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Abstract. Hyperstructure theory is applied to KS-semigroups, an algebra related to
BCK-algebra and semigroup and thus, the notion of hyper KS-semigroups is introduced.

In this paper, the concept of fuzzy sets is applied to hyper KS-semigroups. In this
fuzzification, the notions of fuzzy hyper subKS-semigroups and fuzzy hyper KS-ideals
are introduced and relationships among them are investigated. Using the concept of
upper level subsets, relationships between hyper subKS-semigroups (resp. hyper KS-
ideals) and fuzzy hyper subKS-semigroups (resp. fuzzy hyper KS-ideals) are established.
Finally, under a homomorphism f : G — H of hyper KS-semigroups, it is shown that
the pre-image of a fuzzy hyper KS-ideal of H is a fuzzy hyper KS-ideal of G.

1. Introduction

KS-semigroups was introduced by K. H. Kim [6] which is a combination of BCK-
algebra and semigroup.

Hyperstructure theory (also called multivalued algebras) was introduced by
F. Marty at the 8th congress of Scandinavian Mathematicians in 1934. Recall
that in a classical algebraic structure, the image of two elements of a set is an
element of the set, while in an algebraic hyperstructure, the image of two elements
is a set. Thus, it is considered as a generalization of classical algebraic structures.
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In [8], hyperstructure theory was applied to KS-semigroups and so a new class
of algebra, called hyper KS-semigroups, was introduced. In this paper, we apply
the concept fuzzy sets to hyper KS-semigroups.

2. Preliminaries

[43 7

Let H be a non-empty set endowed with a hyperoperation “x” that is, “*” is a
function from H x H to P*(H) = P(H) \ {@}. For two subsets A and B of H,

Ax B = U a*b. We shall use z * y instead of x x {y}, {z} *y, or {z} * {y}.
acA,beB
When A C H and = € H, we agree to write A % z instead of A % {x}. Similarly,

we write  x A for {x} x A. In effect, A xx = Ua*x and z x A = Ux*a.

acA a€A
The structure (H,-) is called a semihypergroup if (v -y) -z = x - (y - 2), for all

x,y,z € H.

Definition 2.1 [5] A hyper BCK-algebra is a nonempty set H endowed with a

[43 7

hyperoperation “*” and a constant O satisfying the following axioms: for all
x,y,z € H,

(H1) (xx2)* (y*2) < xxvy,
(H2) (ax9)xz= (x2) 5y,
(H3) 2+ H < x,

(H4) 2 < y and y < 2 imply = = y,

where (a) © < y is defined by 0 € x *x y, and (b) for every A,B C H, A < B is
defined as follows: for all a € A, there exists b € B such that a < b. In such case,
we call “ < ” the hyper order in H.

A nonempty subset [ of a hyper BCK-algebra (H, *, 0) is called a hyper BCK-ideal
if 0 € I and for any z,y € H, x xy < I and y € I imply that z € I.

In any hyper BCK-algebra (H, %, 0), the following hold (see [5]) for all z € H.
(Al) 2+« H < z if and only if z xy < {z} for all y € H,
(A2) z < x and
(A3) zx0={z}.

Definition 2.2 [8] A hyper KS-semigroup is a nonempty set H together with two

Wy ”

hyperoperations “x” and “-” and a constant 0 satisfying the following conditions:

(i) (H,*,0) is a hyper BCK-algebra.
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(ii) (H,-) is a semihypergroup having zero as a bilaterally absorbing element,
that is, -0 =0-x = {0} for all x € H; and

13

(iii) “-7” is left and right distributive over “x”, that is, for any x,y,2 € H,

z-(y*xz)=(r-y)*x(x-2z)and (z*y) -z =(x-2)*(y-2).

From now on, a hyper KS-semigroup (H,*,-,0) shall be denoted by H and
for all z,y € H, we agree to write x -y as zy.

Example 2.3 [8] Let H = {0,1,2}. Then (H,x,-,0) is a hyper KS-semigroup

with hyperoperations “*” and “-” defined as follows.

x| 0 1 2 -] o 1 2
0|{0} {0} {0} 0|{0} {0} {0}
1| {1+ {o0,1} {o0,1} 1) {op {1} {o0,1}
2| {2} {1,2} {0,1,2} 2| {0} {0,1} {o0,1,2}

Let I be a nonempty subset of a hyper KS-semigroup (H, *,-,0). Then [ is
said to be a hyper subKS-semigroup of H if for all x,y € I, xxy C [ and 2y C I.
I is said to be a hyper left (resp. hyper right) stable if xa C I (resp. ax C I) for
all x € H and for all a € I. I is said to be a hyper stable if I is both hyper left
and right stable. [ is said to be a hyper left (vesp. hyper right) KS-ideal if (i) I
is a hyper left (resp. hyper right) stable and (ii) for any xz,y € H, x xy < I and
y € I imply that x € I. [ is a hyper KS-ideal if I is both a hyper left and a hyper
right KS-ideal.

Remark 2.4 A hyper KS-ideal contains 0 and hence, it is a hyper BCK-ideal.

3. Fuzzy sets in hyper KS-semigroups

In this section, we introduce the notions of fuzzy hyper subKS-semigroups and
fuzzy hyper KS-ideals and provide some characterizations with respect to their
upper level subsets.

Throughout this paper, a hyper KS-semigroup (H, *, -, 0) shall be denoted by
H with hyper order denoted by <. Note that the symbols <, >, < and > refer to
the usual inequalities in real numbers.

Definition 3.1 A fuzzy set p in a hyper KS-semigroup H is called a fuzzy hyper
subKS-semigroup of H if it satisfies the following conditions: for all z,y € H,

(i) inf p(a) > min{p(z), p(y)} and

acx*y

(it) inf p(a) > min{u(z), u(y)}

acxy
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Lemma 3.2 Let pu be a fuzzy hyper subKS-semigroup of a hyper KS-semigroup
H. Then for all x € H, u(0) > p(x). Moreover, if u is onto, p(0) = 1.

Proof. Let p be a fuzzy hyper subKS-semigroup of H and let x € H. By (A2),
r << x and so 0 € x xx. Thus,

1(0) = inf 4u(t) = min{pu(z), p(z)} = p(z).

T texxx

If o is onto, then p(z) = 1 for some z € H. Hence, 1 = p(z) < p(0) < 1.
Therefore, 11(0) = 1. .

Definition 3.3 A fuzzy set u in a hyper KS-semigroup H is called a left (resp.
right ) fuzzy hyper KS-ideal of H if it satisfies the following conditions: for all
z,y € H,

(F1) = <y implies u(x) > p(y),

(F2) p(x) = min{ inf p(a), p(y)}, and

(F3) inf ula) > pu(y) (resp. inf u(a) > u(z)).

A fuzzy set p is a fuzzy hyper KS-ideal if it is both a left and a right fuzzy hyper
KS-ideal of H.

In a hyper BCK-algebra, a fuzzy hyper BCK-ideal satisfies (F1) and (F2).

Example 3.4 Let H be the hyper KS-semigroup in Example 2.3. Define a fuzzy
set pin H by p(0) = t1, u(l) = ty and u(2) = t3 where t1,5,t3 € [0,1] and
t1 >ty > t3. Then it can be shown that p is a fuzzy hyper KS-ideal of H.

Theorem 3.5 A fuzzy hyper KS-ideal of a hyper KS-semigroup is a fuzzy hyper
subKS-semigroup.

Proof. Let p be a fuzzy hyper KS-ideal in H and let x,y € H. By (Al),
zxy < {x}. Thus, for all @ € x *y, a < x. By Definition 3.3(F1), u(x) < p(a)
for all a € x *y and so p(z) < inf u(a). This implies that

acT*xy

min{ inf p(a), p(y)} > min{p(z), u(y)}

acxxy

and so it follows that ienf p(a) > min{ ienf p(a), p(y)} > min{pu(z), u(y)}. Also,
aExT*y aExT*y

inf ju(a) > p(y) and inf p(a) > p(e). Thus, inf u(a) = min{u(e), u(y)}. Hence,

acxy acxry acTy

w is a fuzzy hyper subKS-semigroup in H. n

The converse of the preceding theorem may not be true in general. Consider
the following example.
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Example 3.6 Consider the hyper KS-semigroup (H, %, -, 0) with hyperoperations

[14 7

*7 and “-7 defined as follows.

x| 0 1 2 |0 1 2
0110} {0} {0} 0110y {0y {0}
1 {1} {0.1} {01} 1 {0} {1} {0,1,2}
2| {2} {1,2} {0,1,2} 2 ({0} {o0,1} {0,2}

Define a fuzzy set p in H by p(0) = t1, p(l) = t2 and pu(2) = t3, where
t1,ta,t3 € [0,1] and ¢; > t5 > t3. Then by routine calculations, we can show
that p is a fuzzy hyper subKS-semigroup but not a fuzzy hyper KS-ideal since

ty=p(2) =  inf 1) = ts.
s=p2)= _ jnf wla)<p(d)=ts

For two fuzzy sets p and v in H, (pNv)(z) = min{u(x),v(z)} for all z € H.

Theorem 3.7 If  and v are fuzzy hyper subKS-semigroups of a hyper KS-
semigroup H, then pNv is also a fuzzy hyper subKS-semigroup of H.

Proof. Since p and v are fuzzy hyper subKS-semigroups of H, it follows that
for all x,y € H and a € z xy, p(a) > ienf p(a) > min{p(z), u(y)} and v(a) >
aEx*y

ienf v(a) > min{v(z),v(y)} Thus, for all a € x * y, we have
a€xxy

(kN v)(a) =min{u(a),v(a)}
> min{min{zu(z), u(y)}, min{v(z), v(y)}}
= min{min{sx(z), v(z)}, min{u(y), v(y) }}
= min{(zNv)(z), (LNv)(y)}

and so inf (g Nv)(a) > min{(xNv)(x), (kNv)(y)}. Also, for all b € zy,

acxrxy

(1N v)(b) = min{su(b), v(b)}
> min{min{y(z), u(y)}, min{v(z), v(y)} }
= min{min{x(z), v(z)}, min{u(y), v(y)} }
= min{(xNv)(@), (LNv)(y)}

and so binf (e N v)(b) > min{(xNv)(z),(wNv)(y)}. Therefore, uNv is a fuzzy
cexy
hyper subKS-semigroup of H.

For a fuzzy set pin H, H, = {x € H|pu(x) = pn(0)}.
Theorem 3.8 Let pu be a fuzzy set in a hyper KS-semigroup H.

(i) If p is a fuzzy hyper subKS-semigroup of H, then H, is a hyper subKS-
semaigroup of H.

(i) If p is a fuzzy hyper KS-ideal of H, then H,, is a hyper KS-ideal of H.
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Proof. Let H, = {z € H|u(z) = 1(0)}.

(i) Since 0 € H,, H,, # @. Clearly H, C H. Suppose that u is a fuzzy hyper
subKS-semigroup of H. Let z,y € H,. Then p(z) = 1(0) = p(y) and so for
alla € zxy,b € xy,

pu(a) = inf p(a) = min{p(z), p(y)} = min{u(0), u(0)} = u(0) and

a€x*y

p(b) = jnf (D) = min{p(w), p(y)} = min{p(0), u(0)} = n(0).

By Lemma 3.2, p(a) < p(0) and p(b) < p(0). Hence, p(a) = w(0) and
p(b) = p(0). Thus, a,b € H,. Therefore,  x y,zy C H, and so H, is a
hyper subKS-semigroup of H.

(ii) Suppose that p is a fuzzy hyper KS-ideal of H. From [4], H, satisfies
condition (ii) of a hyper KS-ideal. We only need to show that H, is hyper
stable. Let x € H and a € H,. Then p(a) = p(0). Let b € ax and ¢ € za.
Then

p(b) = inf u(b) = p(a) = p(0) and p(c) = inf p(c) = p(a) = p(0).
By Lemma 3.2, u(0) > p(b) and p(0) > p(c). Thus, u(0) = u(b) and
1(0) = p(c) and so, b,c € H,. Hence, ax,xza C H, so that H, is hyper
stable. Therefore, H, is a hyper KS-ideal of H. u

For a fuzzy set p in H and t € [0, 1], the upper level subset of p is given by
m = {z € Hlp(x) > t}.

Remark 3.9 i, = H if t = 0.

Theorem 3.10 Let p be a fuzzy set in a hyper KS-semigroup H. Then p is a
fuzzy hyper subKS-semigroup of H if and only if the upper level subset p; is a
hyper subKS-semigroup of H whenever u, # @ fort € [0, 1].

Proof. Suppose that u is a fuzzy hyper subKS-semigroup of H and assume that
wy # & where t € [0,1]. Let x,y € py. Then p(z) > ¢ and p(y) > t. Thus, for all
a € xxy and for all b € xy,

ula) 2 inf p(a) 2 min{u(z), u(y)} 2 min{t,t} =t and

p(b) 2 jnf u(b) = min{p(x), p(y)} = min{t, t} = 1.

Hence, p; is a hyper subKS-semigroup of H.

Conversely, assume that for each ¢ € [0,1], yu; # @ is a hyper subKS-
semigroup of H. Let z,y € H and t = min{u(z),x(y)}. Then p(zx) > ¢ and
w(y) >t. Thus, z,y € u,. Since py is a hyper subKS-semigroup of H, zxy, zy C 1
and so for all @ € z xy and for all b € zy, u(a) > t and p(b) > t. Hence,

inf pu(a) >t = min{p(z), u(y)} and bi&fyu(b) >t = min{u(x), u(y)}. Therefore,

acrxy

w1 is a fuzzy hyper subKS-semigroup of H. n
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Theorem 3.11 Let p be a fuzzy set in a hyper KS-semigroup H. Then p is
a fuzzy hyper KS-ideal of H if and only if the upper level subset p; is a hyper
KS-ideal of H whenever pu, # & fort € [0,1].

Proof. Suppose that p is a fuzzy hyper KS-ideal of H and assume that p, # @
where ¢ € [0,1]. From [3], u; satisfies condition (ii) of a hyper KS-ideal. Thus,
we only need to show that ax,za C pu; for all x € H and for all a € p;. Let
r € H and a € ;. Then p(a) > t. Now, by Definition 3.3(F3), we have
u(z) > zigafxu(z) > u(a) >t and p(w) > l}g{fgu(w) > p(a) > t. Hence, z,w € iy

and so ax,xa C p;. Thus, p; is hyper stable. Therefore, u; is a hyper KS-ideal
of H.

Conversely, assume that for each t € [0,1], u; # @ is a hyper KS-ideal of
H. From Remark [?] and [3], p satisfies (F1) and (F2). We only need to show
Definition 3.3(F3). Let 2,y € H and take t = u(y). Then y € p; and since
is hyper stable, it follows that xy € p;. Thus, for all a € xy, a € ;. That is,
p(a) >t = p(y). Hence, aiéleyp(a) >t = p(y). Similarly, take t = p(z) so that
xy C p; and thus, for all @ € zy, a € uy, that is, pu(a) > t = p(z). Hence,
aiéleyu(a) >t = p(z). Therefore, u is a fuzzy hyper KS-ideal of H. n

For any nonempty subset I of a hyper KS-semigroup H, we define a fuzzy set

wr in H by
(2) 1, ifxel,
€Tr) =
H 0, otherwise

that is, us is the characteristic function of I.

Corollary 3.12 Let I be a nonempty subset I of a hyper KS-semigroup H and
1y be the characteristic function of I.

(i) I is a hyper subKS-semigroup of H if and only if uy is a fuzzy hyper subKS-
semigroup of H.

(ii) I is a hyper KS-ideal of H if and only if uy is a fuzzy hyper KS-ideal of H.
Proof. Observe the level subset of p;
I, ifte(0,1],
)y = {H, itt—0.
The results follow directly from Theorems 3.10 and 3.11. u

Let (Hy,%1,-1,01) and (Ha, *9, 2, 09) be hyper KS-semigroups and f : H; — Hj
be a map. Then f is called a hyper KS-semigroup homomorphism if f(x *; y) =
f(x) %o f(y) and f(x 1 y) = f(x) -2 f(y) for all x,y € Hy.

Theorem 3.13 Let f: G — H be an epimorphism of hyper KS-semigroups. If v
15 a fuzzy hyper KS-ideal of H, then the homomorphic pre-image p of v under f
15 a fuzzy hyper KS-ideal of G.
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Proof. Let f : G — H be an epimorphism of hyper KS-semigroups. From
Remark 2.4 and [4], p satisfies (F1) and (F2). So, we only need to show (F3). Let
x,y € G. Then

inf = inf > = and
infpa) = it v(f(@) 2 v(f()) = ple) an
inf = inf > = .
Jof wlo) = Aot vi(a) 2 v(f) = nly)
Thus, p is a fuzzy hyper KS-ideal of G. n
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