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Abstract. In this paper, we introduce the notions of right T-system transitive,
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1. Introduction

The theory of ternary algebraic systems was introduced by Lehmer [4] in 1932, but
earlier such structures was studied by Kasner [3] who give the idea of n-ary alge-
bras. Lehmer [4] investigated certain algebraic systems called triplexes which turn
out to be commutative ternary groups. Ternary semigroups are universal algebras
with one associative ternary operation. Anjaneyulu [1] introduce S-semispace and
obtain an isomorphism theorem of semigroup of S-homomorphism on semispaces
and deduce the well known Ljapin’s [5] theorem on the semigroup of transforma-
tions over a set. In this paper we introduce right T-system and T-semispace and
study some properties of these T-systems.
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To present the main theorems, we first recall the definition of a ternary semi-
group which is important here.

Definition. A nonempty set T is called a ternary semigroup [3] if there exists a
ternary operation 7' x T' x T" — T written as (z1,x2,23) — [r12913], satisfying
the following identity, for any x, xo, 3, x4, x5 € T,

[(z12973) Taws] = [21 (X2x3my) 5] = (X129 (T32475)] -

Example. Let "= {—4,0,i}. Then T is a ternary semigroup under the multipli-
cation over complex number while 7" is not a semigroup under complex number
multiplication.

2. T-systems in Ternary semigroups

Definition 2.1. Let T be a ternary semigroup. A non empty set M is called a
right T-system provided there exists a mapping (m, n, s)—mns of M x M xT— M
such that mn(stu) = m(nst)u = (mns)tu for all m,n € M and s,t,u € T. We
denote a right T-system M by M.

Let M7 be aright T-system. Then an element m € M is called a fixed element
of My provided mmt =m for all t € T.

If My is a right T-system, then we denote the set

Fy={meM:mnt=mforallteT}

and F; is read as the set of fixed (invariant) elements of an operand My over a
ternary semigroup 7.

A right T-system M7y is said to be a transitive provided for any m,n,p € M,
there exists a t € T' such that mnt = p.

Let Mt be a right T-system. Then a non empty subset N of M is called a
T-subsystem of My provided NNT C N, that is, for all m,n € N and t € T,
mnt € N.

A right T-system My is said to be irreducible provided MMT ¢ FM and
the only subsystem of M of cardinality greater than one is M itself.

Theorem 2.2. Let My be a right T-system with FM = ¢, that is, Mr has
no fixed elements. Then My is a transitive T-system if and only if My is an
wrreducible.

Proof. Let My is a transitive T-system. Suppose that if possible M7 is not
irreducible. Then MMT C FM = for all m € M,t € T, mmt = m and hence
M7 is not transitive. We have the contradiction. Therefore MMT ¢ F M implies
that Mp is an irreducible.

Conversely, suppose that Mr is an irreducible T-system, i.e., MMT C FM =
for m € M, mmt # m, for allt € T = m,n,p € M, there exists a t € T such
that mnt = p. Therefore, My is a transitive T-system.
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Definition 3.3. Let M7 and N be two right T-systems. A mapping f: M — N
is called a T-homomorphism from My into Nr provided f (mnt) = f(m)nt, for
allme M and n,t € T.

We denote the set of all T-homomorphism from My into Ny by Hy (M, N)
and the set of all T-homomorphism from My into itself by Hp (M) or simply H.

Definition 3.4. An unital T-system M7y is said to be a T-semispace or, simply, a
semispace provided T is a ternary group such that mns = mnt, for some m,n € M,
and s,t € T implies s = t. We call T', a centralizer of M.

It can be observed that a semispace is a vector set with F'M = ¢ in the sense
of Hoehnke [2].

Let Mp be any semispace. Then the transitive relation on My is an equiva-
lence relation and the corresponding equivalence classes as T-equivalence classes.
Also, each equivalence class is a transitive T-system and hence an irreducible
T-system.

Let {Ca},en be the family of T-equivalence classes. By the choice axiom,
there exist {Wo},ca such that W, € C,.

In what follows, we fix the family of elements {W,} .. and, for simplicity,
we write a instead of W, for each a € A, i.e., we consider A as a subset of M.

Let a € A, we define a mapping S, on M as follows. Let m € M. Then
m = fst, for some § € A and s,t € T. Write for r € T', ms, = (0st) s, = ast.
Now, clearly, s, is a T-homoorphism.

Theorem 3.5. For every X € H, range of X is a union of T-equivalence classes.

Proof. Let n € range of X. Then there exist an element m € M such that
mX =n. If n € C,, then n = apt, for some pe M andt € T.

Let ¢ € C,. Then ¢ = aps, for some s € T. Consider (mt~'s) X =
(mX)t™'s = nt7's = aptt™'s = aps = q. So q € range of X. Thus range
of X is a union of T-equivalence classes.

Definition 3.6. Let X € H. The cardinality of the set of all T-equivalence
classes in the range of X is called the rank of X.

It is clear that the rank of X is greater than or equal to 1 for all X € H and,
for each v € A, T, has rank 1. We denote the set of all S-homomorphisms of rank
1 by |J. We note that | J does not depend on A.

Write

V:{SEU:QSS:aforsomeozéA}.

We, now, characterize the idempotents of rank 1 in H.
Theorem 3.7. V is the set of all idempotents of rank 1 in H.

Proof. Let S € V. So aS = a, for some a € A. Since S has rank 1, the range
of Sis C,. Let m,s € M. Then m = (st for some § € A and t € T. Assume
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BS = apq for some p,q € T. Now, mS? = (Bst) S? = (35) (stS?) = (apq) stS* =
(S) pgstS = apgstS = (aS) pgst = apgst = (3S) st = (Bst) S = mS. Since this
is true for all m € M, S is an idempotent.

Conversely, suppose that S € (] is an idempotent. Suppose range of S is C,,.
If aT = ast for some s,t € T, then ast = aS = aS? = (ast) SS = (aS) stS =
(ast) stS = (aS) stst = as®t3. So s =t = e where ¢ is the identity of T. Hence
aS = «a for some o € A. Therefore, S € V.

In the following theorem, we exhibit a class of primitive idempotents of rank
1in H.

Theorem 3.8. For each o € A, the T-homomorphism T, is a primitive idempo-
tent in H.

Proof. Let a € A. Clearly S, is an idempotent in H. Suppose S is an idempotent
in H such that SS, = 5,5 = S. Let m,s € M. Then m = (st for some # € A and
t € T. Now, since mS € M and range of S = rang of S, = C,, we have mS = apq,
for some p,q € T. Now, (aS)st = (ast) S = (Bst) So.S = (Bst) S = (Bst) S® =
(mS)SS = (apq) SS = (aSS)pg = (aS)pqgS = (apq) S = (aS)pg. Since Mr
is semispace, it follows that s = p,t = ¢q. Therefore,, mS = apg = aSt = mS,,.
Since this is true for all m € M. We have S = S,. Therefore S, is a primitive
idempotent.
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