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1. Preliminaries

Throughout this paper, (P, <) denotes a poset with zero element 0 and the graph
G(P) denotes the semi-ideal based zero-divisor graph of a poset P with respect
to a semi-ideal I of P. For M C P, let (M) :={x € P:x <mforallme M}
denotes the lower cone of M in P. For A,B C P, we write (A, B)' instead of
(AUB)L. If M = {xy,...,z,} is finite, then we use the notation (1, ..., z,)" instead
of ({z1,...,7,})!. By a semi-ideal we mean a non-empty subset I of P such that
if be I and a < b, then a € I. A proper semi-ideal I of P is called prime if for
any a,b € P, (a,b)! C I impliesa € [ or b € I.

In [2], I. Beck introduced the concept of a zero-divisor graph of a commutative
ring with identity, but this work was mostly concerned with coloring of rings.
Later D.F. Anderson and P.S. Livingston in [1] studied the subgraph I'(R) of
G(R) whose vertices are the nonzero zero-divisors of R and two distinct vertices
x and y are joined by an edge if zy = 0. In [11], S.P. Redmond has generalized
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the notion of the zero-divisor graph. For a given ideal I of a commutative ring R,
he defined an undirected graph I';(R) with vertices {z € R\ : zy € I for some
y € R\I}, where distinct vertices z and y are adjacent if and only if zy € I. The
zero-divisor graph of various algebraic structures have been studied by several
authors ([4], [5], [6] and [7]).

In [9], Radomr Halas and Marek Jukl have introduced the concept of a graph
structure of a posets, let (P, <) be a poset with 0. Then the zero-divisor graph of P,
denoted by I'(P), is an undirected graph whose vertices are just the elements of P
with two distinct vertices x and y are joined by an edge if and only if L(z,y) = {0},
and proved some interesting results related with clique and chromatic number of
this graph structure. In [8], we have studied the semi-ideal-based zero-divisor
graph of a poset P. Let P be a poset and [ a semi-ideal of P. Then the graph of
P with respect to the semi-ideal I, denoted by G(P), is the graph whose vertices
are the set {z € P\I : (z,y)" C I for some y € P\I} with distinct vertices z and
y are adjacent if and only if (z,y)! C I. If I = {0}, then G;(P) = G(P), and [ is
a prime semi-ideal of P if and only if G;(P) = ¢. And investigated the interplay
between the poset properties of P and the graph-theoretic properties of G;(P).

The direct product of posets P and @ is the poset P x Q = {(z,y) : z € P,
y € Q} such that (z,y) < (2/,y)in Px Qif z <2’ in P and y <y in Q.

Throughout this paper, let us denote I, I, ...., I, be semi-ideals of posets
P, P, ..., P,,respectively and P = Pix Pox...x P,,and I = Iy x Iy x...x I,,. For
Jj=1,2,...,m,if |Pj| = n;, then we can observe that |V (G(P))| < ning...n, —|1],
if P; for each j has a greatest element e;, then |V (G (P))| < ning...ny, — |I]. In
this paper, we investigate the relationship between the diameter of G;(P) and
properties of P; with respect to V(G (F;)) for i = 1,2,...,n. The notations of
graph theory are from [3], the notations of posets from [10].

2. Main results

Lemma 2.1 Let I, I, ..., I, be semi-ideals of posets Py, Ps, ..., P,, respectively,
Then I is a semi-ideal of P.

Proof. It is trivial. "

The following example shows that [ is not necessarily to be a prime semi-ideal
of P even if I, I, ..., I, are prime semi-ideals of posets P, P, ..., P,,, respectively.

Example 2.2 Let P, = {1,2,4} and P, = {1,3,9} be posets with respect to
division. Then I; = {1} and I = {1} are prime semi-ideals of P, and P,
respectively. Here I = I} x I, is a semi-ideal of P = P; x P,, but not prime
semi-ideal.

Theorem 2.3 Let Iy, I, ..., I,, be prime semi-ideals of posets Py, Ps, ..., P,, respec-
tiwely. Then V(G(P))UI = U(P1 X Pyx .. x1I;x..xP,)is a prime semi-ideal

j=1

of P.
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Proof. Let y = (y1,...,yn), ¥ & I; for all i. Suppose that (y,z)! C I for some
x € V(G;(P)). Then (y;,z;)! C I; for all i. Since I/s are prime semi-ideals of
posets P/s, we have z; € I; for all i. So z ¢ V(G;(P)), a contradiction. So,

V(Gr(P)UI = U(P1 X Py X ... X I; X ... x PB,).
j=1
Now, we claim that V(G;(P)) U I is a prime semi-ideal of P. Let a =
(a1, a2, ...,a,), b = (by, by, ..., b,) € P. Suppose that (a,b)! C V(G;(P))U I and
a,b ¢ V(G((P))UI. Then a; ¢ I; and b; ¢ I, for all ¢, which implies (a;,b;)" € I,
for all i. So there exists t; € (a;, b;)! such that t; ¢ I;. Set t = (t1,ts,...,t,). Then
t € (a,b)! C V(Gr(P)) U I, a contradiction to t; ¢ I; for all 4. .

Theorem 2.4 Let Iy, 1, ..., I, be prime semi-ideals of posets Py, P, ..., P,, res-
pectively. Then G;(P) is a n-partite graph. Moreover, if Vi, Vs, ..., V,, are parti-
tions of V(G(P)), then there exists an induced subgraph K|x,||xs|,..|x,|, where
¢ # X; CV;. Also there exist | X;||Xs]...| Xy | number of induced subgraphs K s in

K\ x,1,1%a 00| X

Proof. Let
Vi= J (P\I1) x Py x ... x I... x P),
2<k<n
Vo= |J (I x (P\D2) X .. X L. x P),
3<k<n
Vi= |J (i x Lx (P\I3) x .. X ... x P,), ...,
4<k<n

V=1 x1Iyx ..x1I,_1x(P\I).

Then Vi, Vs, ..., V, are nonempty disjoint n-subsets of V(G(P)).

Let z = (x1,22,....,2,), ¥ = (Y1,Y2,...,Yn) € V; for some j. Then we have
xj,y; ¢ I; which implies (z;,v;) € I;, so (z,y)" € I. Thus no two vertices of V;
are adjacent and hence G;(P) is an n-partite graph.

For moreover case, take

Xy = (P\) x I x ... x I,
X2 = ]1 X (PQ\[Q) X ... X In,
Xg =11 x I3 x (Pg\]g) X ..o X ]n; ceny
Xn =1 xIhx..X (Pn\jn)

Then X|s are subset of V/s and forms K|x,|x,|,...|x,| and {x1,22,...,z,} forms
K, for x; € X;. "

Corollary 2.5 Let I, I, ..., I,, be prime semi-ideals of posets Py, Ps, ..., P,, res-
pectively. Then the clique of G(P) is n.

Theorem 2.6 Let Iy and I5 be prime semi-ideals of posets Py and P, respectively.
Then G(P) is complete bipartite graph.
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Proof. By Theorem 2.3 and Theorem 2.4, G;(P) is bipartite graph with vertex
set Vi = (Pi\I1) x I, and Vo = I; x (P5\I5) which forms Ky, | vs|- .

The following example shows that G;(P) need not be a complete n-partite
graph if n > 2.

Example 2.7 Let P, = {1,2}, P, = {1,3} and P; = {1,5} be posets with
respect to division and Iy = {1}, I, = {1} and I3 = {1} be prime semi-ideals of
posets P, P, and P, respectively. Then G;(P) with respect to I = (1,1,1) is:

(2,1,5) (2,1,1) (2,3,1)
(1,3,5) (1,1,5)
(1,3.1)
Here G/(P) is 3-partite graph, but not complete 3-partite graph. n

Lemma 2.8 Let I be semi-ideal of poset Py with diam(Gr,(P1)) = 1. Then
(z,y)! C I, for all x, y € V(G (P)), also if P, = V(G (Py)) U I, then
(x,y)! C I, forall z, y € P,.

Proof. It is trivial. "

Theorem 2.9 Let Iy, 1, ..., I,, be semi-ideals of posets Py, Ps, ..., P,, respectively.
Then G[(P) is connected and diam(G;(P)) < 3.

Proof. Let z = (21,29, ....,%n), ¥y = (Y1,Y2, .-, Yn) € V(G[(P)). Then there exist
a = (a1,a,...,a,), b = (b1,by,....,b,) € V(G(P)) such that (z,a)! C I and
(y,0)! C I. If (z,y)" C I, then diam(G;(P)) = 1. Suppose that (z,y)' € I. If
(a,b)" C I, then we have a path x —a—b—y of length 3. Suppose that (a,b)! € I.
Then (a;,b;)" ¢ I; for some j, so we can find ¢; € (a;,b;)" with ¢; ¢ I; for some
a;j,bj € P\I;. Now for t = (i1, i2...,5j_1,j,%j41, -, n) & I, we have (z,t)! C I and
(y,t)! C I, which imply x —t — y is a path of length 2. Hence G(P) is connected

and diam(G;(P)) < 3. .
Lemma 2.10 Let I, I, ..., I,, be semi-ideals of posets Py, Ps, ..., P,, respectively.
If diam (G, (Py)) = diam(Gr,(P)) = .... = diam(Gyp, (P,)) = 1, then the following
hold:

(i) diam(G(P)) # 1
(ii) diam(G1(P)) = 2 if and only if P; = V (G, (P;))Ul; for all j € {1,2,...,n}.
(iii) diam(G(P)) = 3 if and only if P; # V (G, (P;))Ul; for some j € {1,2,...,n}.
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Proof. (i) Let a = (a1, a9, ....,a,) and b = (aq, is, ..., i) € V(G (P )) with a # b,
where a; € V(Gp,(P1)). Then (a,b)! ¢ I and hence dzam(G[( )
) i

(ii) Assume that P; = V(G (P;)) U I; for all j € .,n}. If there
exist distinct vertices ¢ = (c1, ¢, ..., cn) d = (dy,dy,...,d,) in V(GI(P)) with
a — ¢ — d —bis a path of length 3, then (a;,d;)" € I; for some a;,d; € P;\I;,
a contradiction to diam(Gr,(P;)) = 1. Thus we have a path a — ¢t — b of
length 2 for all ¢ € V(G(P)). So diam(G;(P)) = 2. Conversely, assume that
diam(G(P)) = 2. Suppose that P; # V(G (F;)) U I; for some j € {1,2,...,n}.
Then there exists z; € P;\(V (G (P )) U I;) for some j € {1,2,...,n}. Smce for
each 2z, € V(G (Py)), there exists 2z, € V(G (Py)) such that (z;w z,/c)l C I for all
k. So, if a = (21, %9, ...,x,) and b = (z1, 22, 3, ..., Tn), then (a, (2], iz, ...,1,))  C [
and (b, (i1, 25, ..., i,))! C I which imply a, b € V(G;(P)). Since (a,b)! g I and by
assumption, there exists ¢ = (cy, ¢a, ..., ¢,) € V(Gr(P)) such that (a,c)’ C I and
(b,¢)t C I which imply ¢; € I}, a contradlctlon Thus P; = V(G (P, )) U I; for all

je{1,2,...,n}.

(iii) This follows from (i) and (ii). n
Theorem 2.11 Let Iy, Is, ..., I,, be semi-ideals of posets Py, P, ..., P, respectively.
If diam(Gr,(Py)) = diam(Gr(Ps)) = ... = diam(Gy,(P,)) = 2, then the following
hold:

(i) diam(G(P)) # 1.
(ii) diam(G[(P)) = 2 if and only if P; = V(G (P;)) U 1,
forall j € {1,2,...,n}.
(iil) diam(G(P)) = 3 if and only if P; # V (G, (P;)) U1,

for some j € {1,2,...,n}.

Proof. (i) It is clear.

(ii) Let P; = V(G (P;))Ul; for all j € {1,2,...,n}. By (i), there are elements
r=(21,T2 .0y Tp), Yy = (y1 Y2, -y Yn) € V(G (P )) such that  # y and (z,y)! € I
which imply (xj,yj)l ¢ I; for some j. Since z;, y; € P; and by assumption,
we have (zj,2;)! C I; and (y;,%;)" C I; for some z; € V(G (P;)). Now let
2 = (i1, .81, 2j, Lj+1, -y in). Then z ¢ I with (x,2)" C I and (y, 2)" C I which
imply © — z — y is a path of length 2. So diam(G(P)) = 2.

Conversely, assume that diam(G(P)) = 2 and let P; # V(G (P;)) U I
for some j € {1,2,...,n}. Then we can find some m; € Pj\( (G P)) )
Since for each i, e; € V(G (F;)), there is an element e of V(GI( »)) such
that (e;,€})! C L. If a = (e, ma,...,m,) and b = (mq, ey, ms,...,m,), then
(a, (€], iz, ... 1))t C I and (b, (i1, €y, 43, ...,43,)) € 1. So a, b € V(G(P)) and

L' ¢ 1. Since diam(G;(P)) = 2, there exists ¢ = (ci1,...,c,) € V(G1(P))
such that (a,c)’ C I and (b,c)) C I. Thus ¢; € I;, a contradiction. Thus
P, =V(G(P)) Ul for all i € {1,2...;n}.

(iii) It follows from (i) and (ii). .
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Theorem 2.12 Let I, I, ..., I,, be semi-ideals of posets Py, Ps, ..., P,, respectively.
If diam(Gr,(Py)) = diam(GL(P)) = ... = diam(Gy,(P,)) = 3, then

diam(Gr(P)) = 3.

Proof. Assume that for each j € {1,2,...,n}, diam(Gy,(P;)) = 3, there exist
v;, y; € V(G (Fy)) with x; # yj, (:L’j,yj)l ¢ I; such that there is no z; €
V(Gp,(P;)) with (x;,2;)" C I; and (y;,z;)" € I;. Consider x = (:L’l,a:Q, ey Ty) and
Y= (yl,yg,. o Yn). Foreach j € {1,2,...,n}, there are elements z';, y; € V(G1 (P)))
such that (z;,2})" C I; and (y;,¥})' € I;. So z, y € V(G((P)) and (x,y) SZ I.1f
diam(G(P)) = 2, then there exists a = (ay, ...,a,n) € V(G;(P)) with (x,a) C I
and (y,a)! C I Wthh imply (z;,a;)" C I; and (y;,a;)! C I;, a contradiction. So
dzam(Gl(P)) .

Theorem 2.13 Let I, I, ..., I,, be semi-ideals of posets Py, Ps, ..., P,, respectively.
If diam(G,(P;)) = 1, diam(G,(Fy)) = 2 for some j, k € {1,2,...,n} and there
is nom € {1,2,...,n} with diam(Gy,,(Py)) = 3, then the following hold:

(i) diam(G(P)) # 1.

(ii) diam(G[(P)) =2 if and only if P; = V (G, (P;)) U 1,
forall j € {1,2,...,n}.

(iii) diam(G(P)) = 3 if and only if P; # V (G, (F;)) U I;,
for some j € {1,2,...,n}.

Proof. (i) It is clear.

(ii) Let P; = V(G(P;)) Ul for all j € {1,2,..,n}. By Lemma 2.8,
(zj,y;)" C I for all z;, y; € V(Gy, ( %)) U 1. By (i), there are distinct vertices
x = (21,22, ....,x,) and y = (y1, Yo, .. ,yn) in V(GI( )) such that (z,y)' € 1.

We divided the proof into two cases.
Case (a): diam(Gp,(P;)) = 1. If z; € V(G (P;)), then

(2, (i1, ey i1, 2y Uity ooy in))E C L and (y, (i1, .oij—1, 25, 811, -y in))! € 1.
Thus we have a path © — z — y of length 2. So diam(G;(P)) = 2.

Case (b): diam(Gp,(P;)) = 2. Then, for some z;, y; € V(G (P;)), there
exists z; € V(G (P)) such that (x;,2;)" C I; and (y;,2;)" C I;. Set z =
(41, 5j—1, 2,811, - in). Then (x,2)" C I and (y,2)! C I. So we must have a
path z — z — y of length 2 and hence diam(G;(P)) = 2.

Conversely, assume that diam(G(P)) = 2. Suppose that P; # V(G (FP;))Ul
for some je{1,2,...,n}. Then we can find some elements mJEPj\( (G, (PJ)) )
Since for each i, x; € V(G (F;)), there is an element a} of V(G (P, )) such that

(x;, Z) C [; for all i. If a = (x1,ms,...,m,) and b = (my, x9,ms,...,m,), then
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(a, (2}, iz, ....,1,))" C I and (b, (i1, 2, i3, ...,7,))! € I. So a, b € V(G(P)) and

L' ¢ 1. Since diam(G;(P)) = 2, there exists ¢ = (c1,...,c,) € V(G1(P))
such that (a,c)! C I and (b,c)! C I which imply ¢; € I;, a contradiction. Thus
P; =V (G, (P;)) Ul for all j € {1,2...,n}.

(iii) It follows from (i) and (ii). n

Theorem 2.14 Let I3, Is, ..., I,, be semi-ideals of posets Py, P, ..., P, respectively.
If diam(G1,(P;)) = 1, diam(G1,(Fy)) = 3 for some j, k € {1,2,...,n} and there
is nom € {1,2,...,n} with diam(Gy, (Py)) = 2, then the following hold:

(i) diam(G(P

) #
(ii) diam(G1(P)) = 2 if and only if diam (G, (P, )) =1
and P; = V(G (P;)) U, for all j € {1,2,...,n}.

(i) diam(G(P)) = 3 if and only if there is no j € {1,2,...,n}
with diam(Gp,(P;)) =1 and P; = V(G (P;)) U ;.

Proof. (i) It is clear.

(ii) Assume that diam(Gp,(P;)) = 1 and P; = V(G (F;)) U I; for all
j €{1,2,...,n}. Then by Lemma 2.8, (z;,y;)" C I, forall:c], yj € V(GI( ) UL
By (i), there are distinct vertices z $1,LE2,...,Z‘”> nd y = (yl,yz,. o Un)
in V(G;(P)) such that (z,y)) € I. Let a; € V(Gp(P;)) and set
a = (i1,.0j—1,05, 041, 4n). Then (z,a)’ € I and (y,a)) C I which imply
a € V(Gr(P)) and z — a — y is a path of length 2. So diam(G;(P)) = 2.

Conversely, assume that diam(G(P))=2. We now show that diam(Gy,(F;))=1
and P, = V(G (P)) U for all ¢ € {1,2,...,n}. Suppose not. Let iy,io, ..., 7
be such that diam(Gy, (F;,)) = 1 (1 < r < k), and let ji, j2,..., j: be such
that diam(Gy, (P;,)) = 3 (1 < s < t). Then for each s, there exist distinct
vertices xz;,y;, € V(Gl (P},)) such that (z;,,y;,)" ¢ I, and there is no z;, €
V(G (P;,)) with (xjs,zjs)l C I, and (zj,,y;,)" € I,. Moreover, for each s

(1 < s < t), there must exist 2 ,y; € V(G (F},)) Wlth (xj,, ;)l C I;, and

Ly

Js

(5., 45.)" € I,. Now, for each r (1 < r < k), let m;, € B \(V(Gr, (F;,)) U L,).

Set ¢ = (m“,.. Tj, ... Tj,,..) and d = (m“,. o Yty - ,yjt, ..).  Then
(C; (F1y ey @ 405 zn)) C I and (d,(i,.... 9}, ...,1)) € I, which imply
c,d € V(G((P)) and )' & I. Since diam(G(P )) = 2, there exists e =
(é1,...,en) € V(G1(P)) such that (c,e)! C I and (d,e)! C I. Thus e; € I;, a contra-
diction. Thus diam(G,(P;)) =1 and P, = V(G (F;)) U L for all i € {1,2...,n}.

(iii) If diam(G;(P)) = 2, then by (ii), we have diam(G(P;)) = 1 and
P,=V (G, (F;))Ul foralli € {1,2...,n}, a contradiction. Thus diam(G;(P)) =3.m

Theorem 2.15 Let I, I, ..., I,, be semi-ideals of posets Py, Ps, ..., P,, respectively.
If diam(Gr,(P;)) = 2, diam(Gy,(FPy)) = 3 for some j, k € {1,2,...,n} and there
is nom € {1,2,...,n} with diam(Gy,,(Py)) = 1, then the following hold:
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(i) diam(G(P)

) #
(ii) diam(G[(P)) = 2 if and only if diam (G, (P, )) =2
and P; =V (G, (P;)) U I; forallj€{12 N}

(iii) diam(G(P)) = 3 if and only if there is no j € {1,2,...,n}
with diam(G,(P;)) = 2 and P; = V(G (P;)) U 1.

Proof. (i) It is clear.

(ii) Assume that diam(Gp,(P;)) = 2 and P; = V(G (P;)) U I; for all j €
{1,2,...,n}. By (i), there are elements z = (xl,:cg,.. :cn) v = (Y1,Y2,-,Yn) €
V(G;(P)) such that (z,y)" € I which implies (z;,y;)" € I; for some j. Then
there exists a; € V(G]]( ) such that (a;,z;)! C I; and (a;,y;)! C I;. Set
a = (il,...ij_l,aj,ij+1,...,in). Then (z,a)! C I and (y,a)l C I which imply
a € V(Gr(P)) and z — a — y is a path of length 2, so diam(G;(P)) = 2.

Conversely, assume that diam(G;(P))=2. We now show that diam(Gy, (P;))=2
and P, = V(G(P)) U I; for all i € {1,2,...,n}. Suppose that for some i
(1 < i < n),if diam(G,(P;)) = 2, then P, = V(GI( ) U L. Let iy, g, ..., i
be such that diam(Gy, (P;,)) 2 (1 <i < k), and let ji,Ja,...,J+ be such
that diam(Gyp, (P;,)) = 3 (1 < s < t). Now for each r(1 < r < k), P, #
V(G (P ))UI For cach r (1 <r < k), let m;, € P, \(V(Gy,, (P,))U1;,). Since
for each s (1 < s < 1), dzam(Gl (P;,)) = 3, there exist z;,,y;, € V(G (P},))
with z;, # v;., (x5, y:.)" € I, such that there is no z;, € V(Gy, (P S)) with
(2, 24, ) C I;, and (zj,,y;.)" g I;,. Moreover, for each s(1 < s < t), there must
exist 2,y e V(G (P;,)) with (zj,,25 ) C I;, and (y;,,y).)" € I,,. Set ¢ =

js
(mm.. Ty ey Tjys ) andd (Miyy ees Yjrs s Yjs» --)- Then (¢, (4,..., 2,1, )) - [

5 ]1? )
) g
6)

< s <
<r<

and (d, (i,...,9},,%,...,1)) € I, and so ¢,d € V(G(P)). Since (c,d)!
diam(G[(P)) = 2, there must be some e = (ey,...,e,) such tha (c,
and (d,e)! C I. Thus ¢; € I;, a contradiction. Thus diam(Gy,(F;))
P, =V(G(P))UI for all i € {1,2....;n}.

(iii) It follows from (i) and (ii). n

Theorem 2.16 Let Iy, Is, ..., I, be semi-ideals of posets Py, P, ..., P, respectively.
If diam(Gr,(P;)) = 1, diam(G,(Fy)) = 2 and diam(Gy,, (Py)) = 3 for some
Jyk,m € {1,2,...,n}, then the following hold:

(i) diam(G(P

) #
(ii) diam(G1(P)) = 2 if and only if diam (G, (P, )) <2
and P; = V(G (P;)) U I; forsomejE{lQ ,n}.

(iii) diam(G(P)) = 3 if and only if there is no j € {1,2,...,n}
with diam(Gp,(P;)) <2 and P; = V(G (P;)) U ;.

Proof. (i) It is clear.
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(i) Let diam(Gp,(P;)) < 2 and P, = V(G (P;)) U I; for all i € {1,2,...,n}.

We divide the proof into two cases.

Case (a): diam(Gp,(P)) =1 and P, = V(G (P)) U I; for all i € {1,2,...,n}.
By a similar argument as in Theorem 2.14 (ii), we get

diam(G(P)) = 2.

Case (b): diam(Gr,(F;)) = 2 and P, = V(G (P;)) U I; for all i € {1,2,...,n}.
By a similar argument as in Theorem 2.15 (ii), we get

diam(Gr(P)) = 2.

Conversely, suppose that diam(G(P)) = 2. It is easy to see from Theorem 2.15(ii)

e diam(Gp,(P;)) <2 and P, = V(G (P;)) U I; for all 1.
(iii) It follows from (i) and (ii). .
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