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Abstract. This paper aims to give improved Young type inequalities which are due to
Hu [2]. Then we use these inequalities to establish corresponding Young type inequalities
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1. Introduction

Let Mn be the space of n × n complex matrices. Let ‖·‖ denote any unitarily
invariant norm on Mn. So, ‖UAV ‖ = ‖A‖ for all A ∈ Mn and for all unitary
matrices U, V ∈ Mn. For A = (aij) ∈ Mn, the Hilbert-Schmidt norm and the
trace norm of A are defined by

‖A‖2 =

√√√√
n∑

j=1

s2
j (A), ‖A‖1 =

n∑
j=1

sj (A), respectively,

where si (A) (i = 1, ..., n) are the singular values of A with s1 (A) ≥ · · · ≥ sn (A),

which are the eigenvalues of the positive semidefinite matrix |A| = (AA∗)
1
2 , ar-

ranged in decreasing order and repeated according to multiplicity.
The classical Young inequality says that if a, b ≥ 0 and 0 ≤ v ≤ 1, then

avb1−v ≤ va + (1− v) b(1.1)

1Corresponding author. E-mail address: huxingkai84@163.com (X. Hu).
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with equality if and only if a = b.
The Kontorovich constant is defined as

K (t, 2) =
(t + 1)2

4t
, t > 0.

Zuo, Shi and Fujii [1] obtained an improvement of inequality (1.1) which can
be stated as follows:

K (h, 2)r avb1−v ≤ va + (1− v) b,(1.2)

where h =
a

b
and r = min {v, 1− v}.

In a recent work, Hu [2] gave the following Young type inequalities:

[(va)v b1−v]
2
+ v2 (a− b)2 ≤ v2a2 + (1− v)2 b2, 0 ≤ v ≤ 1

2
,(1.3)

and

{av[(1− v)b]1−v}2 + (1− v)2(a− b)2 ≤ v2a2 + (1− v)2b2,
1

2
≤ v ≤ 1.(1.4)

Based on the scalar Young type inequalities (1.3) and (1.4), Hu proved in [2]
that if A,B,X ∈ Mn such that A and B are positive semidefinite, then

‖vAX + (1− v) XB‖2
2 ≥ v2 ‖AX −XB‖2

2 + v2v ‖AvXB1−v‖2
2

+2v (1− v)
∥∥A1/2XB1/2

∥∥2

2
, 0 ≤ v ≤ 1

2

(1.5)

and

‖vAX + (1− v) XB‖2
2 ≥ (1− v)2 ‖AX −XB‖2

2

+ (1− v)2−2v ‖AvXB1−v‖2
2

+2v (1− v)
∥∥A1/2XB1/2

∥∥2

2
,

1

2
≤ v ≤ 1.

(1.6)

These are the Hilbert-Schmidt norm versions of Young type inequalities.
At the same time, Hu [2] obtained that if A,B ∈ Mn are positive definite, then

det (vA + (1− v) B)2 ≥ v2nv det (AvB1−v)
2
+ v2n det (A−B)2

+ (2v (1− v))n det B1/2AB1/2, 0 ≤ v ≤ 1
2

(1.7)

and

det (vA + (1− v) B)2 ≥ (1− v)2n(1−v) det (AvB1−v)
2

+ (1− v)2n det (A−B)2

+ (2v (1− v))n det B1/2AB1/2,
1

2
≤ v ≤ 1.

(1.8)
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These are the determinant versions of Young type inequalities.
For more information on matrix versions of the Young inequality the reader

is referred to [3]-[7]. In this paper, we present improvements of inequalities (1.5),
(1.6), (1.7) and (1.8).

2. Young type inequalities for scalars

We begin this section with the Young type inequalities for scalars.

Theorem 1. Let a, b ≥ 0. If 0 ≤ v ≤ 1
2
, then

K (h, 2)r [
(va)v b1−v

]2
+ v2 (a− b)2 ≤ v2a2 + (1− v)2 b2,(2.1)

where h =
va

b
, r = min {2v, 1− 2v}.

If
1

2
≤ v ≤ 1, then

K (h, 2)r {
av [(1− v) b]1−v}2

+ (1− v)2 (a− b)2 ≤ v2a2 + (1− v)2 b2,(2.2)

where h =
a

(1− v) b
, r = min {2v − 1, 2− 2v}.

Proof. If 0 ≤ v ≤ 1

2
. Then, by inequality (1.2), we have

v2a2 + (1− v)2 b2 − v2 (a− b)2 = b [2v (va) + (1− 2v) b]

≥ bK (h, 2)r (va)2v b1−2v

= K (h, 2)r [(va)v b1−v]
2
,

and so
v2a2 + (1− v)2 b2 ≥ K (h, 2)r [

(va)v b1−v
]2

+ v2 (a− b)2 .

If
1

2
≤ v ≤ 1, then

v2a2 + (1− v)2 b2 − (1− v)2 (a− b)2 = a
[
(2v − 1) a + 2 (1− v)2 b

]

≥ aK (h, 2)r a2v−1 [(1− v) b]2−2v

= K (h, 2)r {
av [(1− v) b]1−v}2

,

and so

v2a2 + (1− v)2 b2 ≥ K (h, 2)r {
av [(1− v) b]1−v}2

+ (1− v)2 (a− b)2 .

This completes the proof.

Remark 1. Obviously, (2.1) and (2.2) are improvement of the scalar Young type
inequalities (1.3) and (1.4).
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3. Young type inequalities for matrices

Based on the scalar Young type inequalities (2.1) and (2.2), we obtain the Hilbert-
Schmidt norm, the trace norm and the determinant versions of Young type inequa-
lities.

Theorem 2. Let A,B,X ∈ Mn such that A and B are positive semidefinite. If

0 ≤ v ≤ 1

2
, then

‖vAX + (1− v) XB‖2
2 ≥ v2 ‖AX −XB‖2

2 + Krv2v ‖AvXB1−v‖2
2

+2v (1− v)
∥∥A1/2XB1/2

∥∥2

2
,

(3.1)

where K = min

{
K

(
vλi

µj

, 2

)
, i, j = 1, ..., n

}
, r = min {2v, 1− 2v}.

If
1

2
≤ v ≤ 1, then

‖vAX + (1− v) XB‖2
2 ≥ (1− v)2 ‖AX −XB‖2

2

+Kr (1− v)2−2v ‖AvXB1−v‖2
2 + 2v (1− v)

∥∥A1/2XB1/2
∥∥2

2
,

(3.2)

where K = min

{
K

(
λi

(1− v) µj

, 2

)
, i, j = 1, ..., n

}
, r = min {2v − 1, 2− 2v}.

Proof. Since every positive semidefinite matrix is unitarily diagonalizable, it
follows that there are unitary matrices U, V ∈ Mn such that A = UDU∗ and
B = V EV ∗, where

D = diag (λ1, ..., λn) , E = diag (µ1, ..., µn) , and λi, µi ≥ 0, i = 1, ..., n.

Let Y = U∗XV = (yij). Then

vAX + (1− v) XB = U (vDY + (1− v) Y E) V ∗ = U ((vλi + (1− v) µj) yij) V ∗,

AX −XB = U ((λi − µj) yij) V ∗, A1/2XB1/2 = U(λ
1/2
i µ

1/2
j yij)V

∗

and
AvXB1−v = U

(
λv

i µ
1−v
j yij

)
V ∗.

If 0 ≤ v ≤ 1

2
, by inequality (2.1), we have

‖vAX + (1− v) XB‖2
2 =

n∑
i,j=1

(vλi + (1− v) µj)
2 |yij|2

=
n∑

i,j=1

(
v2λ2

i + (1− v)2 µ2
j + 2v (1− v) λiµj

) |yij|2

≥ v2
n∑

i,j=1

(λi − µj)
2 |yij|2 + Krv2v

n∑
i,j=1

(
λv

i µ
1−v
j

)2 |yij|2 +
n∑

i,j=1

2v (1− v) λiµj |yij|2

≥ v2 ‖AX −XB‖2
2 + Krv2v ‖AvXB1−v‖2

2 + 2v (1− v)
∥∥A1/2XB1/2

∥∥2

2
.

If
1

2
≤ v ≤ 1, then by the inequality (2.2) and the same method above, we have

the inequality (3.2). This completes the proof.
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Remark 2. Obviously, (3.1) and (3.2) are improvement matrix Young type
inequalities (1.5) and (1.6).

To obtain refinements of the trace norm versions of Young type inequalities,
we need the following lemmas.

Lemma 1. (Cauchy-Schwarz Inequality) [8] Let ai ≥ 0, bi ≥ 0 for i = 1, 2, ..., n,
then

n∑
i=1

aibi ≤
(

n∑
i=1

a2
i

) 1
2
(

n∑
i=1

b2
i

) 1
2

.

Lemma 2. [8] Let A,B ∈ Mn, then

n∑
j=1

sj (AB) ≤
n∑

j=1

sj (A)sj (B) .

Theorem 3. Let A,B ∈ Mn be positive semidefinite. If 0 ≤ v ≤ 1

2
, then

Krv2v‖AvB1−v‖1 ≤ v2‖A‖1 + (1− v)2‖B‖1 − v2
(√

‖A‖1 −
√
‖B‖1

)2

,(3.3)

where K = min
{

K
(v

√
sj(A)√
sj(B)

, 2
)
, j = 1, ..., n

}
, r = min{2v, 1− 2v}.

If
1

2
≤ v ≤ 1, then

Kr(1− v)2(1−v)‖AvB1−v‖1 ≤ v2‖A‖1 + (1− v)2‖B‖1

−(1− v)2(
√
‖A‖1 −

√
‖B‖1)

2,
(3.4)

where K = min
{

K
( √

sj(A)

(1− v)
√

sj(B)
, 2

)
, j = 1, ..., n

}
, r = min{2v − 1, 2− 2v}.

Proof. If 0 ≤ v ≤ 1

2
, then using Lemma 1, Lemma 2 and the inequality (2.1), we

have
tr

(
v2A + (1− v)2 B

)
= v2trA + (1− v)2 trB

=
n∑

j=1

(
v2sj (A) + (1− v)2 sj (B)

)

≥
n∑

j=1

K

(
v
√

sj(A)√
sj(B)

, 2

)r [(
v
√

sj (A)

)v √
sj (B)

1−v
]2

+v2

(
n∑

j=1

sj (A) +
n∑

j=1

sj (B)− 2
n∑

j=1

√
sj (A) sj (B)

)
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≥ Kr
n∑

j=1

[v2vsj (Av) sj (B1−v)]

+v2


‖A‖1 + ‖B‖1 − 2

(
n∑

j=1

sj (A)

) 1
2
(

n∑
j=1

sj (B)

) 1
2




= Krv2v
n∑

j=1

[sj (Av) sj (B1−v)] + v2
(√‖A‖1 −

√‖B‖1

)2
.

Thus

v2 ‖A‖1+(1− v)2 ‖B‖1−v2

(√
‖A‖1 −

√
‖B‖1

)2

≥ Krv2v

n∑
j=1

[
sj (Av) sj

(
B1−v

)]
.

Then

Krv2v
∥∥AvB1−v

∥∥
1
≤ v2 ‖A‖1 + (1− v)2 ‖B‖1 − v2

(√
‖A‖1 −

√
‖B‖1

)2

.

If
1

2
≤ v ≤ 1, then by the inequality (2.2) and the same method above, we have

the inequality (3.4). This completes the proof.

Theorem 4. Let A,B ∈ Mn be positive definite. If 0 ≤ v ≤ 1

2
, then

det (vA + (1− v) B)2 ≥ Knrv2nv det (AvB1−v)
2
+ v2n det (A−B)2

+ (2v (1− v))n det B1/2AB1/2,
(3.5)

where K = min
{
K

(
vsj

(
B−1/2AB−1/2

)
, 2

)
, j = 1, ..., n

}
, r = min {2v, 1− 2v}.

If
1

2
≤ v ≤ 1, then

det (vA + (1− v) B)2 ≥ Knr (1− v)2n(1−v) det (AvB1−v)
2

+ (1− v)2n det (A−B)2

+ (2v (1− v))n det B1/2AB1/2,

(3.6)

where

K= min

{
K

(
sj

(
B−1/2AB−1/2

)

1− v
, 2

)
, j = 1, ..., n

}
, r = min {2v − 1, 2− 2v} .



on improved young type inequalities for matrices 419

Proof. If 0 ≤ v ≤ 1

2
, then

det
(
vB−1/2AB−1/2 + (1− v) I

)2
=

n∏
j=1

(
vsj

(
B−1/2AB−1/2

)
+ 1− v

)2

=
n∏

j=1

(
v2s2

j

(
B−1/2AB−1/2

)
+ (1− v)2 + 2v (1− v) sj

(
B−1/2AB−1/2

))

≥
n∏

j=1

(Krv2vs2v
j

(
B−1/2AB−1/2

)
+ v2

(
sj

(
B−1/2AB−1/2

)− 1
)2

+2v (1− v) sj

(
B−1/2AB−1/2

))

≥ Knrv2nv

n∏
j=1

s2v
j

(
B−1/2AB−1/2

)
+ v2n

n∏
j=1

(
sj

(
B−1/2AB−1/2

)− 1
)2

+ (2v (1− v))n
n∏

j=1

sj

(
B−1/2AB−1/2

)

= Knrv2nv det
(
B−1/2AB−1/2

)2v
+ v2n det

(
B−1/2AB−1/2 − I

)2

+ (2v (1− v))n det B−1/2AB−1/2.

Thus, we have

det (vA + (1− v) B)2 ≥ Knrv2nv det (AvB1−v)
2
+ v2n det (A−B)2

+ (2v (1− v))n det B1/2AB1/2.

If
1

2
≤ v ≤ 1, then by the inequality (2.2) and the same method above, we have

the inequality(3.6). This completes the proof.

Remark 3. Obviously, (3.5) and (3.6) are improvement determinant versions of
Young type inequalities (1.7) and (1.8).
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