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Abstract. The fractional (Dα
ξ G/G)-expansion method is applied in this article to

find the exact traveling wave solutions with parameters for four nonlinear space-time
fractional partial differential equations (PDEs), namely the space-time fractional Po-
tential Kadomtsev-Petviashvili (PKP) equation, the space-time fractional symmetric
regularized long wave (SRLW) equation, the space-time fractional Sharma-Tasso Olver
(STO) equation and the space-time fractional Kolmogorov-Petrovskii-Piskunov (KPP)
equation. When these parameters are taken special values, we obtain three types of
solutions via the solitary, trigonometric and rational solutions. Comparison between
our recent results and the well-known results is given. The solutions of these equations
with numerical simulations are presented.
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1. Introduction

Exact traveling wave solutions for nonlinear fractional partial differential equa-
tions (NFPDEs) are of fundamental and important in applied science because
they are widely employed to explain some of the nonlinear fractional phenomena
and dynamical processes existed in nature world. Fractional partial differential
equations have been studied due to their special appearance in different fields,



464 e.m.e. zayed, y.a. amer, r.m.a. shohib

such as physics, biology, engineering, signal processing control theory, the finance
and fractal dynamics, see for example the articles [11], [15], [20], [22], [25], [28],
[29]. For better realizing the mechanisms of the complicated nonlinear physical
phenomena as well as further applications in practical life, the exact solutions
of such equations obtained in the articles [2], [16], [19], [27], [36], [37]. In the
past several decades, new exact solutions may help to find new phenomena. A
variety of powerful methods, such as the finite difference method [17], the finite
element method [7], the differential transform method [3], [21], the Adomian de-
composition method [4], [5], [12], [23], the variational iteration method [13], [24],
[35], the homotopy perturbation method [8], the (G′/G)-expansion method [6],
[9], [ 26], [31], [ 34], [38], the fractional (Dα

ξ G/G)-expansion method [34], [39]-[42],
the Jacobi elliptic equation method [39], the fractional sub-equation method [1],
[10], [34], [37]-[41], the modified simple equation method [32], the homogeneous
balance method [33], the variation of parameters method [30] and so on.

The objective of this paper is to apply the fractional (Dα
ξ G/G)-expansion

method [34], [39]-[42] for solving the nonlinear fractional NFPDEs, namely the
space-time fractional Potential Kadomtsev-Petviashvili (PKP) equation, the space-
time fractional symmetric regularized long wave (SRLW) equation, the space-
time fractional Sharma-Tasso Olver (STO) equation and the space-time fractional
Kolmogorov-Petrovskii-Piskunov (KPP) equation in the sense of the modified
Riemann-Liouville derivative obtained in [14], [18]. All these equations have been
discussed in [31] using a different technique, namely the fractional complex trans-
formation technique combined with the improved (G′/G)-expansion method.

The modified Riemann-Liouville derivative of order α [14], [18] is defined by
the following expression:

(1.1) Dα
t f(t) =





1

Γ(1− α)

d

dt

∫ t

0

(t− η)−α [f(η)− f(0)] dη, 0 < α ≤ 1,

[
f (n)(t)

](α−n)
, n ≤ α < n + 1, n ≥ 1.

We list some important properties for the modified Riemann-Liouville derivative
as follows:

Dα
t tr =

Γ(1 + r)

Γ(1 + r − α)
tr−α, r > 0(1.2)

Dα
t [f(t)g(t)] = f(t)Dα

t g(t) + g(t)Dα
t f(t)(1.3)

Dα
t [f (g(t))] = f ′g (g(t)) Dα

t g(t) = Dα
g f(g(t)) [g′(t)]α(1.4)

This paper is organized as follows: In Section 2, we give the description of
the fractional (Dα

ξ G/G)-expansion method. In Section 3, we apply this method to
find many exact solutions for the space-time nonlinear fractional PKP equation,
the space-time nonlinear fractional SRLW equation, the space-time nonlinear frac-
tional STO equation and the space-time nonlinear fractional KPP equation. In
Section 4, conclusions and discussions are obtained.
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2. Description the fractional (Dα
ξ G/G)-expansion method

Suppose that we have the following nonlinear fractional PDE in the form:

(2.1) F (u,Dα
t u,Dα

xu,D2α
t u,D2α

x u, ...) = 0, 0 < α ≤ 1,

where Dα
t u,Dα

xu,D2α
t u,D2α

x u, ... are the modified Riemann Liouville derivatives
and F is a polynomial in u(x, t) and its partial fractional derivatives, in which the
highest order fractional derivatives and the nonlinear terms are involved. In the
following, we give the main steps of this method:

Step 1: using the wave transformation

(2.2) u(x, t) = u(ξ), ξ = kx + ct,

where k, c are nonzero constants, to reduce equation (2.1) to the following non-
linear fractional ODE:

(2.3) P (u, cαDα
ξ u, kαDα

ξ u, c2αD2α
ξ u, k2αD2α

ξ u, ...) = 0,

where P is a polynomial in u(ξ) and its total fractional derivatives.

Step 2: Assume that equation (2.3) has the formal solution:

(2.4) u(ξ) =
N∑

i=−N

ai

[
Dα

ξ G(ξ)

G(ξ)

]i

,

where ai (i = 0,±1,±2, ...,±N) are constants to be determined later, such that
aN 6= 0 or a−N 6= 0, while the function G(ξ) satisfies the following fractional
ordinary differential equation (ODE):

(2.5) D2α
ξ G(ξ) + λDα

ξ G(ξ) + µG(ξ) = 0,

where λ, µ are arbitrary constants.

Step 3: Determining the positive integer N in (2.4) by using the homogeneous
balance between the highest order fractional derivatives and the nonlinear terms
in equation (2.3).

Step 4: Substituting (2.4) along with equation (2.5) into equation (2.3), we have

a polynomial in
(

Dα
ξ G(ξ)

G(ξ)

)
. Equating each coefficient of this polynomial to be zero

yields a system of algebraic equations which can be solved by using the Maple or
Mathematica to find the values ai (i = 0,±1,±2, ...) and k, c.
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Step5: It is well-known [34], [39]-[42] that
(

Dα
ξ G(ξ)

G(ξ)

)
has the following forms:

√
λ2 − 4µ

2




c1 cosh

(√
λ2−4µ

2
η

)
+ c2 sinh

(√
λ2−4µ

2
η

)

c1 sinh

(√
λ2−4µ

2
η

)
+ c2 cosh

(√
λ2−4µ

2
η

)


−

λ

2
, λ2 − 4µ > 0,(2.6)

√
4µ− λ2

2



−c1 sin

(√
4µ−λ2

2
η

)
+ c2 cos

(√
4µ−λ2

2
η

)

c1 cos

(√
4µ−λ2

2
η

)
+ c2 sin

(√
4µ−λ2

2
η

)


−

λ

2
, λ2 − 4µ < 0,(2.7)

c2

c1 + c2η
− λ

2
, λ2 − 4µ = 0,(2.8)

where η =
ξα

Γ(1 + α)
, while c1, c2 are arbitrary constants.

Step 6: Substituting the values ai, k, c as well as the values (2.6)-(2.8) into (2.4),
we have the exact traveling wave solutions of equation (2.1).

3. Applications

In this section, we apply the above method described in Section 2 to find the exact
traveling wave solutions of the following four nonlinear fractional PDEs:

Example 1. The space-time nonlinear fractional PKP equation. This
equation is well-known [1], [31] and has the form:

(3.1)
1

4
D4α

x u +
3

2
Dα

xuD2α
x u +

3

4
D2α

y u + Dα
t (Dα

xu) = 0.

This equation has been discussed in [31] using a different technique, namely the
fractional complex transformation technique combined with the improved (G′/G)-
expansion method. Let us now solve equation (3.1) using the method of Section
2. To this end, we use the following wave transformation:

(3.2) u(x, y, t) = u(ξ), ξ = k1x + k2y + ct,

where k1, k2 and c are constants, to reduce equation (3.1) to the following frac-
tional ODE

(3.3) k4α
1 D3α

ξ u + 3k3α
1

(
Dα

ξ u
)2

+ (3k2α
2 + 4kα

1 cα)Dα
ξ u = 0,

By balancing D3α
ξ u with

(
Dα

ξ u
)2

, we have N = 1. Consequently, equation (3.3)
has the formal solution:

(3.4) u(ξ) = a1

(
Dα

ξ G

G

)
+ a0 + a−1

(
Dα

ξ G

G

)−1

,
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where a1, a0, a−1 are constants to be determined later, such that a1 6= 0 or a−1 6= 0.
Substituting (3.4) along with equation (2.5) into equation (3.3), collecting all the

terms of the same orders
(

Dα
ξ G

G

)i

, (i = 0,±1,±2, ...) and setting each coefficient

to zero, we have the following set of algebraic equations:
(

Dα
ξ G

G

)4

: −3a1k
3α
1 (2kα

1 − a1) = 0,

(
Dα

ξ G

G

)3

: −6a1λk3α
1 (2kα

1 − a1) = 0,

(
Dα

ξ G

G

)2

: −k4α
1 (8a1µ + 7a1λ

2) + 3k3α
1 (a2

1λ
2 − 2a1a−1 + 2a2

1µ)

−a1(3k
2α
2 + 4kα

1 cα) = 0,
(

Dα
ξ G

G

)
: −k4α

1 (8a1µλ + a1λ
3) + 3k3α

1 (2a2
1µλ− 4a1a−1λ)

−a1λ(3k2α
2 + 4kα

1 cα) = 0,
(

Dα
ξ G

G

)0

: k4α
1 (−2a1µ

2 − a1µλ2 + a−1λ
2 + 2a−1µ) + 3k3α

1 (a2
−1

−4a1a−1µ + a2
1µ

2 − 2a1a−1λ
2) + (a−1 − a1µ)(3k2α

2 + 4kα
1 cα) = 0,

(
Dα

ξ G

G

)−1

: a−1λ [k4α
1 (8µ + λ2) + 3k3α

1 (2a−1 − 4a1µ) + (3k2α
2 + 4kα

1 cα)] = 0,

(
Dα

ξ G

G

)−2

: k4α
1 (8a−1µ

2 + 7a−1µλ2) + 3k3α
1 (a2

−1λ
2 + 2a2

−1µ− 2a1a−1µ
2)

+a−1µ(3k2α
2 + 4kα

1 cα) = 0,
(

Dα
ξ G

G

)−3

: 6a−1µλk3α
1 (2µkα

1 + a−1) = 0,

(
Dα

ξ G

G

)−4

: 3a−1µ
2k3α

1 (2µkα
1 + a−1) = 0.

On solving the above algebraic equations with the aid of Maple or Mathematica,
we have the following cases:

Case1.

(3.5)
λ = 0, µ = µ, kα

1 = kα
1 , kα

2 = kα
2 , cα =

1

4kα
1

(16k4α
1 µ− 3k2α

2 ),

a−1 = −2kα
1 µ, a1 = 2kα

1 .

Case2.

(3.6)
λ = 0, µ = µ, kα

1 = kα
1 , kα

2 = kα
2 , cα =

1

4kα
1

(4k4α
1 µ− 3k2α

2 ),

a−1 = 0, a1 = 2kα
1 .

Case3.

(3.7)
µ = µ, kα

1 = kα
1 , kα

2 = kα
2 , cα =

−1

4kα
1

(k4α
1 (λ2 − 4µ) + 3k2α

2 ),

a−1 = −2kα
1 µ, a1 = 0.
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Let us now write down the following exact solutions of the space-time fractional
PKP equation (3.1) for case 1 (similarly for cases 2 and 3 which are omitted here
for simplicity):

(i) If µ < 0 (Hyperbolic function solutions)

In this case, we have the exact wave solution:

u(x, y, t) = 2kα
1

√−µ

[
c1 cosh (

√−µη) + c2 sinh (
√−µη)

c1 sinh (
√−µη) + c2 cosh (

√−µη)

]
+ a0

+2kα
1

√−µ

[
c1 cosh (

√−µη) + c2 sinh (
√−µη)

c1 sinh (
√−µη) + c2 cosh (

√−µη)

]−1

.(3.8)

If we set c1 = 0 and c2 6= 0 in (3.8) we have the solitary wave solution:

(3.9) u1(x, y, t) = 2kα
1

√−µ
[
coth

(√−µη
)

+ tanh
(√−µη

)]
+ a0,

while if we set c2 = 0 and c1 6= 0 in (3.8) we have the same solitary wave solution
(3.9).

(ii) If µ > 0 (Trigonometric function solutions)

In this case, we have the exact wave solution:

u(x, y, t) = 2kα
1

√
µ

[
−c1 sin

(√
µη

)
+ c2 cos

(√
µη

)

c1 cos
(√

µη
)

+ c2 sin
(√

µη
)

]
+ a0

−2kα
1

√
µ

[
−c1 sin

(√
µη

)
+ c2 cos

(√
µη

)

c1 cos
(√

µη
)

+ c2 sin
(√

µη
)

]−1

.(3.10)

If we set in c1 = 0 and c2 6= 0 (3.10) we have the periodic wave solution:

(3.11) u3(x, y, t) = 2kα
1

√
µ [cot (

√
µη)− tan (

√
µη)] + a0,

while if we set c2 = 0 and c1 6= 0 in (3.10) we have the same periodic wave solution
(3.11)

(iii) If µ = 0 (Rational function solutions)

In this case we have the rational solution

(3.12) u(x, y, t) = 2kα
1

[
c2

c1 + c2η

]
+ a0,

where η =
ξα

Γ(1 + α)
.
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Example 2. The space-time nonlinear fractional SRLW equation. This
equation is well-known [1], [31] and has the form:

(3.13) D2α
t u + D2α

x u + uDα
t (Dα

xu) + Dα
t uDα

xu + D2α
t

(
D2α

x u
)

= 0,

This equation has been discussed in [31] using a different technique, namely the
fractional complex transformation technique combined with the improved (G′/G)-
expansion method. Let us now solve equation (3.13) using the method of Section
2. To this end, we use the following wave transformation:

(3.14) u(x, t) = u(ξ), ξ = kx + ct,

where k and c are constants, to reduce equation (3.13) to the following fractional
ODE

(3.15) (k2α + c2α)u +
kαcα

2
u2 + k2αc2αD2α

ξ u = 0.

By balancing D2α
ξ u with u2, we have N = 2. Consequently, equation (3.15) has

the formal solutions

(3.16) u(ξ) = a2

(
Dα

ξ G

G

)2

+a1

(
Dα

ξ G

G

)
+a0+a−1

(
Dα

ξ G

G

)−1

+a−2

(
Dα

ξ G

G

)−2

,

where a2, a1, a0, a−1, a−2 are constants to be determined later , such that a2 6= 0
or a−2 6= 0. Substituting (3.16) along with equation (2.5) into equation (3.15),

collecting all the terms of the same orders
(

Dα
ξ G

G

)i

, (i = 0,±1,±2, ...) and setting

each coefficient to be zero, we have the following set of algebraic equations:

(
Dα

ξ G

G

)4

:
kαcα

2
a2

2 + 6a2k
2αc2α = 0,

(
Dα

ξ G

G

)3

: kαcαa1a2 + k2αc2α(2a1 + 10a2λ) = 0,

(
Dα

ξ G

G

)2

: a2(k
2α + c2α) +

kαcα

2
(a2

1 + 2a0a2) + k2αc2α(8a2µ + 4a2λ
2 + 3a1λ) = 0,

(
Dα

ξ G

G

)
: a1(k

2α + c2α) + kαcα(a2a−1 + a0a1) + k2αc2α(6a2µλ + 2a1µ + a1λ
2) = 0,

(
Dα

ξ G

G

)0

: a0(k
2α + c2α) +

kαcα

2
(a2

0 + 2a2a−2 + 2a1a−1) + k2αc2α(2a2µ
2 + a1µλ

+ a−1λ + 2a−2) = 0,

(
Dα

ξ G

G

)−1

: a−1(k
2α+c2α)+kαcα(a1a−2+a0a−1)+k2αc2α(6a−2λ+2a−1µ+a−1λ

2) = 0,

(
Dα

ξ G

G

)−2

: a−2(k
2α+c2α)+

kαcα

2
(a2
−1+2a0a−2)+k2αc2α(8a−2µ+4a−2λ

2+3a−1µλ) = 0,

(
Dα

ξ G

G

)−3

: kαcαa−1a−2 + k2αc2α(2a−1µ
2 + 10a−2µλ) = 0,
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(
Dα

ξ G

G

)−4

:
kαcα

2
a2
−2 + 6a−2µ

2k2αc2α = 0.

On solving the above algebraic equations with the aid of Maple or Mathematica,
we have the following cases:

Case1.

(3.17)

λ = λ, cα = cα, kα = kα, µ =
1

4k2αc2α
(λ2k2αc2α − (

k2α + c2α
)
),

a−1 =
−3λ

kαcα
(λ2k2αc2α − (

k2α + c2α
)
), a1 = a2 = 0,

a−2 =
−3

4k3αc3α
(λ2k2αc2α − (

k2α + c2α
)
)2,

a0 =
−1

kαcα
(3λ2k2αc2α − (

k2α + c2α
)
).

Case2.

(3.18)

cα = cα, kα = kα, µ =
− (144 (k2α + c2α)− a2

1)

576k2αc2α
, λ =

−a1

12kαcα

a0 =
1

48kαcα

(
48

(
k2α + c2α

)− a2
1

)
, a−1 = a−2 = 0,

a1 = a1, a2 = −12kαcα.

Let us now write down the following exact solutions of the space-time fractional
SRLW equation (3.13) for case 1 (similarly for case 2 which is omitted here for
simplicity):

(i) If λ2 − 4µ > 0 (Hyperbolic function solutions)

In this case, we have the exact wave solution:

(3.19)

u(x, t) =
− [3λ2k2αc2α − (k2α + c2α)]

kαcα
− 3λ [λ2k2αc2α − (k2α + c2α)]

kαcα

×


−

λ

2
+

1

2

√
k2α + c2α

k2αc2α




c1 cosh

(
1
2

√
k2α+c2α

k2αc2α η

)
+ c2 sinh

(
1
2

√
k2α+c2α

k2αc2α η

)

c1 sinh

(
1
2

√
k2α+c2α

k2αc2α η

)
+ c2 cosh

(
1
2

√
k2α+c2α

k2αc2α η

)







−1

−3 [λ2k2αc2α − (k2α + c2α)]
2

4k3αc3α

×


−

λ

2
+

1

2

√
k2α + c2α

k2αc2α




c1 cosh

(
1
2

√
k2α+c2α

k2αc2α η

)
+ c2 sinh

(
1
2

√
k2α+c2α

k2αc2α η

)

c1 sinh

(
1
2

√
k2α+c2α

k2αc2α η

)
+ c2 cosh

(
1
2

√
k2α+c2α

k2αc2α η

)







−2
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If we set c1 = 0 and c2 6= 0 in (3.19) we have the solitary wave solution:

(3.20)

u1(x, t) =
− [3λ2k2αc2α − (k2α + c2α)]

kαcα
− 3λ [λ2k2αc2α − (k2α + c2α)]

kαcα

×
[
−λ

2
+

1

2

√
k2α + c2α

k2αc2α
tanh

(
1

2

√
k2α + c2α

k2αc2α
η

)]−1

−3 [λ2k2αc2α − (k2α + c2α)]
2

4k3αc3α

[
−λ

2
+

1

2

√
k2α + c2α

k2αc2α
tanh

(
1

2

√
k2α + c2α

k2αc2α
η

)]−2

while if we set c2 = 0 and c1 6= 0 in (3.19) we have the solitary wave solution:

(3.21)

u2(x, t) =
− [3λ2k2αc2α − (k2α + c2α)]

kαcα
− 3λ [λ2k2αc2α − (k2α + c2α)]

kαcα

×
[
−λ

2
+

1

2

√
k2α + c2α

k2αc2α
coth

(
1

2

√
k2α + c2α

k2αc2α
η

)]−1

−3 [λ2k2αc2α − (k2α + c2α)]
2

4k3αc3α

[
−λ

2
+

1

2

√
k2α + c2α

k2αc2α
coth

(
1

2

√
k2α + c2α

k2αc2α
η

)]−2

If c2 6= 0 and c2
1 < c2

2, then we have the solitary wave solution:

u3(x, t) =
− [3λ2k2αc2α − (k2α + c2α)]

kαcα
− 3λ [λ2k2αc2α − (k2α + c2α)]

kαcα

×
[
−λ

2
+

1

2

√
k2α + c2α

k2αc2α
coth

(
ξ1 +

1

2

√
k2α + c2α

k2αc2α
η

)]−1

−3 [λ2k2αc2α − (k2α + c2α)]
2

4k3αc3α
(3.22)

×
[
−λ

2
+

1

2

√
k2α + c2α

k2αc2α
coth

(
ξ1 +

1

2

√
k2α + c2α

k2αc2α
η

)]−2

where ξ1 = tanh−1
(

c2
c1

)
, while if c1 6= 0 and c2

2 < c2
1 , then we have the solitary

wave solution:

u4(x, t) =
− [3λ2k2αc2α − (k2α + c2α)]

kαcα
− 3λ [λ2k2αc2α − (k2α + c2α)]

kαcα

×
[
−λ

2
+

1

2

√
k2α + c2α

k2αc2α
tanh

(
ξ1 +

1

2

√
k2α + c2α

k2αc2α
η

)]−1

−3 [λ2k2αc2α − (k2α + c2α)]
2

4k3αc3α
(3.23)

[
−λ

2
+

1

2

√
k2α + c2α

k2αc2α
tanh

(
ξ1 +

1

2

√
k2α + c2α

k2αc2α
η

)]−2

where ξ1 = coth−1
(

c2
c1

)
and η =

ξα

Γ(1 + α)
.



472 e.m.e. zayed, y.a. amer, r.m.a. shohib

Example 3. The space-time nonlinear fractional STO equation. This
equation is well-known [31], [40] and has the form:

(3.24) Dα
t u + 3β (Dα

xu)2 + 3βu2Dα
xu + 3βuD2α

x u + βD3α
x u = 0,

where 0 < α ≤ 1. equation (3.24) has been investigated in [40] using the frac-
tional sub-equation method. It is also discussed in [31] using a different technique,
namely the fractional complex transformation technique combined with the im-
proved (G′/G)-expansion method. Let us now solve equation (3.24) using the
method of Section 2. To this end, we use the wave transformation (3.14) to
reduce equation (3.24) to the following fractional ODE:

(3.25) cαu + 3βk2αuDα
ξ u + βkαu3 + βk3αD2α

ξ u = 0.

By balancing D2α
ξ u with u3, we have N = 1. Consequently, equation (3.25 ) has

the formal solution:

(3.26) u(ξ) = a1

(
Dα

ξ G

G

)
+ a0 + a−1

(
Dα

ξ G

G

)−1

,

where are a1, a0, a−1 constants to be determined later, such that a1 6= 0 or a−1 6= 0.
Substituting (3.26) along with equation (2.5) into equation (3.25), collecting all

the terms of the same orders
(

Dα
ξ G

G

)i

, (i = 0,±1,±2, ...) and setting each coeffi-

cient to zero, we have the following set of algebraic equations:

(
Dα

ξ G

G

)3

: a1βkα(−3a1k
α + a2

1 + 2k2α) = 0,

(
Dα

ξ G

G

)2

: −3βk2α(a2
1λ + a0a1) + 3a0a

2
1βkα + 3a1λβk3α = 0,

(
Dα

ξ G

G

)
: a1c

α−3βk2α(a2
1µ+a0a1λ)+βkα (3a2

0a1+3a2
1a−1) +βk3α (a1λ

2+2a1µ) = 0,

(
Dα

ξ G

G

)0

: a0c
α+3βk2α(a0a−1−a0a1µ)+βkα (a3

0+6a0a1a−1) +βk3α (a1µλ+a−1λ) = 0,

(
Dα

ξ G

G

)−1

: a−1c
α + 3βk2α(a2

−1 + a0a−1λ) + βkα
(
3a2

0a−1 + 3a2
−1a1

)

+ βk3α (a−1λ
2 + 2a−1µ) = 0,

(
Dα

ξ G

G

)−2

: 3βk2α(a2
−1λ + a0a−1µ) + 3a0a

2
−1βkα + 3a−1µλβk3α = 0,

(
Dα

ξ G

G

)−3

: a−1βkα(−3a−1µkα + a2
−1 + 2µ2k2α) = 0.

On solving the above algebraic equations with the aid of Maple or Mathematica,
we have the following cases:

Case1.

(3.27)
λ = λ, µ = µ, β = β, kα = kα, cα = −βk3α(λ2 − 4µ),

a1 = 2kα, a0 = λkα, a−1 = 0.
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Case2.

(3.28)
λ = λ, µ = µ, β = β, kα = kα, cα = −βk3α(λ2 − 4µ),

a1 = 0, a0 = −λkα, a−1 = −2µkα.

Let us now write down the following exact wave solutions of the space-time frac-
tional STO equation (3.24) for case 1 (similarly for case 2 which is omitted here
for simplicity):

(i) If λ2 − 4µ > 0 (Hyperbolic function solutions)

In this case, we have the exact wave solution:

(3.29) u(x, t) = kα
√

λ2 − 4µ




c1 cosh

(√
λ2−4µ

2
η

)
+ c2 sinh

(√
λ2−4µ

2
η

)

c1 sinh

(√
λ2−4µ

2
η

)
+ c2 cosh

(√
λ2−4µ

2
η

)


 .

If we set c1 = 0 and c2 6= 0 in (3.29) we have the solitary wave solution:

(3.30) u1(x, t) = kα
√

λ2 − 4µ tanh

(√
λ2 − 4µ

2
η

)
.

while if we set c2 = 0 and c1 6= 0 in (3.29) we have the solitary wave solution:

(3.31) u2(x, t) = kα
√

λ2 − 4µ coth

(√
λ2 − 4µ

2
η

)
.

If c2 6= 0 and c2
1 < c2

2, then we have the solitary wave solution:

(3.32) u3(x, t) = kα
√

λ2 − 4µ coth

(
ξ1 +

√
λ2 − 4µ

2
η

)
,

where ξ1 = tanh−1

(
c2

c1

)
, while if c1 6= 0 and c2

2 < c2
1, then we have the solitary

wave solution:

(3.33) u4(x, t) = kα
√

λ2 − 4µ tanh

(
ξ1 +

√
λ2 − 4µ

2
η

)
,

where ξ1 = coth−1

(
c2

c1

)
.

(ii) If λ2 − 4µ < 0 (Trigonometric function solutions)

In this case, we have the exact wave solution:

(3.34) u(x, t) = kα
√

4µ− λ2



−c1 sin

(√
4µ−λ2

2
η

)
+ c2 cos

(√
4µ−λ2

2
η

)

c1 cos

(√
4µ−λ2

2
η

)
+ c2 sin

(√
4µ−λ2

2
η

)


 ,
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If we set c1 = 0 and c2 6= 0 in (3.34) we have the periodic wave solution:

(3.35) u1(x, t) = kα
√

4µ− λ2 cot

(√
4µ− λ2

2
η

)
,

while if we set c2 = 0 and c1 6= 0 in (3.34) we have the periodic wave solution:

(3.36) u2(x, t) = −kα
√

4µ− λ2 tan

(√
4µ− λ2

2
η

)
.

If c2 6= 0 and c2
1 < c2

2, then we have the periodic wave solution:

(3.37) u3(x, t) = kα
√

4µ− λ2 cot

(
ξ1 +

√
4µ− λ2

2
η

)
,

where ξ1 = tan−1

(
c1

c2

)
, while if c1 6= 0 and c2

2 < c2
1, then we have the periodic

wave solution:

(3.38) u4(x, t) = kα
√

4µ− λ2 tan

(
ξ1 +

√
4µ− λ2

2
η

)
,

where ξ1 = cot−1

(
c1

c2

)
and η =

ξα

Γ(1 + α)
.

Example 4. The space-time nonlinear fractional KPP equation. This
equation is well-known [6], [8], [31], [32] and has the form:

(3.39) Dα
t u−D2α

x u + µ1u + γu2 + δu3 = 0,

where 0 < α ≤ 1 and µ1, γ, δ are nonzero constants. This equation is important
in the physical fields and it includes the fisher equation. Huxlay equation, Burgers
equation, Chaffee-Infanfe eqution and Fitzhugh-Nagumo equation. When α = 1
equation (3.39) has been discussed in [6] by using the -expansion method and
in [32] using the modified simple equation method. Equation (3.39) has been
studied in [8] by using the homotopy perturbation method. This equation has
been discussed in [31] by using a different technique, namely the fractional complex
transformation technique combined with the improved (G′/G)-expansion method.
Let us now solve equation (3.39) by using the method of Section 2. To this end,
we use the wave transformation (3.14) to reduce equation (3.39) to the following
fractional ODE:

(3.40) cαDα
ξ u− k2αD2α

ξ u + µ1u + γu2 + δu3 = 0.

By balancing u3 with D2α
ξ u, we have N = 1. Consequently, equation (3.40) has

the formal solutions:

(3.41) u(ξ) = a1

(
Dα

ξ G

G

)
+ a0 + a−1

(
Dα

ξ G

G

)−1

,
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where are a1, a0, a−1 constants to be determined later, such that a1 6= 0 or a−1 6= 0.
Substituting (3.41) along with equation (2.5) into equation (3.40), collecting all

the terms of the same orders
(

Dα
ξ G

G

)i

, (i = 0,±1,±2, ...) and setting each coeffi-

cient to zero, we have the following set of algebraic equations:(
Dα

ξ G

G

)3

: −2a1k
2α + δa3

1 = 0,

(
Dα

ξ G

G

)2

: −a1c
α − 3a1λk2α + a2

1γ + 3a0a
2
1δ = 0,

(
Dα

ξ G

G

)
: −a1λcα − k2α(a1λ

2 + 2a1µ) + a1µ1 + 2a0a1γ + δ (3a2
0a1 + 3a2

1a−1) = 0,

(
Dα

ξ G

G

)0

: cα(a−1−a1µ)−k2α(a1µλ+a−1λ)+a0µ1+γ (a2
0+2a1a−1) +δ (a3

0+6a0a1a−1) =

0,

(
Dα

ξ G

G

)−1

: a−1λcα−k2α(a−1λ
2+2a−1µ)+a−1µ1+2a0a−1γ+δ

(
3a1a

2
−1+3a2

0a−1

)
= 0,

(
Dα

ξ G

G

)−2

: a−1µcα − 3a−1µλk2α + a2
−1γ + 3a0a

2
−1δ = 0,

(
Dα

ξ G

G

)−3

: −2a−1µ
2k2α + δa3

−1 = 0.

On solving the above algebraic equations with the aid of Maple or Mathematica,
we have the following cases:

Case1.

(3.42)

λ = 0, γ = γ, kα = kα, δ = δ, µ =
−1

32δk2α
(γ2 − 4δµ1),

a−1 =
−(γ2 − 4δµ1)

32δkα

√
2

δ
, a1 = −kα

√
2

δ
, cα =

kαγ√
2δ

, a0 =
−γ

2δ
.

Case2.

(3.43)
λ = λ, µ = µ, kα = kα, δ = δ, µ1 =

1

4δ

[−2δk2α(λ2 − 4µ) + γ2
]
,

a−1 = 0, a0 =
[
λkα

√
1
2δ
− γ

2δ

]
, a1 = 2kα

√
1
2δ

, cα = −kαγ
√

1
2δ

.

Let us now write down the following exact solutions of the space-time fractional
KPP equation (3.39) for case 1 (similarly for case 2 which is omitted here for
simplicity):

(i) If µ < 0 (Hyperbolic function solutions)

In this case, we have the exact wave solution:

u(x, t) = −kα

√
−2µ

δ

[
c1 cosh (

√−µη) + c2 sinh (
√−µη)

c1 sinh (
√−µη) + c2 cosh (

√−µη)

]
− γ

2δ

−(γ2 − 4δµ1)

16δkα

√ −1

2µδ

[
c1 cosh (

√−µη) + c2 sinh (
√−µη)

c1 sinh (
√−µη) + c2 cosh (

√−µη)

]−1

.(3.44)
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If we set c1 = 0 and c2 6= 0 in (3.44) we have the solitary wave solution:

(3.45)
u1(x, t) = − kα

√
−2µ

δ
tanh

(√−µη
)− γ

2δ

− (γ2 − 4δµ1)

16δkα

√ −1

2µδ
coth

(√−µη
)
,

while if we set c2 = 0 and c1 6= 0 in (3.44) we have the solitary wave solution:

(3.46)
u2(x, t) = − kα

√
−2µ

δ
coth

(√−µη
)− γ

2δ

− (γ2 − 4δµ1)

16δkα

√ −1

2µδ
tanh

(√−µη
)
,

If c2 6= 0 and c2
1 < c2

2, then we have the solitary wave solution:

(3.47)
u3(x, t) = − kα

√
−2µ

δ
tanh

(
ξ1 +

√−µη
)− γ

2δ

− (γ2 − 4δµ1)

16δkα

√ −1

2µδ
coth

(
ξ1 +

√−µη
)
,

where ξ1 = tanh−1
(

c1
c2

)
.

(ii) If µ > 0 (Trigonometric function solutions)

In this case, we have the exact wave solutions:

u(x, t) = −kα

√
2µ

δ

[
−c1 sin

(√
µη

)
+ c2 cos

(√
µη

)

c1 cos
(√

µη
)

+ c2 sin
(√

µη
)

]
− γ

2δ

−(γ2 − 4δµ1)

16δkα

√
1

2µδ

[
−c1 sin

(√
µη

)
+ c2 cos

(√
µη

)

c1 cos
(√

µη
)

+ c2 sin
(√

µη
)

]−1

.(3.48)

If we set c1 = 0 and c2 6= 0 in (3.48) we have the periodic wave solution:

(3.49) u1(x, t) = −kα

√
2µ

δ
cot (

√
µη)− γ

2δ
− (γ2 − 4δµ1)

16δkα

√
1

2µδ
tan (

√
µη) ,

while if we set c2 = 0 and c1 6= 0 in (3.48) we have the periodic wave solution:

(3.50) u2(x, t) = kα

√
2µ

δ
tan (

√
µη)− γ

2δ
+

(γ2 − 4δµ1)

16δkα

√
1

2µδ
cot (

√
µη) .

If c2 6= 0 and c2
1 < c2

2, then we have the periodic wave solution:

(3.51)
u3(x, t) = − kα

√
2µ

δ
cot (ξ1 +

√
µη)− γ

2δ

− (γ2 − 4δµ1)

16δkα

√
1

2µδ
tan (ξ1 +

√
µη) ,
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where ξ1 = tan−1
(

c1
c2

)
, while if c1 6= 0 and c2

2 < c2
1, then we have the periodic

wave solution:

(3.52)
u4(x, t) = − kα

√
2µ

δ
tan (ξ1 +

√
µη)− γ

2δ

− (γ2 − 4δµ1)

16δkα

√
1

2µδ
cot (ξ1 +

√
µη) .

where ξ1 = cot−1
(

c1
c2

)
and η =

ξα

Γ(1 + α)
.

(iii) If µ = 0 (Rational function solution)

In this case we have the rational solution

(3.53) u(x, t) = −kα

√
2

δ

[
c2

c1 + c2η

]
− γ

2δ
− 1

32δkα

√
2

δ

[
c2

c1 + c2η

]−1

.

where η =
ξα

Γ(1 + α)
.

4. Physical explanations of our obtained solutions

Solitary, periodic and rational wave solutions can be obtained from the exact so-
lutions by setting particular values in its unknown parameters. In this section, we
have presented some graphs for solitary and periodic wave solutions constructed
by taking suitable values of involved unknown parameters to visualize the un-
derlying mechanism of the original equations (3.1), (3.13), (3.24) and (3.39). By
using the mathematical software Maple, the plots of some solutions have been
shown in Figs.1-5 as follows:

Fig.1. The plot of u1(x, 0, t) of (3.9)
with k1 = 1, µ = −1, a0 = 0,
c = 1, α = 1

2

Fig.2. The plot of u3(x, 0, t) of (3.11)
with k1 = 1, µ = 1, a0 = 0,
c = −1, α = 1

2
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Fig.3. The plot of (3.20) with k = 1,
c = 1, λ = 2, α0 = 2

3

Fig.4. The plot of (3.45) with k = 1,
c = −1, µ = −1, µ1 = 3, δ = 1,
γ = 2, α = 3

8

Fig.5. The plot of (3.50) with k = 1, c = −1,
µ = 1, µ1 = −1, δ = 1, γ = 2, α = 1

2

5. Conclusions and discussions

The fractional (Dα
ξ G/G)-expansion method was applied in this paper to construct

new exact traveling wave solutions for four nonlinear space- time fractional partial
differential equations (PDEs) namely, the space-time fractional Potential Kadom-
tsev Petviashvili (PKP) equation, the space-time fractional symmetric regularized
long wave (SRLW) equation, the space-time fractional Sharma-Tasso Olver (STO)
equation and the space-time fractional Kolmogorov-Petrovskii-Piskunov (KPP)
equation. The graphical representations of some solutions of these equations have
been presented. In [31] these equations have been discussed by using the fractional
complex transformation technique combined with the improved (G′/G)-expansion
method for finding the exact solutions of these equations. On comparing our re-
sults in this paper with those obtained in [31] we deduce that our results are new
and different. This method can be applied to many other nonlinear fractional
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partial differential equations (NFPDEs) in the mathematical physics. Finally,
with help of Maple or Mathematica, we have made sure that our new solutions
obtained in this article satisfy the original four space- time fractional PDEs.

Acknowledgment. The authors wish to thank the referee for his comments
on this paper.

References

[1] Alzaidy, J.F., The fractional sub-equation method and exact analytical so-
lutions for some fractional PDEs, Amer. J. Math. Anal., 1 (2013), 14-19.

[2] Baleanu, D., Diethelm, K., Scalas, E., Trujillo, J.J., Fractional
Calculus: Models and Numerical Methods, vol.3 of Series on Complexity,
Nonlinearity and Chaos, World Scientific Publishing Boston, Mass, USA,
2012.

[3] Deng, W., Finite element method for the space and time fractional Fokker-
Planck equation, SIAM J. Numer. Anal., 47 (2008), 204-226.

[4] El-sayed, A.M.A., Gaber, M., The Adomian decomposition method for
solving partial differential equations of fractal order in finite domains, Phys.
Lett., A, 359 (2006), 175-182.

[5] El-sayed, A.M.A., Behiry, S.H., Raslan, W.E., Adomian decomposi-
tion method for solving an intermediate fractional advection-dispersion equa-
tion, Comput. Math. Appl., 59 (2010), 1759-1765.

[6] Feng, J., Li, W., Wan, Q., Using (G′/G)-expansion method to seek tra-
veling wave solution of Kadomtsev-Petviashvili-Piskkunov equation, Appl.
Math. Comput., 217 (2011), 5860-5865.

[7] Gao, G.H., Sun, Z.Z., Zhang, Y.N., A finite difference scheme for frac-
tional sub-diffusion equations on an unbounded domain using artificial boun-
dary conditions, J. Comput. Phys., 231 (2012), 2865-2879.

[8] Gepreel, K.A., The homotopy perturbation method applied to nonlinear
fractional Kadomtsev-Petviashvili-Piskkunov equations, Appl. Math. Lett.,
24 (2011), 1428-1434.

[9] Gepreel, K.A., Omran, S., Exact solutions for nonlinear partial fractional
differential equation, Chin. Phys., B 21 (2012), 110204-110207.

[10] Guo, S., Mei, L., Li, Y., Sun, Y., The improved fractional sub-equation
method and its applications to the space-time fractional differential equations
in fluid mechanics, Phys. Lett. A, 376 (2012), 407-411.



480 e.m.e. zayed, y.a. amer, r.m.a. shohib

[11] Hilfer, R., Applications of fractional Calculus in Physics, World Scientific
Publishing, River Edge, NJ, USA, 2000.

[12] Hu, Y., Luo, Y., Lu, Z., Analytical solution of the linear fractional diffe-
rential equation by Adomian decomposition method, J. Comput. Appl. Math.,
215 (2008), 220-229.

[13] Inc, M., The approximate and exact solutions of the space-time fractional
Burgers equations with initial conditions by variational iteration method, J.
Math, Anal. Appl., 345 (2008), 476-484.

[14] Jumarie, G., Modified Riemann-Liouville derivative and fractional Taylor
series of non-differentiable functions: Further results, Comput. Math. Appl.,
51 (2006), 1367-1376.

[15] Kilabs, A.A., Srivastava, H.M., Trujillo, J.J., Theory and Applica-
tions of Fractional Differential Equations, vol. 204, North-Holland Mathe-
matics Studies, Elsevier Science, Amsterdam, The Netherlands, 2006.

[16] Kiryakova, V., Generalized Fractional Calculus and Application, vol. 301,
Pitman Research Notes in Mathematics Series, Longman Scientific & Tech-
nical, Harlow, UK, 1994.

[17] Li, C., Chen, A., Ye, J., Numerical approaches to frational calculus and
fractional ordinary differential equation, J. Comput. Phys., 230 (2011), 3352-
3368.

[18] Li, Z.B., He, J.H., Fractional complex transform for fractional differential
equations, Math. Comput. Appl., 15 (2010), 970-973.

[19] Mainardi, F., Fractional Calculus and Waves in Linear Viscoelasticity: An
Introduction to Mathematical Models, Imperial College Press, London, UK,
2010.

[20] Miller, K.S., Ross, B., An Introduction to the Fractional Calculus and
Fractional Differential Equations, Wiley & Sons, New York, NY, USA, 1993.

[21] Momani, S., Odibat, Z., Erturk, V.S., Generalized differential trans-
form method for solving a space-time-fractional diffusion-wave equation,
Phys. Lett. A, 370 (2007), 379-387.

[22] Oldham, K.B., Spanier, J., The Fractional Calculus, Academic Press,
NewYork, NY, USA, 1974.

[23] Odibat, Z., Momani, S., A generalized differential transform method for
linear partial differential equations of fractional order, Appl. Math. Lett., 21
(2008), 194-199.



The fractional (Dα
ξ G/G)-expansion method ... 481

[24] Odibat, Z., Momani, S., The variational iteration: an efficient scheme for
handling fractional partial differential equations in fluid mechanics, Comput.
Math. Appl., 58 (2009), 2199-2208.

[25] Podlubny, I., Fractional Differential Equations, vol.198, Mathematics in
Science and Engineering, Academic Press, San Diego, California, USA, 1999.

[26] Roshid, H.O., Hoque, M.F., Ali Akbar , M., New extended (G′/G)-
expansion method for travelling wave solutions of nonlinear partial differential
equations (NPDEs) in mathematical physics, Italian J. Pure Appl. Math., 33
(2014), 175-190.

[27] Sabatier, J., Agrawal, O.P., Machado, J.A.T., Advances in frac-
tional calculus: Theoretical Developments and Applications in Physics and
Engineering, Springer, NewYork, NY, USA, 2007.

[28] Samko, S.G., Kilbas, A.A., Marichev, O.I., Fractional Integrals and
Derivative Gordon and Breach Science, Yverdon, Switherland, 1993.

[29] West, B.J., Bologna, M., Grigolini, P., Physics of Fractal Operators,
Springer, NewYork, NY, USA, 2003.

[30] Zaidi, Z.A., Jan, S.U., Khan, N.A/U/. Mohyud-Din, S.T., Variation
of parameters method for thin film flow of a third grade fluid down an inclined
plane, Italian J. Pure Appl. Math., 31 (2013), 161-168.

[31] Zayed, E.M.E., Amer, Y.A., Shohib, R.M.A., Exact Traveling wave
solutions for nonlinear fractional partial differential equations using the im-
proved (G′/G)-expansion method, Int. J. Engng. Appl. Sci., 4 (2014), 18-31.

[32] Zayed, E.M.E., Hoda Ibrahim, S.A., Exact Solutions of Kolmogorov-
Petrovskii-Piskunov equation using the modified simple equation method, Acta
Math. Appl. Sinica, English Series, 30 (2014), 749-754.

[33] Zayed, E.M.E., Alurrfi, K.A.E., The homogeneous balance method and
its applications for finding the exact solutions for nonlinear evolution equa-
tions, Italian J. Pure Appli.Math., 33 (2014), 307-318.

[34] Wen, C., Zheng, B., A new fractional sub-equation method for fractional
partial differential equations, WSEAS Trans. Math., 12 (2013), 564-571.

[35] Wu, G.C., Lee, E.W.M., Fractional variational iteration method and its
application, Phys. Lett. A, 374 (2010), 2506-2509.

[36] Yang, X.J., Local Fractional Functional Analysis and Its Applications,
Asian Academic Publisher, Hong Kong,2011.

[37] Yang, X.J., Advanced Local Fractional Calculus and Its Applications, World
Science Publisher, NewYork, NY, USA, 2012.



482 e.m.e. zayed, y.a. amer, r.m.a. shohib

[38] Zheng, B., (G′/G)-Expansion Method for Solving fractional partial differen-
tial equations in the theory of mathematical physics, Commu. Theore. Phys.,
58 (2012), 623-630.

[39] Zheng, B., A new fractional Jacobi elliptic equation method for solving frac-
tional partial differential equations, Adv. Difference Equation, 228 (2014),
1-11.

[40] Zheng, B., Wen, C., Exact solutions for fractional partial differential equa-
tions by a new fractional sub-equation method, Adv. Difference Equations, 199
(2013). doi: 10.1186/1687-1847-2013-199

[41] Zhang, S., Zhang, H.Q., Fractional sub-equation method and its applica-
tions to nonlinear fractional PDEs, Phys. Lett. A, 375 (2011), 1069-1073.

[42] Zhang, Y., Feng, Q., Fractional Riccati equation rational expansion
method for fractional differential equations, Appl. Math. Inf. Sci., 7 (2013),
1575-1584.

Accepted: 20.02.2015


