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1. Preliminaries

Throughout this paper, (P,≤) denotes a poset with zero element 0 and the graph
GI(P ) denotes the semi-ideal based zero-divisor graph of a poset P with respect
to a semi-ideal I of P. For M ⊆ P, let (M)l := {x ∈ P : x ≤ m for all m ∈ M}
denotes the lower cone of M in P. For A,B ⊆ P, we write (A,B)l instead of
(A∪B)l. If M = {x1, ..., xn} is finite, then we use the notation (x1, ..., xn)l instead
of ({x1, ..., xn})l. By a semi-ideal we mean a non-empty subset I of P such that
if b ∈ I and a ≤ b, then a ∈ I. A proper semi-ideal I of P is called prime if for
any a, b ∈ P, (a, b)l ⊆ I implies a ∈ I or b ∈ I.

In [2], I. Beck introduced the concept of a zero-divisor graph of a commutative
ring with identity, but this work was mostly concerned with coloring of rings.
Later D.F. Anderson and P.S. Livingston in [1] studied the subgraph Γ(R) of
G(R) whose vertices are the nonzero zero-divisors of R and two distinct vertices
x and y are joined by an edge if xy = 0. In [11], S.P. Redmond has generalized
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the notion of the zero-divisor graph. For a given ideal I of a commutative ring R,
he defined an undirected graph ΓI(R) with vertices {x ∈ R\I : xy ∈ I for some
y ∈ R\I}, where distinct vertices x and y are adjacent if and only if xy ∈ I. The
zero-divisor graph of various algebraic structures have been studied by several
authors ([4], [5], [6] and [7]).

In [9], Radomr Halas and Marek Jukl have introduced the concept of a graph
structure of a posets, let (P,≤) be a poset with 0. Then the zero-divisor graph of P,
denoted by Γ(P ), is an undirected graph whose vertices are just the elements of P
with two distinct vertices x and y are joined by an edge if and only if L(x, y) = {0},
and proved some interesting results related with clique and chromatic number of
this graph structure. In [8], we have studied the semi-ideal-based zero-divisor
graph of a poset P. Let P be a poset and I a semi-ideal of P. Then the graph of
P with respect to the semi-ideal I, denoted by GI(P ), is the graph whose vertices
are the set {x ∈ P\I : (x, y)l ⊆ I for some y ∈ P\I} with distinct vertices x and
y are adjacent if and only if (x, y)l ⊆ I. If I = {0}, then GI(P ) = G(P ), and I is
a prime semi-ideal of P if and only if GI(P ) = φ. And investigated the interplay
between the poset properties of P and the graph-theoretic properties of GI(P ).

The direct product of posets P and Q is the poset P × Q = {(x, y) : x ∈ P,
y ∈ Q} such that (x, y) ≤ (x′, y′) in P ×Q if x ≤ x′ in P and y ≤ y′ in Q.

Throughout this paper, let us denote I1, I2, ...., In be semi-ideals of posets
P1, P2, ..., Pn, respectively and P = P1×P2×...×Pn, and I = I1×I2×...×In. For
j = 1, 2, ..., m, if |Pj| = nj, then we can observe that |V (GI(P ))| ≤ n1n2...nm−|I|,
if Pj for each j has a greatest element ej, then |V (GI(P ))| < n1n2...nm − |I|. In
this paper, we investigate the relationship between the diameter of GI(P ) and
properties of Pi with respect to V (GIi

(Pi)) for i = 1, 2, ..., n. The notations of
graph theory are from [3], the notations of posets from [10].

2. Main results

Lemma 2.1 Let I1, I2, ..., In be semi-ideals of posets P1, P2, ..., Pn, respectively,
Then I is a semi-ideal of P.

Proof. It is trivial.

The following example shows that I is not necessarily to be a prime semi-ideal
of P even if I1, I2, ..., In are prime semi-ideals of posets P1, P2, ..., Pn, respectively.

Example 2.2 Let P1 = {1, 2, 4} and P2 = {1, 3, 9} be posets with respect to
division. Then I1 = {1} and I2 = {1} are prime semi-ideals of P1 and P2,
respectively. Here I = I1 × I2 is a semi-ideal of P = P1 × P2, but not prime
semi-ideal.

Theorem 2.3 Let I1, I2, ..., In be prime semi-ideals of posets P1, P2, ..., Pn, respec-

tively. Then V (GI(P ))∪ I =
n⋃

j=1

(P1×P2× ...× Ij× ...×Pn) is a prime semi-ideal

of P.
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Proof. Let y = (y1, ..., yn), yi /∈ Ii for all i. Suppose that (y, x)l ⊆ I for some
x ∈ V (GI(P )). Then (yi, xi)

l ⊆ Ii for all i. Since I ′is are prime semi-ideals of
posets P ′

is, we have xi ∈ Ii for all i. So x /∈ V (GI(P )), a contradiction. So,

V (GI(P )) ∪ I =
n⋃

j=1

(P1 × P2 × ...× Ij × ...× Pn).

Now, we claim that V (GI(P )) ∪ I is a prime semi-ideal of P. Let a =
(a1, a2, ..., an), b = (b1, b2, ..., bn) ∈ P. Suppose that (a, b)l ⊆ V (GI(P )) ∪ I and
a, b /∈ V (GI(P )) ∪ I. Then ai /∈ Ii and bi /∈ Ii for all i, which implies (ai, bi)

l * Ii

for all i. So there exists ti ∈ (ai, bi)
l such that ti /∈ Ii. Set t = (t1, t2, ..., tn). Then

t ∈ (a, b)l ⊆ V (GI(P )) ∪ I, a contradiction to ti /∈ Ii for all i.

Theorem 2.4 Let I1, I2, ..., In be prime semi-ideals of posets P1, P2, ..., Pn, res-
pectively. Then GI(P ) is a n-partite graph. Moreover, if V1, V2, ..., Vn are parti-
tions of V (GI(P )), then there exists an induced subgraph K|X1|,|X2|,...,|Xn|, where
φ 6= Xi ⊆ Vi. Also there exist |X1||X2|...|Xn| number of induced subgraphs K ′

ns in
K|X1|,|X2|,...,|Xn|.

Proof. Let

V1 =
⋃

2≤k≤n

((P1\I1)× P2 × ...× Ik...× Pn),

V2 =
⋃

3≤k≤n

(I1 × (P2\I2)× ...× Ik...× Pn),

V3 =
⋃

4≤k≤n

(I1 × I2 × (P3\I3)× ...× Ik...× Pn), ...,

Vn = I1 × I2 × ...× In−1 × (Pn\In).

Then V1, V2, ..., Vn are nonempty disjoint n-subsets of V (GI(P )).
Let x = (x1, x2, ..., xn), y = (y1, y2, ..., yn) ∈ Vj for some j. Then we have

xj, yj /∈ Ij which implies (xj, yj) * Ij, so (x, y)l * I. Thus no two vertices of Vj

are adjacent and hence GI(P ) is an n-partite graph.
For moreover case, take

X1 = (P1\I1)× I2 × ...× In,

X2 = I1 × (P2\I2)× ...× In,

X3 = I1 × I2 × (P3\I3)× ...× In, ...,

Xn = I1 × I2 × ...× (Pn\In).

Then X ′
is are subset of V ′

i s and forms K|X1|,|X2|,...,|Xn| and {x1, x2, ..., xn} forms
Kn for xi ∈ Xi.

Corollary 2.5 Let I1, I2, ..., In be prime semi-ideals of posets P1, P2, ..., Pn, res-
pectively. Then the clique of GI(P ) is n.

Theorem 2.6 Let I1 and I2 be prime semi-ideals of posets P1 and P2, respectively.
Then GI(P ) is complete bipartite graph.
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Proof. By Theorem 2.3 and Theorem 2.4, GI(P ) is bipartite graph with vertex
set V1 = (P1\I1)× I2 and V2 = I1 × (P2\I2) which forms K|V1|,|V2|.

The following example shows that GI(P ) need not be a complete n-partite
graph if n > 2.

Example 2.7 Let P1 = {1, 2}, P2 = {1, 3} and P3 = {1, 5} be posets with
respect to division and I1 = {1}, I2 = {1} and I3 = {1} be prime semi-ideals of
posets P1, P2 and P3, respectively. Then GI(P ) with respect to I = (1, 1, 1) is:

b b b

b b

b

(2,1,5) (2,1,1) (2,3,1)

(1,3,5)

(1,3,1)

(1,1,5)

Here GI(P ) is 3-partite graph, but not complete 3-partite graph.

Lemma 2.8 Let I1 be semi-ideal of poset P1 with diam(GI1(P1)) = 1. Then
(x, y)l ⊆ I1 for all x, y ∈ V (GI1(P1)), also if P1 = V (GI1(P1)) ∪ I1, then
(x, y)l ⊆ I1 for all x, y ∈ P1.

Proof. It is trivial.

Theorem 2.9 Let I1, I2, ..., In be semi-ideals of posets P1, P2, ..., Pn, respectively.
Then GI(P ) is connected and diam(GI(P )) ≤ 3.

Proof. Let x = (x1, x2, ..., xn), y = (y1, y2, ..., yn) ∈ V (GI(P )). Then there exist
a = (a1, a2, ..., an), b = (b1, b2, ..., bn) ∈ V (GI(P )) such that (x, a)l ⊆ I and
(y, b)l ⊆ I. If (x, y)l ⊆ I, then diam(GI(P )) = 1. Suppose that (x, y)l * I. If
(a, b)l ⊆ I, then we have a path x−a− b−y of length 3. Suppose that (a, b)l * I.
Then (aj, bj)

l * Ij for some j, so we can find tj ∈ (aj, bj)
l with tj /∈ Ij for some

aj, bj ∈ Pj\Ij. Now for t = (i1, i2..., ij−1, tj, ij+1, ..., in) /∈ I, we have (x, t)l ⊆ I and
(y, t)l ⊆ I, which imply x− t− y is a path of length 2. Hence GI(P ) is connected
and diam(GI(P )) ≤ 3.

Lemma 2.10 Let I1, I2, ..., In be semi-ideals of posets P1, P2, ..., Pn, respectively.
If diam(GI1(P1)) = diam(GI2(P2)) = .... = diam(GIn(Pn)) = 1, then the following
hold:

(i) diam(GI(P )) 6= 1

(ii) diam(GI(P )) = 2 if and only if Pj = V (GIj
(Pj))∪Ij for all j ∈ {1, 2, ..., n}.

(iii) diam(GI(P )) = 3 if and only if Pj 6= V (GIj
(Pj))∪Ij for some j ∈ {1, 2, ..., n}.
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Proof. (i) Let a = (a1, a2, ...., an) and b = (a1, i2, ..., in) ∈ V (GI(P )) with a 6= b,
where a1 ∈ V (GI1(P1)). Then (a, b)l * I and hence diam(GI(P )) 6= 1.

(ii) Assume that Pj = V (GIj
(Pj)) ∪ Ij for all j ∈ {1, 2, ..., n}. If there

exist distinct vertices c = (c1, c2, ..., cn), d = (d1, d2, ..., dn) in V (GI(P )) with
a − c − d − b is a path of length 3, then (aj, dj)

l * Ij for some aj, dj ∈ Pj\Ij,
a contradiction to diam(GIj

(Pj)) = 1. Thus we have a path a − t − b of
length 2 for all t ∈ V (GI(P )). So diam(GI(P )) = 2. Conversely, assume that
diam(GI(P )) = 2. Suppose that Pj 6= V (GIj

(Pj)) ∪ Ij for some j ∈ {1, 2, ..., n}.
Then there exists xj ∈ Pj\(V (GIj

(Pj)) ∪ Ij) for some j ∈ {1, 2, ..., n}. Since for
each zk ∈ V (GIk

(Pk)), there exists z′k ∈ V (GIk
(Pk)) such that (zk, z

′
k)

l ⊆ Ik for all
k. So, if a = (z1, x2, ..., xn) and b = (x1, z2, x3, ..., xn), then (a, (z′1, i2, ..., in))l ⊆ I
and (b, (i1, z

′
2, ..., in))l ⊆ I which imply a, b ∈ V (GI(P )). Since (a, b)l * I and by

assumption, there exists c = (c1, c2, ..., cn) ∈ V (GI(P )) such that (a, c)l ⊆ I and
(b, c)l ⊆ I which imply cj ∈ Ij, a contradiction. Thus Pj = V (GIj

(Pj))∪ Ij for all
j ∈ {1, 2, ..., n}.

(iii) This follows from (i) and (ii).

Theorem 2.11 Let I1, I2, ..., In be semi-ideals of posets P1, P2, ..., Pn, respectively.
If diam(GI1(P1)) = diam(GI2(P2)) = ... = diam(GIn(Pn)) = 2, then the following
hold:

(i) diam(GI(P )) 6= 1.

(ii) diam(GI(P )) = 2 if and only if Pj = V (GIj
(Pj)) ∪ Ij,

for all j ∈ {1, 2, ..., n}.
(iii) diam(GI(P )) = 3 if and only if Pj 6= V (GIj

(Pj)) ∪ Ij,
for some j ∈ {1, 2, ..., n}.

Proof. (i) It is clear.

(ii) Let Pj = V (GIj
(Pj))∪Ij for all j ∈ {1, 2, ..., n}. By (i), there are elements

x = (x1, x2, ..., xn), y = (y1, y2, ..., yn) ∈ V (GI(P )) such that x 6= y and (x, y)l * I
which imply (xj, yj)

l * Ij for some j. Since xj, yj ∈ Pj and by assumption,
we have (xj, zj)

l ⊆ Ij and (yj, zj)
l ⊆ Ij for some zj ∈ V (GIj

(Pj)). Now let
z = (i1, ...ij−1, zj, ij+1, ..., in). Then z /∈ I with (x, z)l ⊆ I and (y, z)l ⊆ I which
imply x− z − y is a path of length 2. So diam(GI(P )) = 2.

Conversely, assume that diam(GI(P )) = 2 and let Pj 6= V (GIj
(Pj)) ∪ Ij

for some j ∈ {1, 2, ..., n}. Then we can find some mj ∈ Pj\(V (GIj
(Pj)) ∪ Ij).

Since for each i, ei ∈ V (GIi
(Pi)), there is an element e′i of V (GIi

(Pi)) such
that (ei, e

′
i)

l ⊆ Ii. If a = (e1,m2, ...,mn) and b = (m1, e2,m3, ..., mn), then
(a, (e′1, i2, ..., in))l ⊆ I and (b, (i1, e

′
2, i3, ..., in))l ⊆ I. So a, b ∈ V (GI(P )) and

(a, b)l * I. Since diam(GI(P )) = 2, there exists c = (c1, ..., cn) ∈ V (GI(P ))
such that (a, c)l ⊆ I and (b, c)l ⊆ I. Thus cj ∈ Ij, a contradiction. Thus
Pi = V (GIi

(Pi)) ∪ Ii for all i ∈ {1, 2..., n}.
(iii) It follows from (i) and (ii).
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Theorem 2.12 Let I1, I2, ..., In be semi-ideals of posets P1, P2, ..., Pn, respectively.
If diam(GI1(P1)) = diam(GI2(P2)) = ... = diam(GIn(Pn)) = 3, then

diam(GI(P )) = 3.

Proof. Assume that for each j ∈ {1, 2, ..., n}, diam(GIj
(Pj)) = 3, there exist

xj, yj ∈ V (GIj
(Pj)) with xj 6= yj, (xj, yj)

l * Ij such that there is no zj ∈
V (GIj

(Pj)) with (xj, zj)
l ⊆ Ij and (yj, zj)

l ⊆ Ij. Consider x = (x1, x2, ..., xn) and
y = (y1, y2, ..., yn). For each j ∈ {1, 2, ..., n}, there are elements x′j, y

′
j ∈ V (GIj

(Pj))
such that (xj, x

′
j)

l ⊆ Ij and (yj, y
′
j)

l ⊆ Ij. So x, y ∈ V (GI(P )) and (x, y)l * I. If
diam(GI(P )) = 2, then there exists a = (a1, ..., an) ∈ V (GI(P )) with (x, a)l ⊆ I
and (y, a)l ⊆ I which imply (xj, aj)

l ⊆ Ij and (yj, aj)
l ⊆ Ij, a contradiction. So

diam(GI(P )) = 3.

Theorem 2.13 Let I1, I2, ..., In be semi-ideals of posets P1, P2, ..., Pn, respectively.
If diam(GIj

(Pj)) = 1, diam(GIk
(Pk)) = 2 for some j, k ∈ {1, 2, ..., n} and there

is no m ∈ {1, 2, ..., n} with diam(GIm(Pm)) = 3, then the following hold:

(i) diam(GI(P )) 6= 1.

(ii) diam(GI(P )) = 2 if and only if Pj = V (GIj
(Pj)) ∪ Ij,

for all j ∈ {1, 2, ..., n}.
(iii) diam(GI(P )) = 3 if and only if Pj 6= V (GIj

(Pj)) ∪ Ij,
for some j ∈ {1, 2, ..., n}.

Proof. (i) It is clear.

(ii) Let Pj = V (GIj
(Pj)) ∪ Ij for all j ∈ {1, 2, ..., n}. By Lemma 2.8,

(xj, yj)
l ⊆ Ij for all xj, yj ∈ V (GIj

(Pj)) ∪ Ij. By (i), there are distinct vertices
x = (x1, x2, ..., xn) and y = (y1, y2, ..., yn) in V (GI(P )) such that (x, y)l * I.

We divided the proof into two cases.

Case (a): diam(GIj
(Pj)) = 1. If zj ∈ V (GIj

(Pj)), then

(x, (i1, ..., ij−1, zj, ij+1, ..., in))l ⊆ I and (y, (i1, ...ij−1, zj, ij+1, ..., in))l ⊆ I.

Thus we have a path x− z − y of length 2. So diam(GI(P )) = 2.

Case (b): diam(GIj
(Pj)) = 2. Then, for some xj, yj ∈ V (GIj

(Pj)), there
exists zj ∈ V (GIj

(Pj)) such that (xj, zj)
l ⊆ Ij and (yj, zj)

l ⊆ Ij. Set z =
(i1, ...ij−1, zj, ij+1, ..., in). Then (x, z)l ⊆ I and (y, z)l ⊆ I. So we must have a
path x− z − y of length 2 and hence diam(GI(P )) = 2.

Conversely, assume that diam(GI(P )) = 2. Suppose that Pj 6= V (GIj
(Pj))∪Ij

for some j∈{1, 2, ..., n}. Then we can find some elements mj∈Pj\(V (GIj
(Pj))∪Ij).

Since for each i, xi ∈ V (GIi
(Pi)), there is an element x′i of V (GIi

(Pi)) such that
(xi, x

′
i)

l ⊆ Ii for all i. If a = (x1,m2, ..., mn) and b = (m1, x2,m3, ..., mn), then
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(a, (x′1, i2, ..., in))l ⊆ I and (b, (i1, x
′
2, i3, ..., in))l ⊆ I. So a, b ∈ V (GI(P )) and

(a, b)l * I. Since diam(GI(P )) = 2, there exists c = (c1, ..., cn) ∈ V (GI(P ))
such that (a, c)l ⊆ I and (b, c)l ⊆ I which imply cj ∈ Ij, a contradiction. Thus
Pj = V (GIj

(Pj)) ∪ Ij for all j ∈ {1, 2..., n}.

(iii) It follows from (i) and (ii).

Theorem 2.14 Let I1, I2, ..., In be semi-ideals of posets P1, P2, ..., Pn, respectively.
If diam(GIj

(Pj)) = 1, diam(GIk
(Pk)) = 3 for some j, k ∈ {1, 2, ..., n} and there

is no m ∈ {1, 2, ..., n} with diam(GIm(Pm)) = 2, then the following hold:

(i) diam(GI(P )) 6= 1.

(ii) diam(GI(P )) = 2 if and only if diam(GIj
(Pj)) = 1

and Pj = V (GIj
(Pj)) ∪ Ij for all j ∈ {1, 2, ..., n}.

(iii) diam(GI(P )) = 3 if and only if there is no j ∈ {1, 2, ..., n}
with diam(GIj

(Pj)) = 1 and Pj = V (GIj
(Pj)) ∪ Ij.

Proof. (i) It is clear.

(ii) Assume that diam(GIj
(Pj)) = 1 and Pj = V (GIj

(Pj)) ∪ Ij for all
j ∈ {1, 2, ..., n}. Then by Lemma 2.8, (xj, yj)

l ⊆ Ij for all xj, yj ∈ V (GIj
(Pj))∪Ij.

By (i), there are distinct vertices x = (x1, x2, ..., xn) and y = (y1, y2, ..., yn)
in V (GI(P )) such that (x, y)l * I. Let aj ∈ V (GIj

(Pj)) and set
a = (i1, ...ij−1, aj, ij+1, ..., in). Then (x, a)l ⊆ I and (y, a)l ⊆ I which imply
a ∈ V (GI(P )) and x− a− y is a path of length 2. So diam(GI(P )) = 2.

Conversely, assume that diam(GI(P ))=2. We now show that diam(GIi
(Pi))=1

and Pi = V (GIi
(Pi)) ∪ Ii for all i ∈ {1, 2, ..., n}. Suppose not. Let i1, i2, ..., ik

be such that diam(GIir
(Pir)) = 1 (1 ≤ r ≤ k), and let j1, j2, ..., jt be such

that diam(GIjs
(Pjs)) = 3 (1 ≤ s ≤ t). Then for each s, there exist distinct

vertices xjs , yjs ∈ V (GIjs
(Pjs)) such that (xjs , yjs)

l * Ijs and there is no zjs ∈
V (GIj

(Pjs)) with (xjs , zjs)
l ⊆ Ijs and (zjs , yjs)

l ⊆ Ijs . Moreover, for each s
(1 ≤ s ≤ t), there must exist x′js

, y′js
∈ V (GIjs

(Pjs)) with (xjs , x
′
js

)l ⊆ Ijs and
(yjs , y

′
js

)l ⊆ Ijs . Now, for each r (1 ≤ r ≤ k), let mir ∈ Pir\(V (GIir
(Pir)) ∪ Iir).

Set c = (mi1 , ..., xj1 , ..., xjt , ..) and d = (mi1 , ..., yj1 , ..., yjt , ..). Then
(c, (i1, ..., x

′
j1

, ij+1, ..., in)) ⊆ I and (d, (i, ..., y′j1 , i, ..., i)) ⊆ I, which imply
c, d ∈ V (GI(P )) and (c, d)l * I. Since diam(GI(P )) = 2, there exists e =
(e1, ..., en) ∈ V (GI(P )) such that (c, e)l ⊆ I and (d, e)l ⊆ I. Thus ei ∈ Ii, a contra-
diction. Thus diam(GIi

(Pi)) = 1 and Pi = V (GIi
(Pi)) ∪ Ii for all i ∈ {1, 2..., n}.

(iii) If diam(GI(P )) = 2, then by (ii), we have diam(GIi
(Pi)) = 1 and

Pi=V (GIi
(Pi))∪Ii for all i ∈ {1, 2..., n}, a contradiction. Thus diam(GI(P )) = 3.

Theorem 2.15 Let I1, I2, ..., In be semi-ideals of posets P1, P2, ..., Pn, respectively.
If diam(GIj

(Pj)) = 2, diam(GIk
(Pk)) = 3 for some j, k ∈ {1, 2, ..., n} and there

is no m ∈ {1, 2, ..., n} with diam(GIm(Pm)) = 1, then the following hold:
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(i) diam(GI(P )) 6= 1.

(ii) diam(GI(P )) = 2 if and only if diam(GIj
(Pj)) = 2

and Pj = V (GIj
(Pj)) ∪ Ij for all j ∈ {1, 2, ..., n}.

(iii) diam(GI(P )) = 3 if and only if there is no j ∈ {1, 2, ..., n}
with diam(GIj

(Pj)) = 2 and Pj = V (GIj
(Pj)) ∪ Ij.

Proof. (i) It is clear.

(ii) Assume that diam(GIj
(Pj)) = 2 and Pj = V (GIj

(Pj)) ∪ Ij for all j ∈
{1, 2, ..., n}. By (i), there are elements x = (x1, x2, ..., xn), y = (y1, y2, ..., yn) ∈
V (GI(P )) such that (x, y)l * I which implies (xj, yj)

l * Ij for some j. Then
there exists aj ∈ V (GIj

(Pj)) such that (aj, xj)
l ⊆ Ij and (aj, yj)

l ⊆ Ij. Set
a = (i1, ...ij−1, aj, ij+1, ..., in). Then (x, a)l ⊆ I and (y, a)l ⊆ I which imply
a ∈ V (GI(P )) and x− a− y is a path of length 2, so diam(GI(P )) = 2.

Conversely, assume that diam(GI(P ))=2. We now show that diam(GIi
(Pi))=2

and Pi = V (GIi
(Pi)) ∪ Ii for all i ∈ {1, 2, ..., n}. Suppose that for some i

(1 ≤ i ≤ n), if diam(GIi
(Pi)) = 2, then Pi = V (GIi

(Pi)) ∪ Ii. Let i1, i2, ..., ik
be such that diam(GIir

(Pir)) = 2 (1 ≤ i ≤ k), and let j1, j2, ..., jt be such
that diam(GIjs

(Pjs)) = 3 (1 ≤ s ≤ t). Now for each r(1 ≤ r ≤ k), Pir 6=
V (GIir

(Pir))∪Iir . For each r (1 ≤ r ≤ k), let mir ∈ Pir\(V (GIir
(Pir))∪Iir). Since

for each s (1 ≤ s ≤ t), diam(GIjs
(Pjs)) = 3, there exist xjs , yjs ∈ V (GIjs

(Pjs))
with xjs 6= yjs , (xjs , yjs)

l * Ijs such that there is no zjs ∈ V (GIjs
(Pjs)) with

(xjs , zjs)
l ⊆ Ijs and (zjs , yjs)

l ⊆ Ijs . Moreover, for each s(1 ≤ s ≤ t), there must
exist x′js

, y′js
∈ V (GIjs

(Pjs)) with (xjs , x
′
js

)l ⊆ Ijs and (yjs , y
′
js

)l ⊆ Ijs . Set c =
(mi1 , ..., xj1 , ..., xjt , ..) and d=(mi1 , ..., yj1 , ..., yjt , ..). Then (c, (i, ..., x′j1 , i, ..., i)) ⊆ I
and (d, (i, ..., y′j1 , i, ..., i)) ⊆ I, and so c, d ∈ V (GI(P )). Since (c, d)l * I and
diam(GI(P )) = 2, there must be some e = (e1, ..., en) such that (c, e)l ⊆ I
and (d, e)l ⊆ I. Thus ei ∈ Ii, a contradiction. Thus diam(GIi

(Pi)) = 2 and
Pi = V (GIi

(Pi)) ∪ Ii for all i ∈ {1, 2..., n}.
(iii) It follows from (i) and (ii).

Theorem 2.16 Let I1, I2, ..., In be semi-ideals of posets P1, P2, ..., Pn, respectively.
If diam(GIj

(Pj)) = 1, diam(GIk
(Pk)) = 2 and diam(GIm(Pm)) = 3 for some

j, k, m ∈ {1, 2, ..., n}, then the following hold:

(i) diam(GI(P )) 6= 1.

(ii) diam(GI(P )) = 2 if and only if diam(GIj
(Pj)) ≤ 2

and Pj = V (GIj
(Pj)) ∪ Ij for some j ∈ {1, 2, ..., n}.

(iii) diam(GI(P )) = 3 if and only if there is no j ∈ {1, 2, ..., n}
with diam(GIj

(Pj)) ≤ 2 and Pj = V (GIj
(Pj)) ∪ Ij.

Proof. (i) It is clear.
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(ii) Let diam(GIi
(Pi)) ≤ 2 and Pi = V (GIi

(Pi)) ∪ Ii for all i ∈ {1, 2, ..., n}.
We divide the proof into two cases.

Case (a): diam(GIi
(Pi)) = 1 and Pi = V (GIi

(Pi)) ∪ Ii for all i ∈ {1, 2, ..., n}.
By a similar argument as in Theorem 2.14 (ii), we get

diam(GI(P )) = 2.

Case (b): diam(GIi
(Pi)) = 2 and Pi = V (GIi

(Pi)) ∪ Ii for all i ∈ {1, 2, ..., n}.
By a similar argument as in Theorem 2.15 (ii), we get

diam(GI(P )) = 2.

Conversely, suppose that diam(GI(P )) = 2. It is easy to see from Theorem 2.15(ii)
that

diam(GIi
(Pi)) ≤ 2 and Pi = V (GIi

(Pi)) ∪ Ii for all i.

(iii) It follows from (i) and (ii).
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