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Abstract. Interval-valued intuitionistic fuzzy soft set theory is an intuitionistic fuzzy
extension of the interval-valued fuzzy soft set theory or an interval-valued fuzzy ex-
tension of the intuitionistic fuzzy soft set theory. In this paper, we further consider
interval-valued intuitionistic fuzzy soft sets. Some new operations on interval-valued

(1))

intuitionistic fuzzy soft sets, i.e., “”, “+” and Cartesian product, are defined, and some

related properties are investigated.

Keywords: Soft sets; interval-valued intuitionistic fuzzy soft sets.

1. Introduction

Probability theory, fuzzy sets [35], interval mathematics [11], and other mathema-
tical tools are often useful approaches to dealing with uncertainties [24]. However,
all of these theories have their own difficulties, and one of the major reasons is the
inadequacy of their parametrization [23]. Soft set theory is a new mathematical
tool for modeling uncertainties, which is free from the difficulties existing in those
theories. At present, soft set theory has proven useful in many fields, such as
prediction [30], [31], rules ming [12], decision making [7], [16], [36], mobile cloud
computing [25], data analysis [8], [37]. Recently, many researches focused on
theoretical aspect of soft sets. As a continuation of Molodtsov’s pioneer work [23],
Mayji et al. [20] gave a detailed theoretical study on soft sets. Furthermore, Ali et
al. [5] proposed some new operations on soft sets, such as restricted intersection,
restricted union and restricted difference. Cagman and Enginoglu [6] defined soft
matrices, which are representatives of soft sets. In [10], Gong et al. presented the
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bijective soft sets, which are special soft sets. As an extended concept of bijective
soft sets, the exclusive disjunctive soft sets [29] were introduced. Furthermore,
Jiang et al. [14] analyzed the existing problems of soft set theory, and presented
an extended soft set theory by using the concepts of description logics to act as
the parameters of soft sets. Also, the algebraic structures and hyperalgebraic
structures of soft sets have been studied increasingly. Aktag and Cagman [2]
introduced soft groups and considered the relationship between fuzzy groups and
soft groups. Feng et al. [9] presented soft semirings, Acar et al. [1] defined soft
rings, and Jun et al. [15] discussed the soft ordered semigroups. Yamak et al.
[33] considered soft hypergroupoids, and we studied soft polygroups [26] and soft
hypermodules [28].

Due to the fuzzy characters of parameters, the situation may be more com-
plex in the practical applications of soft sets [34]. By combining fuzzy sets with
soft sets, Maji et al. [18] defined fuzzy soft sets. Majumdar and Samanta [22] fur-
ther generalised the concept of fuzzy soft sets, and introduced generalised fuzzy
soft sets, in which a degree is attached with the parametrization of fuzzy sets
while defining a fuzzy soft set. Yang et al. [32] presented interval-valued fuzzy
soft sets, which is based on a combination of interval-valued fuzzy sets and soft
sets. Maji et al. [17], [19], [21] defined intuitionistic fuzzy soft sets by combining
intuitionistic fuzzy sets with soft sets. Moreover, Jiang et al. [13] introduced
the notion of interval-valued intuitionistic fuzzy soft sets, which is a combina-
tion of interval-valued intuitionistic fuzzy sets and soft sets. Also, interval-valued
intuitionistic fuzzy soft sets can be considered as intuitionistic fuzzy extension
of interval-valued fuzzy soft sets or interval-valued fuzzy extension of intuitio-
nistic fuzzy soft sets. Furthermore, We [27] discussed the necessity and possi-
bility operations on interval-valued intuitionistic fuzzy soft sets, and Zhang et
al. [36] developed an adjustable approach to decision making problems based on
interval-valued intuitionistic fuzzy soft sets. In this paper, we further consider
interval-valued intuitionistic fuzzy soft sets. Some new operations on interval-
valued intuitionistic fuzzy soft sets are defined, and some related properties are
investigated.

2. Preliminaries

We review some notions about interval-valued intuitionistic fuzzy sets and interval-
valued intuitionistic fuzzy soft sets. Let U be an initial universe set, E be the
universe set of parameters with respect to U and A C E. ZVIF(U) denotes the
set of all interval-valued intuitionistic fuzzy sets of U.

Let D[0, 1] denote the set of all closed subintervals of [0, 1]. An interval-valued
fuzzy set [11] A on a universe X is defined by A = {(x, ua(z))|xr € X}, where
pa s X — D[0,1]. For every z € X, pa(x) = [p, (), 1a(2)] is called the degree of
membership of an element z to A. p,(z) and fi,(z) are referred to as the lower
and upper degrees of membership of x to A, where 0 < EA(Z') <Tiy(z) < 1.

Definition 2.1. ([3]) An interval-valued intuitionistic fuzzy set A over a universe
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X is an object having the form A = {(z, pa(x),va(x))|x € X}, where ps : X —
D[0,1] and 74 : X — DJ0, 1] satisfying the condition i (z) + 7 4(z) < 1 for all
x € X. The intervals pa(z) and y4(z) denote the degree of membership and the
degree of nonmembership of an element x to A, respectively.

Definition 2.2. ([4]) Let A and B be two interval-valued intuitionistic fuzzy sets
of a universe X, then

(1) ACBiffp,(2) < py(x), Balz) < Ep2), v,(2) > 7,(z) and
F4(x) > 7g(x), for all z € X;

(2) A=Biff AC B and B C A;
(3) AY = {(z,7a(2), pa(@))|z € X};

(
(4) AUB = {(&,[sup(, (@), (), sup(a(a), Fi ()], [int(y (), 7 ().
inf(7,4(2), 75 (0))) | € X }:

6)ANB = (@[t (0), 1 (0), infa 2), (o)) [suply  (0), 71, (2)),
sup(Va(z), ¥p(2))]) |z € X}

(6) A+ B = {(z,[p, () + py(z) — p,(@) - py(x),Ba(x) + Fpx) — Halz) -
Bp(@)], [y, () - ZB( ), ¥ a() - Vp()])|z € X}

(1) A-B = {(z,[p,(x) - py(2), Balz) - Ep(@)] [, () + v5(x) — 7, () - v, (2),
Fal®) +7p(x) =Fa(x) - Fp(@))|r € X};

(8) UA = {(z,pa(x),[y,(2),1 —Ha(z)) |z € X};

(9) 0A = {{z,[p,(2),1 = F4(2)],7a(2)) |z € X}.

If A and B are two interval-valued intuitionistic fuzzy sets over universes X
and XQ; respeCtiVGIY7 then Ax B = {<<.T, y>7 [HA(:E) HB(y)uﬁA<x) ﬁB(y)]a [ZA(‘I) ’
V@) Valz) - FpW))|z € X1,y € Xo}.

Definition 2.3. ([13]) A pair (F, A) is called an interval-valued intuitionistic
fuzzy soft set over U, where F' is a mapping given by F': A — ZVIF(U).

An interval-valued intuitionistic fuzzy soft set is a parameterized family of
interval-valued intuitionistic fuzzy subsets of U. For any parameter ¢ € A, F'(¢) is
referred as the interval intuitionistic fuzzy value set of parameter €. It is actually
an interval-valued intuitionistic fuzzy set of U, written as

F(e) = {{z, pre) (), 7r)(2)) | € U},

where pip () () is the interval-valued fuzzy membership degree that object x holds
on parameter €, and yg()(z) is the interval-valued fuzzy membership degree that
object x does not hold on parameter ¢.
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Definition 2.4. ([13]) Let (F, A) and (G, B) be two interval-valued intuitionistic
fuzzy soft sets over U. Then (F, A) is called an interval-valued intuitionistic fuzzy
soft subset of (G, B) denoted by (F, A) € (G, B), if the following conditions are
satisfied: (1) A C B; (2) for all € € A, F(e) is an interval-valued intuitionistic
fuzzy subset of G(eg), that is, for all z € U and ¢ € A, EF(E)(x) < HG(E)(x),

ﬁF(e) (‘T) < ﬁG(a) (l‘), ZF(g)(x> > ZG(a) (.’I?) and 7F(a) (SL’) > 76‘(6) (l’)

Two interval-valued intuitionistic fuzzy soft sets (F, A) and (G, B) over U
are said to be interval-valued intuitionistic fuzzy soft equal, denoted by (F, A) =
(G,B), if (F,A) € (G,B) and (G, B) € (F, A).

Let E = {ey, ..., e,} be a set of parameters. The not set of E, denoted by |E,
is defined by |E = {]ey, ..., |en}, where |e; = not e; for all i € {1,...,n}, which
holds the opposite meaning of parameter e;.

Definition 2.5. ([13]) The complement of an interval-valued intuitionistic soft set
(F,A), denoted by (F,A)°, is defined by (F,A)¢ = (F¢1A), where
F¢ ]A — IVIF(U) is a mapping given by F¢(e) = {(z,vrqe)(2), prae)(2))]
x e U} for all e €]A.

Definition 2.6. ([13]). The union of two interval-valued intuitionistic fuzzy soft
sets (F, A) and (G, B) over U is the interval-valued intuitionistic fuzzy soft set
(H,C) = (F, A) U (G, B), where C' = AU B, and for all € € C,

{<x7:U’F(6)($)>7F(€( )>|SL’€U} ifEEA—B,
{(@, pee) (@), 76 () |z € U} ifee B— A,

(G, fsup (gt () 15 (2)). 5D (T ) (). o ()],
[0F(y ) (), S (2): 0 (T (). T @)D € U if e € AN B.

H(e) =

Definition 2.7. ([13]). The intersection of two interval-valued intuitionistic fuzzy
soft sets (F, A) and (G, B) over U is the interval-valued intuitionistic fuzzy soft
set (H,C) = (F,A) m (G, B), where C' = AU B, and for all € € C,

{(z, 1re) (), 7R (7)) |z € U} ife € A- B,
{{z, ha) (@), Yo () |z € U} ife e B— A,
(=, inf () (%), gy o (@), 0E (o) (), B (2)),

[sup(f_yF(s)@c), 1(;@( 2)),8up(Tp(o) (%), Teo) () |z € U} if e € AN B.

H(e) =

Definition 2.8. ([13]). Let (F, A) and (G, B) be two interval-valued intuitionistic
fuzzy soft sets over U, then “(F,A) or (G, B)” is an interval-valued intuitionis-

tic fuzzy soft set (H, AxB)=(F, A)V(G, B), where H(«, f)=F(a) U F(f3) for all
(Oé, ﬂ)EAXB7 that is H(Oé, ﬁ):{< [Sup</iF(a)( )’ HG(/B) (iL‘)), Sup(ﬁF(a) (x)’ EG(,B) (l‘))],
[inf(zF(a)(x),lG(ﬁ)(x)), inf(Yp(a) (7), Vg s ()] |z € U} for all (o, ) € A X B.
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Definition 2.9. ([13]). Let (F, A) and (G, B) be two interval-valued intuitionistic
fuzzy soft sets over U, then “(F, A) and (G, B)” is an interval-valued intuitionis-
tic fuzzy soft set (H,A x B) = (F, A) A (G, B), where H(«,3) = F(a) N F(5)
for all (o, B) € Ax B, that is, H(«a, 8) = {(z, [inf(EF(a)(x),ﬁG(ﬁ) (), inf (g (),
ﬁG’(B) (l’))], [Sup(lF(a) (.Z'), ZG(B) (.Z')), Sup(ﬁF(a) (.%), 70(6) ($))]>‘£B’ € U} for all (Oé, ﬁ) S
Ax B.

Definition 2.10. ([27]) The necessity operation on an interval-valued intuitio-
nistic fuzzy soft set (F, A) is denoted by [(F, A) and is defined as C(F, A) =
{<ZE,NDF(5)($)WDF(E) (z))|lz € U and ¢ € A}, where UOF(e) (z) = [EF(E)(ZE)JF(E) ()]
is the interval-valued fuzzy membership degree that object x holds on parameter
g, and Yor(e) (2) = [v, © (2),1 = Hp)(z)] is the interval-valued fuzzy membership
degree that object x does not hold on parameter .

Definition 2.11. ([27]) The possibility operation on an interval-valued intuitio-
nistic fuzzy soft set (F, A) is denoted by O(F, A) and is defined as O(F,A) =

{(z, pore (2),10r@ (2))|z € U and & € A}, where Yor@) (1) = 1, (%) Vre (€)]
is the interval-valued fuzzy membership degree that object x does not hold on
parameter ¢, and pope)(v) = [EF(E) (2),1 = ¥ ()] is the interval-valued fuzzy
membership degree that object x holds on parameter €.

3. Some new operations on interval-valued intuitionistic fuzzy soft sets

In this section, we give several new operations on interval-valued intuitionistic
fuzzy soft sets, and investigate some related properties.

W

Definition 3.1. The operation of two interval-valued intuitionistic fuzzy
soft sets (F, A) and (G, B) over U is the intuitionistic fuzzy soft set (H,C) =
(F,A) - (G, B), where C' = AU B and for all € € C,

(@ [y (@) - pp () Ty (2) iy (2),

(@ )+7F()(w) zF(s( ) Yoy (),
V) () + Tpe (@) — (@) - Vpe(@))z €U} ife € A= B,

{{x a[ﬁg(g)( )'Hg()(m)’ﬁG(e)(x)'ﬁG(s)(x)]a

H(e) = e @) + Y00 (@) = 260 (2) - 26 (@),
Ve (@) + Voo () = Ve (®) Vo (@))|z € UL ife e B-A,

{0 [l (@) - g ) (), Fip ) (2) - B ()],

)+ Y0/ (®) = Vo) (@) - 2 (@)
) + Ve (@) = Vre (@) Tae(@))|z e Ut ifee ANB.

We can write (F, A) - (F, A) = (F, A)2. For any positive integer n, (F, A)"
{(@. tron (@) pon(@))e € U and = € A}, where ppep(e) = (g (2)"
(Fpey (2))"] and ypen(z) = [1 — (1 - ZF(a)( )", 1= (1= Fpe)(@)"].

7F(5

(@ (
\ (

T T

G
(

Tr (e) VF(E)

\
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Example 3.2. Let (F,A) be the interval-valued intuitionistic fuzzy soft set,
which describes the “attractiveness of the houses” to Mr. X (say), where U is
a set of three houses under the consideration of Mr. X to purchase, denoted by
U = {hy, ha, h3}, A = {convenient traffic, wooden, in good repair} is a parameter
set, and

F(convenient traffic) = {(h4,[0.5,0.7],[0.25,0.3]), (hs, [0.6,0.75],[0.15,0.25]),
(hs, [0.85,0.9], [0.03,0.1])};

F(wooden) = {(hy,[0.6,0.75],[0.2,0.25]), (hs, [0.73,0.82], 0.1, 0.15)),
(hs, [0.55,0.65], [0.26,0.35]) }:

F(in good repair) = {{hy,[0.76,0.85],[0.08,0.15]), (hs, [0.55,0.65], [0.2,0.3]),
(hs,[0.7,0.8],0.15,0.2]) }.

Consider the interval-valued intuitionistic fuzzy soft set (G, B) over U, which
describes the “attractiveness of the houses” to Mrs. X, where B = {beautiful,
wooden, in good repair, in the green surroundings}, and

G (beautiful) = {(hy, [0.8,0.9],[0.05,0.1]), (hs, [0.65,0.8],[0.1, 0.2]),
(s, [0.7,0.75],[0.2,0.25])};

G(wooden) = {(hq,[0.72,0.8],[0.15,0.2]), (ho, [0.6,0.7],[0.2,0.3]),
(s, [0.65,0.8], [0.15,0.2])};

G(in good repair) = {(hy,[0.7,0.8],[0.1,0.2]), (h2, [0.6,0.75], [0.2, 0.25]),
(hs, [0.65,0.85], [0.1,0.15)) };

G(in the green surroundings) = {(hy, [0.75,0.85],[0.1,0.15]),
(hs, [0.7,0.8],[0.05,0.2]), (hs, [0.5,0.6], [0.25,0.35])}.
According to Definition 3.1, (H,C) = (F,A) - (G, B), where C' = {beautiful,
convenient traffic, wooden, in good repair}, and

H (convenient traffic) = {(hy,[0.25,0.49], [0.4375,0.51]), (h2, [0.36,0.5625],
[0.2775,0.4375)), (hs, [0.7225,0.81], [0.0591, 0.19])}:

H (beantiful) = {(hy, [0.64,0.81],[0.0975,0.19]), (hs, [0.4225, 0.64], [0.19, 0.36]),
(hs,[0.49,0.5625], [0.36, 0.4375]) }:

H(wooden) = {(h4,[0.432,0.6],[0.32,0.4]), (ho, [0.438,0.574],
[0.28,0.405]), (h, [0.3575,0.52], [0.371, 0.48])}:

H(in good repair) = {(hq, [0.532,0.68],[0.172,0.32]), (hs, [0.33,0.4875],
[0.36,0.475]), (s, [0.455,0.68], [0.235, 0.32])};

(hy,[0.5625,0.7225],[0.19, 0.2775)),
hs,[0.49,0.64], [0.0975,0.36]),
hs, [0.25,0.36], [0.4375,0.5775]) }.

)
H(in the green surroundings) = {
{

{

Theorem 3.3. Let (F, A) and (G, B) be two interval-valued intuitionistic fuzzy
soft sets over U. For any positive integer m,n, we have the following properties:

(1) <F7 A) ) <G’ B> = <G7B> ) <F7A>;
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(2) ((FLA)-(G,B))" = (F,A)" - (G, B)";
(3) (B, A)y™ - (F Ay = (F, Ay,
Proof. (1) It is straightforward.

(2) By Definition 3.1, we have ((F, A)-(G, B))" = (H,C)", where C' = AUB,
and for all € € C,

(e)
il e
1= (1= (Ype ()
ifee AN B.
e U and €AY and (G517 = (i (g ()" G ) 1 (1

1 — (1 =g (7)"])|r € U and € € B}, according to Definition 3.1, we can write
(F,A)" - (G,B)" = (0,C), where C = AU B, and for all € € C,

(L [t ()"t ()" <ﬁF(€>< )" - (g (@))"],
1= (1= g, (@) +1- < Yo ()"

(==, (@)")- (A= (L= (2))"), 1= (1T ey (2))" + 1
-(1- 7F(a)<x>>n - (1—(1— (w))") (1=(1=Ype)(z))")) |z € U}
ifee A—

{{z. [ug, )< Dt ()" (o ()™ T2 (1~ (1 (2741
(1= 2 @) = (1= (1= 55 @) - (1= (1= 35, @),

Q

©

8

|

2|
33
o o
G
2|

Q Q
O -
—~
G
B

m

-
—

Ok)=1 1- <1 - m)( 2)" +1— (1= Fge (@)
(1= (1 =T (@)")-(1 = (1 = Fge @)z € U}
ifee B— A,

{(@, [ oy ()" Mg(e)(ﬂf)) (Fpe) (@) - (Fae (@) 1= (1 =7, @)
HL= (1 =75 @)" = (1= (L =7,,@)") - (1= (1 =74, (@)"),
1—(1- 7F(a)( z))" + —( (1 =g (@)

1
—(1 =1 =Tpe@)") - (1= 1 =g (@)"))le e U}
| ifee ANB.

We have that
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Consequently, (H,C)" and (O, C') are the same interval-valued intuitionistic fuzzy
soft set. Therefore, ((F,A) - (G, B))" = (F, A)" - (G, B)™.

(3) From Definition 3.1, it follows that

(F, A>m'<F A ={{z, [(MF@( )) (B @) By ()™ - (B (€)™,

<1—<1—7F€)<x>> > (1-(1- vF()(l‘)))
L (= T (@)™ + 1= (1 = T ()"
~(1 = (L= T @)™) - (L= (1 =T (2))")]) 2 € U amd = € A}

s [ ()™, (g (@)™, [ = (1= 7, @) - (L= 2, ()
L= (1= Ty (@)™ - (1 =@l € U and & € 4}

([ (@)™ @)™, 11— (1= 7, @),
L —(1=Fpe (@)™ )|z € U and e € A}

= (F,A)"" u

Theorem 3.4. Let (F, A) and (G, B) be two interval-valued intuitionistic fuzzy
soft sets over U. For any positive integer n, we have the following properties:

(1) B(F, A" = (O(F, A))";
(2) O(F, A)" = (O(F, A))".

Proof. (1) Since (A" = ({5 [, (#))" (e ()11 = (1 = 3, ()"
1=(1=pe)(x))"])|z € U and € € A}, we have

DAY ={(, (1 oy ()" (B (@)™ [1 = (1 =7 (@) 1 = (B ())"])]
rxeUande € A},

Since O(F, 4) = {(z, [y, (), o (@), By (), 1T ()| € U amd e € A},

we have
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(OCE, AN = (@, (g @) (e ()] [ = (1 =7, (@),
L= (1= (L= Tip @)l € U and = € A}
{0 (e )" (@) 1L = (1= 7, @)
1= (i (@)Dl € U and < € 4}
= O(F, A)".
(2) The proof is similar to that of (1). .

Theorem 3.5. Let (F, A) and (G, B) be two interval-valued intuitionistic fuzzy
soft sets over U. For any positive integer m,n, we have the following properties:

(1) if m > n, then (F, A" C (F, A)";
(2) if (F, A) € (G, B), then (F, A)" € (G, B)";
3) (F.A) U (G, B))" = (F,A)"U (G, B)";
(4) ((F,A)m (G, B))" = (F,A)"n (G, B)";
(5) ((F.A) V(G,B))" = (F,A)" Vv (G,B)";
(6) ((F,A) A (G, B))" = (F, A)" A (G, B)".

Proof. (1) Since 0 < ﬁF(E)(a:) <1,0<Tpelr) <1,0<1 —’_yF(s)(:r;) <1 and
0 < 1Ty @) < L, we have (s, (€)™ < (st (@), (o)™ < (ipe (@)
L= (L= ()" 2 L= (1=, (@) and 1= (1T (@) > 1= (1T ()"
Thus, we deduce that (F, A)™ C (F, A)".

(2) Since (F, 4) € (G, B), we have sy () < frg (2), o) < T ).
ZF(a)(x) > ZG(E)( z) and Yp()(7) > fige)(v) for all x € U and € € A. It follows
that (s, (@) < (g, @) (ir @) < (igw@) - (-7, @) >
1—(1 —IG(E)(:E))" and 1 — (1 =75 ()" > 1= (1 =Fg((x))" for all z € U and
e € A. Therefore, we have (F, A)" € (G, B)".

(3) From Definition 2.6, we can write (F,A) U (G,B) = (H,C), where
C=AUB,and foralle € C,

{{o, ey (@), e (@) € U} fccA- B,
{{e, e (@) 76 (@) o € U} ifeeB- A
(G, (g (), s (), SUD (o) (2), o ()],

060y ) (), Do) () 0 (T (), T ()| € U} ife € AN B.

H(e)=
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Then ((F, A) U (G, B))" = (H,C)", where C = AU B, and for all € € C,

({2, (o ()", (e (2))"],
[
[

1= <1 = Voo @)1= (1= Fpo (@)D € U} if € A— B,
1 (g o (@)™ (g ()],
1= (1 =75, @)™ 1= (1= TFge(@)")z € U} ife € B— A,
H(e)— {{, [(sup (g (0), 1y (D))", (SUp(Ep(s) (2), s (2)))"];
[1—(1- mf(vF(a (@) Y0 ()"

)
1= (1 = inf(Yp (2), Vo) ()" D]z € U}
= (@, [sup (o (@) (g (2))") 50D ((r (o) (2))", (e (€))™)],
inf(1— (1 - 5, (@)1 — (1= 7, (@),
inf(1 — (1 = Jpe) (@) 1 = (1 =Fge(@)"))z € Uy ife e ANB.

Consequently, ((F, A) U (G, B))" = (F, A)" U (G, B)".
(4) The proof is similar to that of (3).
(5) From Definition 2.8, we can write (F, A) V (G, B) = (O, A x B), where

O(a, B) = {(=, [Sup(ﬁp(a) (z), ) (), sup(H g (o) (), Hgs) (7)),
(3 0 (2)s Yy (@) I T (2): Ty (@D o € U}

for all (o, 3) € A x B. Thus, ((F,A) vV (G, B))" = (O, A x B)", where for all
(a,5) € Ax B,

O, B)" = {{a. (5Pt (). sy (2)" (50D (T (). Ty ()]
(1= (1= (3 (2). Ay @)™ 1 = (1 = 0 (T (2). Ty (@)D € U
= (. (0D () ()" (5 (). 5D (g ()" <uGﬁ>< 2)"),
finf(1 — (1 3, (2)" 1 - - Yoip))): - T (@)
1~ (1~ o (@) € U}

Hence, we have ((F, A) V (G, B))" = (F,A)" Vv (G, B)".
(6) The proof is similar to that of (5). .
Definition 3.6. The operation “+” of two interval-valued intuitionistic fuzzy

soft sets (F, A) and (G, B) over U is the intuitionistic fuzzy soft set (H,C) =
(F,A) + (G, B), where C = AU B and for all € € C,
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L. [ty () + iy () = iy () i (),
ﬁF(a)( >+MF5)( T) — Hre) (z) - MFa)( )],
g () e (@) T (0) T o € U} ifc € A= B

s g (@) + 116 (@) = 1 () MG( (2),

H(e) = Aae (@ )+MG(5( r) — MG(E)( ) g ()],
oo @) 260 @) Tae (@) -7 ( )])lil? U} ifee B - A,

(0 T () o (0 B () (@)

By (®) + Tige) (T) = Tpe) () - Hge (x)]
Bpe () Lo (@) T (8) - TN € U} if = € AN B,

We can write (F, A) + (F, A) = 2(F, A). For any positive integer n, n(F, A) =
{{(z, tnre)(x), TarE (2)) |z € U and € € A}, where pi,p)(z) = [1—(1 —HF(E)(x))n7
1= (1= fipe)(2))"] and yupe) (2) = [(p (@) (T (2))"]

Example 3.7. Let (F, A), (G, B) be the interval-valued intuitionistic fuzzy soft
sets defined in Example 3.2. According to Definition 3.6, (H, C)=(F, A)+(G, B),
where C' = {beautiful, convenient traffic, wooden, in good repair}, and

H (convenient traffic) = {(hq,[0.75,0.91],[0.0625,0.09]), (h2, [0.84,0.9375],
[0.0225,0.0625)), (hs, [0.9775,0.99], [0.0009, 0.01])}:

H (beantiful) = {(h1,[0.96,0.99], [0.0025,0.01]), (hs, [0.8775,0.96], [0.01,0.04]),
(hs, [0.91,0.9375], [0.04, 0.0625)) }:

H (wooden) = {(hy,[0.888,0.95],0.03,0.05]), (hs, [0.892, 0.946], [0.02, 0.045]),
(hs, [0.8425,0.93], [0.039, 0.07]) }:

H(in good repair) = {(hy, [0.928,0.97],[0.008,0.03]), (hs, [0.82,0.9125],
[0.04,0.075]), (s, [0.895,0.97],[0.015,0.03]) }:

(hy,[0.9375,0.9775],0.01, 0.0225)),
ha, [0.91,0.96], [0.0025, 0.04]),
(hs, [0.75,0.84],[0.0625,0.1225])}.

)
H(in the green surroundings) = {
(

Theorem 3.8. Let (F, A) and (G, B) be two interval-valued intuitionistic fuzzy
soft sets over U. For any positive integer m,n, we have the following properties:

(1) (F,A)+ (G, B) = (G,B) + (F, A);
(2) n((F, Ay + (G, B)) = n(F, A) + n(G, B);
(3) m(F, A) + n(F, A) = (m +n)(F, A).
Proof. The proof is similar to that of Theorem 3.3. u

Theorem 3.9. Let (F, A) and (G, B) be two interval-valued intuitionistic fuzzy
soft sets over U. For any positive integer n, we have the following properties:
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(1) On(F, Ay = nO(F, A);
(2) On(F, A) = nO(F, A).
Proof. The proof is similar to that of Theorem 3.4. u

Theorem 3.10. Let (F, A) and (G, B) be two interval-valued intuitionistic fuzzy
soft sets over U. For any positive integer m,n, we have the following properties:

(1) if m < n, then m(F, A) C n(F, A),
(2) if (F, A) € (G, B), then n(F, A) € n(G, B)
(3) n((F, A) (G, B)) = n(F, A) Un(G, B);
(4) n((F, A) M (G, B)) = n(F, A) mn(G, B);
(5) n((F,A) V (G, B)) = n(F, A) vV n(G, B);
(6) n((F,A) NG, B)) = n(F, A) An(G, B).
Proof. The proof is similar to that of Theorem 3.5. .

Theorem 3.11. Let (F, A) and (G, B) be two interval-valued intuitionistic fuzzy
soft sets over U, then we have the following properties:

F,A)-(G,B)) =0(F,A) -0(G, B);
F, A) + (G, B)) = (F, A) + (G, B);
A) (G, B)) = O(F, A) - (G, B);
+ (G, B)) = O(F, A) + O(G, B);
A) - (G, B))¢ = (F, A)° + (G, B);

= 2

A) + (G, BY)C = (F, A)C - (G, B)°.

Proof. (1) From Definition 3.1 and Definition 2.10, we have O((F, A) - (G, B)) =
O(H,C), where C = AU B and for all € € C,

(@ ltp (0) - g (), e
e )( )+7F @) — 1F(g)(1‘) o
1= Tipe) () - Tpge (

[ g (2) - 10 (). Pl

OH(e) = [’_yG(E) (x) + Yot (x

=
=
Q
=
=

)
1 = Tig(e) (%) - T (

{(z, [EF(E)(QU) 'ﬁg(e)( )y Bre) () + e ()],
e () + 26, (@)
| 1 =T (@) T
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Since L(F, A) = {(z, [, (= )up(s I [y (@), 1=Tpe) (2)]) |z € U and e € A}

(@) [y
)
and 0(G, B) = {(z, [, (#), Fige) (@), [VG )( ), 1 =Tig (2)]) |z € U and € € B,
it follows that O(F, A> C(G, > (0,C), where C = AU B, for all € € C,

) (0) - 1y (). T (@) - Ty (@)
Y pe (@) + 2p )( ) = Yoy () - ’YF(E (),
L= Tip (@) + 1 = fipe) () = (L= Tpe) (@) - (1= Fpe (@) e € U}
e i ) e @) mey (o)
e (@) + 250 (8) = 2 (2) - 7 (),
1= i (&) - i (@)l € U} iteeA- B,
(.l (@) 10 () T (@) - T (@),
oo (®) + 260 (8) = 260 (8) - 26, (),
O(e) = = Tig(e) (@) +1 = Tige) (@) = (1~ Tige) () - (1 = Tige (@) e € U}
= {(=, [HG(E)($) 'EG(E)(iU),MG(s)(ﬂ?) Hea (s)(l")]
B (@) + 2 (@) = 2 (@) 25 (@),
1 =Tig() (%) - Fige (0)]) v € U} ifeeB-A,
e (- £ 8- 4}
Vo) (2) + 260 (& ) Vo)) - Yoy ()5
1 —Jipe(z) +1 - ( ) — 1 - Fpe) () - (1 = fige (2)]) |z € U}
g ()t 00T )T )
e @) + 26 )( ) Yo () Vg (@)
1T @) T @) € U) ifceANB.
Therefore, we have O((F, A) - (G, B)) = O(F, A) - (G, B).
The proofs of (2)-(4) are similar to that of (1).
(5) According to Definition 3.1 and Definition 2.5, we have ((F, A)-(G, B))¢ =
(H,AU B)Y = (H®,](AU B)) = (H®,|AU] B), where for all Je €]AU]B,
([ [ () + 750 (®) = Y (@) 2 (@),

) —
fYFs)( )+7F5)< >_7F(6( ) fYF(s (.CL’)]
B () -t (@), T &) - ir @) € U} it Je €]4-1B,

(. [ (@ >+7G( (@) = 20 (@) 2o (@),
H(Je) = Yoo (T) + Fae) (@ )—VG( ( ) e (@),
g () ey (), Tl @) - Ty @Dl € U} if 1= €1B-14,

),
[ W (@) + 20 (@) = T ) Yoo (@)
Ve (™ )+VG ( )—WF(E( ) Ve ()],
(@) - 1 ( ), lipe) ()  Bae(@)) |z € UL if Je €[AN]B.

Since (F,AY° (€, 14). whars F(12){(o. 1, @0 @) g (@), T @)
x € U} forall]e €]A, and (G, B)°=(G°,|B), Where G (Je)={{(x, [fyG( )(x)ﬁg(e)(x)],
(), Hge)(@)])|x € U} for all |e €] B, we have

[HG(.E)
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(F.A)° +(G,B)" = (F°,14) + (G“.1B).
According to Definition 3.5, we can write (F¢ 1A4) + (G, 1B) = (0,]AU]B),

where

€)
’YF(E ($)+’YF ( )

[’uF(s (QJ) /’LF(E)(Q:)7ﬁF(€)(x ’
(

Hence, we have ((F, A) - (G, B))® = (F, A)° + (G, B)°.
(6) The proof is similar to that of (5). n

Definition 3.12. Let (F, A) and (G, B) be two interval-valued intuitionistic fuzzy
soft sets over U; and Us, respectively. The Cartesian product of (F, A) and (G, B)
is the intuitionistic fuzzy soft set (H, A x B) = (F, A) x (G, B), where H(«a, ) =
{<<£L‘, y>7 [HF(a) (x)ﬁg(ﬁ) (y)7 ﬁF(a) (x)ﬂG(,B) (y)]7 [ZF(Q) (I)ZG(Q) (y) ) 7F(a) ("L‘)WG(ﬂ) (y)]> |
x € Up,y € Uy}, forall « € A and g € B.

Example 3.13. Consider the interval-valued intuitionistic fuzzy soft set (F, A)
over U, defined in Example 3.2, which describes the “attractiveness of the houses”,
and the interval-valued intuitionistic fuzzy soft set (G, B) over V| which describes
the “capacity of the building companies”, where V' is a set of three building
companies, denoted by V' = {c1, ¢, c3}, B = {high quality, good service} is a
parameter set, and

G(high quality) = {{c1,[0.73,0.8],[0.1,0.18]), (cz, [0.55, 0.6], [0.2,0.35]),
(e, [0.65,0.75], [0.16,0.23])} ’

G(good service) = {{¢q,[0.5,0.6],[0.28,0.35]), (¢, [0.75,0.85], (0.1, 0.15]),
{c5,[0.63,0.78],[0.1,0.2])}

According to Definition 3.12, (H, A x B) = (F, A) x (G, B), where

H (convenient traffic, high quality) = {((hy, c1), [0.365, 0.56], [0.025, 0.054]),
((hy, e5), [0.275, 0.42], [0.05, 0.105)), ({1, c5), [0.325,0.525], [0.04,0.069]),

({hg, c1), [0.438,0.6], [0.015, 0.045]), ((hs, c), [0.33, 0.45], [0.03, 0.0875]).

((ha, 5), 0.39, 0.5625], [0.024, 0.0575)),

({hg, 1), [0.6205,0.72], [0.003, 0.018]),

((hs, ca), [0.4675, 0.54], [0.006, 0.035]),

({h, c5), [0.5525, 0.675], [0.0048, 0.023]) };
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H (convenient traffic, good service) = {((hy, ¢1),[0.25,0.42],[0.07,0.105]),

((h1, ¢2), [0.375,0.595], [0.025, 0.045]), ((h1, c3), [0.315, 0.546], [0.025, 0.06]),
((ha, c1), (0.3, 0.45], [0.042, 0.0875]), {{hs, c2), [0.45,0.6375], [0.015, 0.0375)),
({ha, c3),[0.378,0.585], [0.015, 0.05]),
({hs, c1),[0.425, 0.54], [0.0084, 0.035]),
({hs, ¢2), [0.6375, 0.765], [0.003, 0.015]),
((hs, e3), [0.5355, 0.702], [0.003,0.02]) };

H (wooden, high quality) = {({(hq, c1), [0.438,0.6], [0.02, 0.045]),
((h1, cs), [0.33,0.45], [0.04, 0.0875]),
(h1, e3), [0.39,0.5625], [0.032, 0.0575]),
(ha, ¢1),0.5329,0.656], [0.01,0.027)),
(ha, ¢5),[0.4015,0.492], [0.02, 0.0525)),
(ha, c3),[0.4745,0.615], [0.016, 0.0345]),
(hg, c1), [0.4015,0.52], [0.026, 0.063]),
(hs, 2), [0.3025, 0.39], [0.052, 0.1225]),
({hs, ¢3), [0.3575, 0.4875], [0.0416, 0.0805]) )
H (wooden, good service) = {((h1, 1), [0.3,0.45], [0.056, 0.0875]),
((h1, ¢5),[0.45,0.6375], [0.02,0.0375]),
ha, cs), [0.378,0.585], [0.02, 0.05)),
ha, c1), [0.365,0.492], [0.028, 0.0525]),

(
(
(
(
(
(

hs, 1), [0.275,0.39], [0.0728, 0.1225)),

hs, c), [0.4125,0.5525], [0.026,0.0525]),
({hs, cs), [0.3465, 0.507], [0.026,0.07]) };
H (in good repair, high quality) = {((h1, c1),[0.5548,0.68], [0.008,0.027]),

((h1, ¢2), 0.418,0.51], [0.016, 0.0525]),

(h1, ¢s), [0.494,0.6375], [0.0128, 0.0345]),
(s, 1), [0.4015,0.52], [0.02, 0.054]),
(ha, ¢2), [0.3025, 0.39], [0.04, 0.105]),
{
{
{

[
(( [

( [

({ha, c3), [0.5475,0.697], [0.01, 0.0225)),
({ha, 5),[0.4599, 0.6396], [0.01, 0.03]),
(( [

(( [

ha, ¢3), [0.3575,0.4875], [0.032, 0.069]),

hs, 1), [0.511,0.64], [0.015, 0.036]),

hs, ¢2), [0.385,0.48], [0.03, 0.07]),

(s, c3), [0.455, 0.6], [0.024, 0.046]) }:

H (in good repair, good service) = {((h1, c1),[0.38,0.51],[0.0224, 0.0525]),
({h1, ), [0.57,0.7225], [0.008, 0.0225)),

({h1, e3), [0.4788,0.663], [0.008, 0.03]),

({hs, 1), [0.275,0.39], [0.056, 0.105)).

((ha, cs), [0.4125,0.5525], [0.02, 0.045]),

((ha, c3), [0.3465, 0.507], [0.02, 0.06]),

((hs, c1), [

((hs,c2), |

((hs, cs), [

——r— r— — —

(
(
(
(
(
(

hs, ¢1), [0.35,0.48], [0.042, 0.07]),
hs, ¢3),[0.525,0.68], [0.015, 0.03]),
hs, ¢s), [0.441,0.624],[0.015,0.04]) }.
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4. Conclusions

In this paper, some new operations on interval-valued intuitionistic fuzzy soft sets,
ie., “” “47and Cartesian product, are introduced, and some basic properties
are investigated. In the following work, we will consider the entropy measure,
similarity measure and inclusion measure of interval-valued intuitionistic fuzzy
soft sets and their relations.
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