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Abstract. In this paper, we formulate a new kind of mathematical model of impulsive
delayed linear system, which is called impulsive delayed linear system with impulse time
windows. By constructing a Lyaponov function, we obtain some conditions for the
uniformly stability of the system. An example is also given to illustrate the efficiency
of the results.
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1. Introduction

Impulsive control is a control paradigm based on impulsive differential equations.
In recent years, many researchers have studied impulsive systems and impulsive
control, for example, [1]-[5].

Time delay phenomenon is very common in electric circuit systems. Many
researchers have done outstanding works in this area. For instance, Zhang and
Sun [3] have studied the stability of impulsive linear differential equations with
time delay, Zhou and Wu [4] have given some conditions to ensure the exponen-
tial stability of impulsive delayed linear differential equations, Liu et al. [5] have
obtained the stability criteria for impulsive systems with time delay, Su et al. [6]
have researched the delay-dependent robust H,, control for uncertain time-delay
systems, Wu et al. [7] have studied the stability and dissipativity analysis of static
neural networks with time delay, Shin and Cui in [8] have shown the computing
time delay and its effects on real-time control systems, Knospe and Roozbehani [9]
have studied the stability of linear systems with interval time delays excluding
zero, Zhang et al. [10] have designed a fuzzy controller for nonlinear impulsive
fuzzy systems with time delay, Michiels, Van Assche and Niculescu [11] have re-
searched the stabilization of time-delay systems with a controlled time-varying
delay and applications.

Impulsive control can provide an efficient method for some cases in which
the systems cannot endure continuous disturbance. For the traditional impulsive
control system, the impulses are assumed to put at fixed time or the occurrence
of the impulses is determined by the state of the system. In the latter situation,
the time of the occurrence can also be calculated. How can we input impulses if
we don’t know or we cannot calculate the the exact occurrence time, but we know
that the occurrence time is limited to a small time interval? Can we find some
conditions to ensure the system’s stability? In this paper, we will answer these
questions.

We introduce a delayed impulsive control system with its occurrence time of
impulses is limited to a small time interval, which is named by impulsive delayed
linear system with impulse time windows.

Figure 1: In an impulsive control system with impulse time windows, the occurrence
time 73 (k= 0,1,2,...) of impulses are unknown, but the impulse time windows [T]i, 7))

are known, i.e., T]i, 7 (k=0,1,2,...) are known

From Figure 1, we know that every occurrence time of impulses can be chosen
randomly in a small impulse time window. So the system is more complicated than
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the traditional one. To our knowledge, there are seldom papers dealt with delayed
impulsive control systems with impulse time windows.

The rest of the paper is organized as follows. In Section 2, we formulate the
problem and introduce some notions and definitions. We then obtain, in Section 3,
several conditions to ensure that the system is uniformly stable. In Section 4, we
give a numerical example. Finally, we conclude our results.

2. Problem statement and preliminaries

Consider the impulsive delayed linear system with impulse time windows

i(t) = Ax(t) + Bx(t — 1), t>ty, t#7 €1, T,
(2.1) { Aw(t) = 2(t) — o(t-) = Ca(t), t—m ke Z*,

where x € R", A,B,C € R"™", B is nonsingular, x(t") = lin}r x(s), z(t7) =
s—t

lim z(s), 7}, 7)) (k =0,1,2,---) are impulse time windows and 73, (k = 0, 1,2, -)
s—t™
are unknown time points where the impulses occur. We assume that

OztozTé:T():ngTf§Tl<7'f§---§7',i§7k<7',:§---,

and
lim T — OQ.

k—o0
Obviously, z(t) = 0 is a solution of (2.1), which is called the zero solution.
Let PC([—T,0], R™) is a class of piecewise continuous functions ¢ : [—7, 0] —R"
and there is at most a finite number of discontinuous points £, at which both ¢(#*)
and ¢(t7) exist and ¢(t+) = ¢(1).
For ¢» € PC([—7,0], R"), the norm of v is defined by

= sw ()]

where || - || denotes the norm of vector in R™.
Define
PC(p) ={¢ € PC([=7,0], R") : [¢| < p},
for any p > 0.
For given o > ¢y and ¢ € PC([—7,0], R"), the initial value problem of (2.1) is
#(t) = Ax(t) + Bax(t — 1), t>o, t£7 €1,
(2.2) Ax(t)=x(t) —z(t")=Czx(t™), t=m, k€ ZT,
(o +1t) = ¢(t) t € [-,0].

Definition 1. The zero solution of (2.1) is stable if for any o > ¢, and € > 0
there is a 0 = §(o,¢) > 0 such that for t > ¢ and ¢ € PC(6) we have that

|z(t, 0, 0) < e.

The zero solution of (2.1) is said to be uniformly stable if ¢ is independent of o.
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Definition 2. [1] For (¢,z) € (7,_1, ;] X R", we define

1
DYV (t,x) = lim sup ﬁ[V(t + h,x+ hi) — V(t,x)]

h—0t+

and
1
D_V(t,z) = lim inf E[V(t + h,x + hi) — V(t, ).

h—0~

Through the rest of the paper, I stands for the identity matrix.

3. Theoretical analysis

Theorem 1. If there exists a symmetric and positive definite matrixc P € R™™,
such that, for k =0,1,2,---, we have that

A3(Thyq — T,i) < —1In A7,

where A\y=max{\s, \¢}, A5 € (0, 1) is the largest eigenvalue of P~1(I+C)T P(I+C).
Ao € (0,1) is the largest eigenvalue of (BYB)™Y(I + C)'BTB(I + C) and A3 is
the largest eigenvalue of P~Y(ATP + PA + BT B + PTP), then the zero solution
of (1) is uniformly stable.

Proof. Let \; > 0 and Ay > 0 be the minimum eigenvalue and maximum
eigenvalue of P, respectively. Let A\, > 0 is the maximum eigenvalue of BT B. For

any € > 0, there exists § = d(¢) > 0, such that 0 < w/&a
)\2 + 7')\4

Choose the Lyapunov function as
t
V(t,z(t)) = 27 (t)Px(t) +/ 27 (s) BT Bx(s)ds,
t—T1

then Ay[[z(t)[]* < V(& 2(8)) < Xofle(I® +7Ay sup_|la(t + s)I*.
<s<0

—T

Ift#m,k=12,---, we have that

DYV (t,z(t)) = (2T(t))Px(t)+ 27 (t)Pz'(t)
2T (t)BT Bx(t) — 27 (t — 7) BT Bx(t — 1)
= 2T(t)(ATP+ PA+ BTB)x(t) + 227 (t — 7) BT Px(t)
—2T(t — 7)BTBx(t — 1)
T()(ATP+ PA+ BTB)x(t) + 27 (t — 7)BT Bx(t — 7)
+a2 (t)PTPx(t) — 2T (t — 7)BT Bx(t — 1)
2T(1)(ATP + PA+ BT B + PTP)x(t)
3T (t) Pa(t) t
As(2? (1) Px(t) + / 27 (s) BT Bx(s)ds)
NVn®).

+

8

VAN VAN
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For any o > tg and ¢ € PC(9), set x(t) = x(t, 0, ¢) be the solution of (2.1)
through (o, ¢).

Suppose that o € |71, 71 ) is valid for some m € Z*.

Two cases are possible:

Casel.Ifr, 1 <0< 7'7ln, then we have the fact that

< Ao + Ty

(3.1) Vit () < 2

8, 0 <t< Ty

Subcase 1 1f t = o, then
V(t,z(t) = V(

IA
& =
S 0
=2 =
= O
BSIRN

IN N
—~
>
[N}
+
3
>
=~
~—
(%)
no

A
e

Subcase 2 1f 0 < t < 7, and suppose that (3.1) is not valid for ¢ € (o, 7,,), then
there exists § € (o, 7,,), such that

A A
>2+7'4

V(s.a(s) > 2

62 > (Mg +7A)6% > V(o,2(0)).

From the continuity of V (¢, z(t)) in (o, 7,,), we know that there is a s; € (o, §)
such that

Ao TA
Vis,a(sy)) = 24TMg

A7
)\2 + 7')\4

Vit a(0) -

DV (sy,x(s1)) > 0.

IN

82, o <t<s,

Form the fact that V(o,z(0)) < (Ay + 7A)6% < @52, we know that
7
there exists an sy € [0, s1) such that
V(sg,x(s9)) = (Ao +7A\g)0%
Vit,z(t) < (Ao+7M\)0% sp <t < sy,
DtV (sy,2(s2)) > 0.

DV (¢, x(t))

From DTV (t,z(t)) < A3V (¢, x(t)) we know that Vi 20) < A3. Thus
DYV (t, a(t)) . o .
/52 Wdt < / Aydlt < /jn Ayt = Ag(77 — 7L ) < —InAs.
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At the same time,

st DHV (¢ t V(s1,z(s1)) 224724 52
/ —( 2 )>dt = / utdu = . utdu
s V(tz(t)) V(s2,2(s2)) (A2-+7A0)52
A A
= In <%52> — ln(()\g + T)\4>52) =—In )\7.
7
So, it is a contradiction. Hence, (3.1) is valid for t € (o, 7).
Next, we will prove that, for any £ = 0,1,2,--- | the following is valid
A A
(3.2) Vit z(t) < 25 TMe pl gl

A7
Since

V(Tm, 2(tm)) = V(Tm, [ +C)x(7,,))
= 2" (1) + C)'P(I + C)x(r,)

0
—|—/ 2 (s + 7)1+ C)Y'BY"B(I + C)x(s +7,,)ds
., 0
szt (1) Pa(7;,) + A / 27 (s + 71, )BT Bx(s + 7,,)ds

—T

IN

AV (T 2(7,)
()\2 + ’7')\4)62,

VARIVAN

then similarly to the proof of Case 1, we can easily prove that (3.2) is valid.
Thus we obtain that

< A2+ T\

7

(3.3) V(t,x(t)) 6 t>o.

Case 2 If 7\ | <o < 7,1, then similar to the Case 1, we can prove that

S /\2"‘7’/\4

Vi(tr(t) < 2

62, 0 <t < Tp_1.
And finally we can obtain that (3.3) is valid.

Hence, from (3.3) we know that

S )\24‘7’)\4

7

Mz < V(t, (1)) %, t > o,

which implies that
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Therefore, the zero solution of (2.1) is uniformly stable and we complete the
proof. u

4. Numerical example

Consider the impulsive delayed linear system with impulse time windows as fol-

lowing.
([ #.(1) 10 T 0 2 zy(t—T)
<x’2(t) >:<2 1) (x2>+ (1 0) <x2(t—r)>’
(4.1) t>to, 17k € [7h, 77),
(xl(fk) ) _ <1/2 0 ) <a:1(7,{)> | —
L xg(Tk) 0 1/2 .CEQ(Tk)
In the previous system, A = < Lo ),B: ( 0 2 > and [+C = ( /2.0 ) :

2 1 10 0 1/2
Set P =1, then

P I+ C)TP(I+C) = ( t 134 ) ,

(BTB)™(I +C)'BTB(I +C) = ( 1 . ) ,

P Y A"P+PA+B"B+ P"P) = ( ‘21 3 ) :

Thus A7 = max{ s, \¢} = A5 = A\¢ = 1/4, A3 = 8. Apply Theorem 1,

, In\; In2
(i1 — ) < — N 4

So, the zero solution of system (4.1) is uniformly stable, if

In2
(Thy — Th) < ——.

5. Conclusions

In this paper, we have studied the uniformly stability of impulsive delayed linear
systems with impulse time windows. We have obtained some conditions to ensure
that the systems are uniformly stable. An example is also given to illustrate the
efficiency of the results.
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