — uls Ao+ 3 — 1)/)2 .
pDé,ﬁ,A(f*g)(Z) (Dfm,\(f*g)(z)> =9(2) + [ 9'(2).

q(z) +

An application of Lemma 3 yields the assertion of Theorem 3.

+ Az
Taking ¢(z) = 5 B

Corollary 2. Let p € C and —1 < B < A < 1 with Re(p) > 0. Suppose also that

(DQ,B,A(JC * g)(z)> € Hlg(0),1]NQ,

in Theorem 3, we get the following result.

and

I\

2 ' EAEATIC) . g
(1+p)< Dt 4 \(fxg)(z )) ng(f 9)(2) (D’;ﬂ’/\(f*g)(z)>
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be univalent in U. If f € Ay satisfies the following superordination:
1+ Az N Ma+p—1)p(A—-B)z
1+ Bz i (1+ Bz)?

. " DML (fg)(2) . '
e (Dii,m(f * g><z>> DL 0)() <D2‘;ﬁ,x<f * 9><Z>> |

then p
14+ Az ~ z
1+ Bz Df 55 (f % 9)(2)

1s the best subordinant.

and the function

z

Combining Theorems 2 and 3, we easily get the following “Sandwich-type
result”.

Theorem 4. Let q; be convexr univalent and let qo be univalent in U, p € C with
Re(p) > 0. Let qo satisfies (13). If

(Dlz;,ﬂ,A(f *g)(z)) € Hq:(0),1]nQ

and

2 " ODEL (2 9)) 2 g
(1+p) (Df,ﬁ,k(f*g)(z)> _prY’B,/\(f*g)(z) (nyﬁ,)\(f*g)(z)>

be univalent in U, also

Ma+5-1)p z 8

Dg,ﬁ,,\(f *g

Dl *9)(2) : - Mot B-1)p |
sl *9)(2) (Déz,m(f*g)(z)) = @@+ = (%),

I\

then
z

ne = (Dzz,ﬁ,A(f . g><z>> e

and q1(z) and q2(z) are, respectively, the best subordinant and dominant.

Next, we consider the following:

Theorem 5. Ifp > 0 and f € N 5,(g, p, @) (0 < w < 1), then f € NE 5,\(g, p, ;@)
for |z| < R, where

(16) . \/(/\(Oé+ﬁ—1)8p)2+1_)\(a+ﬁ—1)3p

1t u

The bound R 1is the best possible.
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Proof. We begin by writing

(17) (ny,@/\(f*g)(z)) =w+(1l-—w)g(z) (€U, 0<w<1).

Then, clearly, the function g(z) is of the form (7), is analytic and has a positive
real part in U. By taking the derivatives of both sides of (17), we get

1 2 "ODEL(F9)(2) . -
l-w {<1 +2) (Dfu,ﬁ,)\<f *9)(2)> pDi,g,A(f * g)(2) (Di,ﬂ,x(f *9)(2)> }

Ma+8—1)p
0

(18) =9(2) + 29 (2).

By making use of the following well-known estimate (see [16], Theorem 1):

S

24/ (2)] 2sr
Re {g(2)] = 1= 2%

(lz] =7r<1)

in (18), we obtain

| : " DL 9)() 2 L
R€<1—w{(1+p><Dg,ﬁ,k<f*g><z>) "Dk (T 9)(2) (Ds,ﬂ,xf*g)(z)) })

(v + B —1)psre
p(i=r) )
It is seen that the right-hand side of (19) is positive, provided that r < R, where

R is given by (16). In order to show that the bound R is the best possible, we
consider the function f(z) € Ay defined by

(19) > Re {g(=)} (1 _ 2

- ' 1+ 2°
(DQ,B,A(f*g)(2)> =w+(l-wi— (el 0<w<l)

Noting that

[ : DI z '
_ —w
l-w Dg s (f * 9)(2) De (% 9)(2) \ D sa(f * 9)(2)
142 2Ma+ B —1)psz®
1z p(l —z%)2
for |z| = R, we conclude that the bound is the best possible. Theorem 5 is thus

proved.
Now, we give the inclusion properties:

I\

=0
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Theorem 6. Let py > p1 >0 and —1 < By < By < Ay < A; < 1. Then

(20) Ns,ﬁ,,\(gaP%M;A%Bﬁ - No]f,,g,,\(g,m,#; Ay, By).

Proof. Let f € N ;,(g, pa, 113 A2, By). Then we have

z YODE(Fr9)(2) z Y14 Ay
(1+02) <D§,5,A(f *9)(2)) s DZ,ﬁ,A(f *g)(2) (D(Iz,ﬁ,)\(f *9)(2)) B 1+ Byz
Since —1 < By < By < Ay < A; <1, we easily find that
H k+1 H
1 z B Da,ﬂ,)\(f*g)(z) z
oy (Dz,ﬁ,xf 0E) TP DL 9 \ DT+ )

1—|—A22 1+A12
=< =< ,
1+ Bz 1+ Bz

that is f € N(ﬂfﬁ’/\(g,pg,u; Ay, By). Thus the assertion of Theorem 6 holds for
p2 = p1 > 0. If po > p; > 0, by Theorem 1 and (21), we know that f €
Ng,ﬁ,)\<ga 07 M3 A17 Bl)a that iS,

(22) 2 EREPE
Dﬁ,ﬁ,,\(f *g)(2) 14+ Bz

At the same time, we have
2 " DL x9)) 2 '
) (Di,m(f * g><z>) B ZINGETIE (Dzﬁ,xf - g><z>>
_(1_P1 < '
29) - (1 m) (Diz,mf S g><z>>

o : b DL 9)() 2 '
) (Dz,ﬁ,xf : g><z>> Dl a5 9)(2) (Dz,g,xf : g><z>> ] ‘

+_
P2
14+ A
Moreover, since 0 < P < 1 and the function + Az
P2 1+ Bz

is analytic and convex in U. Combining (21)-(23) and Lemma 4, we find that

. bODEL (f)(2) 2 Y14 A

that is [ € Nc’j’ﬁ)\(g, p1, 1; A1, By), which implies that the assertion (20) of Theo-
rem 6 holds.

(—1§Bl<A1§1)
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Theorem 7. Let f € N} 5,(g, p, 1t; A, B) with p > 0 and —1 < B < A < 1. Then

1
K / um_ll _Audu
Ma+8—1)sp Jo 1 — Bu

(24) i 1
<R - < K / we LAY
Di,ﬂ,x(f *g)(2) Ma+B—=1)sp Jy 1+ Bu

The extremal function of (24) is defined by

F(z2) = Do ga(f * 9)(2)

25 1 s %1
( ) =z H / u)\(OH—g—l)Sp_l—l - Auz du .
Ma+8—1)sp Jo 1+ Buz*

Proof. Let f € Niﬁ’/\(g, p, p; A, B) with p > 0. From Theorem 1, we know that
(9) holds, which implies that

" { (wa,xf " g><z>> }

1
< supére{ A / uw‘nsflwdu}
(26) 2eU Ma+6—1)sp J, 1+ Buz

1
< K TP sup 1+ Auz Auz du
“Ma+p8-=1)sp Jy seU \ 1+ Buz

1
H / u/\(aﬂgll)sﬂ*l L+ Au du
)sp Jo

SMatpg-1 1+ Bu

and
B p
R
{(ny,ﬁ,,\(f *9)(2)) }
1

> lnf §R{ 'u / u)\(a+5—1)sp_11+—mdu}

(27) U | Ma+6-—1)sp ), 1+ Buz

1
> K / um_l inf —1 + Auz du
“ Ma+8-=1sp Jy zeU \ 1 + Buz

1 JE—
> £ / w1 LA,
Ma+6—1)sp J, 1— Bu

Combining (26) and (27), we get (24). By noting that the function F(z) defined
by (25) belongs to the class N¥ ;,(g,p, pi; A, B), we obtain that equality (24) is
sharp. The proof of Theorem 7 is evidently complete. u

Similarly, by applying the method of proof of Theorem 7, we easily get the
following result.
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Corollary 3. Let f € N ﬁ,\(g p,p; A, B) with p > 0 and =1 < B < A < 1.
Then

1
K / umfll—i_‘Audu
Ma+p—1)sp 1+ Bu

(28) <€R{< aﬁ)\(f*g>( )) }

1
i /muWHgMW41_/mdu
Ma+p8—1)sp 1 — Bu

The extremal function of (28) is defined by (25).

Theorem 8. Let

(29)  f(2)=z+ > anz"€NLg\(g.p. 1A, B), (s€N={1,23.1})

n=s+1
Then

(A-B)
1+ Ma+ 8 —1)pl|bssa|

(30) lase1] < Ma+8—1)+ 17"

The inequality (30) is sharp, with the extremal function defined by (25).

Proof. Combining (6) and (29), we obtain

z "t D0
51 (1+p) (D];,ﬁ«\(f*g)(z)) _pD’gé,@/\(f*g)(z)( Dk \(f >
A

—1+p+Aa+8-1)p) Ma+8—1)+1)" agi1beprz + ... <

An application of Lemma 5 to (31) yields
Thus, from (32), we easily arrive at (30) asserted by Theorem 8. .
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