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Abstract. The fractional (DgG/G)-expansion method is applied in this article to
find the exact traveling wave solutions with parameters for four nonlinear space-time
fractional partial differential equations (PDEs), namely the space-time fractional Po-
tential Kadomtsev-Petviashvili (PKP) equation, the space-time fractional symmetric
regularized long wave (SRLW) equation, the space-time fractional Sharma-Tasso Olver
(STO) equation and the space-time fractional Kolmogorov-Petrovskii-Piskunov (KPP)
equation. When these parameters are taken special values, we obtain three types of
solutions via the solitary, trigonometric and rational solutions. Comparison between
our recent results and the well-known results is given. The solutions of these equations
with numerical simulations are presented.
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1. Introduction

Exact traveling wave solutions for nonlinear fractional partial differential equa-
tions (NFPDEs) are of fundamental and important in applied science because
they are widely employed to explain some of the nonlinear fractional phenomena
and dynamical processes existed in nature world. Fractional partial differential
equations have been studied due to their special appearance in different fields,
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such as physics, biology, engineering, signal processing control theory, the finance
and fractal dynamics, see for example the articles [11], [15], [20], [22], [25], [28],
[29]. For better realizing the mechanisms of the complicated nonlinear physical
phenomena as well as further applications in practical life, the exact solutions
of such equations obtained in the articles [2], [16], [19], [27], [36], [37]. In the
past several decades, new exact solutions may help to find new phenomena. A
variety of powerful methods, such as the finite difference method [17], the finite
element method [7], the differential transform method [3], [21], the Adomian de-
composition method [4], [5], [12], [23], the variational iteration method [13], [24],
[35], the homotopy perturbation method [8], the (G’/G)-expansion method [6],
9], [ 26], [31], [ 34], [38], the fractional (D¢ G /G)-expansion method [34], [39]-[42],
the Jacobi elliptic equation method [39], the fractional sub-equation method [1],
[10], [34], [37]-[41], the modified simple equation method [32], the homogeneous
balance method [33], the variation of parameters method [30] and so on.

The objective of this paper is to apply the fractional (DgG/G)-expansion
method [34], [39]-[42] for solving the nonlinear fractional NFPDEs, namely the
space-time fractional Potential Kadomtsev-Petviashvili (PKP) equation, the space-
time fractional symmetric regularized long wave (SRLW) equation, the space-
time fractional Sharma-Tasso Olver (STO) equation and the space-time fractional
Kolmogorov-Petrovskii-Piskunov (KPP) equation in the sense of the modified
Riemann-Liouville derivative obtained in [14], [18]. All these equations have been
discussed in [31] using a different technique, namely the fractional complex trans-
formation technique combined with the improved (G'/G)-expansion method.

The modified Riemann-Liouville derivative of order « [14], [18] is defined by
the following expression:

1 4
(L1 Dpf)=4q Th-a)d
[Fm @)™, n<a<n+1, n>1.

A%—n>ﬂﬂm—fmnm,o<aSL

We list some important properties for the modified Riemann-Liouville derivative
as follows:

(1.2) Datr %t”—a, r>0
(1.3) Dy [f(t)g(t)] = f(t)Dig(t) + gt) Dy f(t)
(1.4) D [f(g()] = fy(g(t) Dig(t) = Dg f(g(t)) [g'(t)]"

This paper is organized as follows: In Section 2, we give the description of
the fractional (DgG//G)-expansion method. In Section 3, we apply this method to
find many exact solutions for the space-time nonlinear fractional PKP equation,
the space-time nonlinear fractional SRLW equation, the space-time nonlinear frac-
tional STO equation and the space-time nonlinear fractional KPP equation. In
Section 4, conclusions and discussions are obtained.
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2. Description the fractional (D¢G/G)-expansion method

Suppose that we have the following nonlinear fractional PDE in the form:
(2.1) F(u, D{u, D%u, D}*u, D**u,...) =0, 0<a<1,

where D{u, D%u, D?*u, D**y, ... are the modified Riemann Liouville derivatives
and F' is a polynomial in u(x,t) and its partial fractional derivatives, in which the
highest order fractional derivatives and the nonlinear terms are involved. In the
following, we give the main steps of this method:

Step 1: using the wave transformation
(2.2) u(z,t) =u(), &=kx+ct,

where k, ¢ are nonzero constants, to reduce equation (2.1) to the following non-
linear fractional ODE:

(2.3) P(u, ¢ Dgu, k“ D¢, CQO‘Dgo‘u, kQO‘Dgau, ) =0,
where P is a polynomial in w(§) and its total fractional derivatives.

Step 2: Assume that equation (2.3) has the formal solution:

2. we = 3 %]

i=—N

where a; (i = 0,4+1,£2,...,+N) are constants to be determined later, such that
ay # 0 or a_y # 0, while the function G(§) satisfies the following fractional
ordinary differential equation (ODE):

(2.5) D*G(&) + ADEG(E) + nG(€) =0,
where A, y are arbitrary constants.

Step 3: Determining the positive integer N in (2.4) by using the homogeneous
balance between the highest order fractional derivatives and the nonlinear terms
in equation (2.3).

Step 4: Substituting (2.4) along with equation (2.5) into equation (2.3), we have
a polynomial in (DETG;)Q> Equating each coefficient of this polynomial to be zero
yields a system of algebraic equations which can be solved by using the Maple or

Mathematica to find the values a; (i = 0,£1,4+2,...) and k, c.
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Step5: It is well-known [34], [39]-[42] that ( ) has the following forms:
T | ¢ cosh ( Y /\224“77) + ¢o sinh ( V )‘224”77)
(2.6) 5 a 2 2 A2 —4p >0,
¢ sinh < /\2_4“77> + ¢y cosh ( v )‘2_4“77)
Ny —cy sin ( K 4;_A2 17) + ¢y cos ( ¥ 4‘;_/\2 77)
(2.7) “2 N —4p <0
1 COS ( Y 4;% 77) + ¢y sin < v 4’;7)‘ 77)
A
(2.8) —=2 2 A2 — 4y =0,
c1 + CaTl} 2
where 1 = g—a’ while ¢y, ¢y are arbitrary constants.
I'(l+a) ’

Step 6: Substituting the values a;, k, ¢ as well as the values (2.6)-(2.8) into (2.4),
we have the exact traveling wave solutions of equation (2.1).

3. Applications

In this section, we apply the above method described in Section 2 to find the exact
traveling wave solutions of the following four nonlinear fractional PDEs:

Example 1. The space-time nonlinear fractional PKP equation. This
equation is well-known [1], [31] and has the form:

1 3 3
(3.1) ZD;‘;au + 5ZD;quﬁu + Z—leau + D&(D%u) = 0.
This equation has been discussed in [31] using a different technique, namely the
fractional complex transformation technique combined with the improved (G'/G)-

expansion method. Let us now solve equation (3.1) using the method of Section
2. To this end, we use the following wave transformation:

(32> u<x7 Y, t) = u(£)7 5 = klaj + k2y + Ct,

where k1, ko and ¢ are constants, to reduce equation (3.1) to the following frac-
tional ODE

(3.3) k1o D3+ 3k3 (D) + (3K + 4k3 ) Diu = 0,

By balancing Dg’au with (D?U)Q, we have N = 1. Consequently, equation (3.3)
has the formal solution:

/DG DgGN\™!
(3.4) U(f)—al( a >+a0+a_1( a > )
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where aq, ag, a_; are constants to be determined later, such that a; # 0 ora_; # 0.
Substituting (3.4) along with equation (2.5) into equation (3.3), collecting all the

terms of the same orders (DSG> , (i =0,%1,£2,...) and setting each coefficient
to zero, we have the following set of algebraic equations:
N
(%7) ¢ Bk —a) =0,
N
(Dgf> L Ga (28 — a1) = 0,
oo 2
(DéG> o —k{(8arp + TayN?) + 3k3*(a?)\? — 2a1a_ + 2aip)
—ay (3k3% + 4k{e™) = 0,
<D§,G> —k1*(8a1pu) + a1 \?) + 3k3*(2a3 ) — 4aja_1\)

—a  A(3k3* + 4kSc®) = 0,

NG
<D§GG> Dk (—2a10% — a1 pA? + a1 A? + 2a_1p) + 3k3%(a?,
—dara_ipp+ a2p? — 2a1a_10%) + (a_y — ayp) (3k3% + 4k%c®) = 0,

a —1
(Dé G) Do as AR (B + A2) + 3K (2a_y — dayp) + (3k3* + 4k )] = 0,

a -2
<D£GG> D kI(8a_1p? 4+ Ta_1 u)?) + 3k3%(a? (N2 + 202 pu — 2aya_14?)
+a_1u(3k:§a + 4k§e®) =0,

ac\ =3
(DgTG> D Ba_ K (2ukS +a_q) = 0,

acy —4
<DéG> o 3a_ Pk (2uk +a_q) = 0.

On solving the above algebraic equations with the aid of Maple or Mathematica,
we have the following cases:

Casel.
(e} « (0% 1 (0% «
(3.5) A=0, p=up, k¥ =k7, kY =k3, ¢ :@(16]€%M—3]€§ )
a—y = =2k, a; = 2k,
Case2.
fe a [ a a 1 4o 2a
(3.6) A=0, p=p, K{ =Fk{, k3 =k3, ¢ :M(‘Uﬁ = 3k3%),
a_1 = 0, a; = 2]{3?

Case3

o o o o o —1 4o\ 2 2a
(37) o= ks k1:k17k2:k27c :@(kl ()‘ —4M)+3k2 )7

a_y = —2k{p, ap =0.
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Let us now write down the following exact solutions of the space-time fractional
PKP equation (3.1) for case 1 (similarly for cases 2 and 3 which are omitted here
for simplicity):

(i) If p < 0 (Hyperbolic function solutions)

In this case, we have the exact wave solution:

. c1 cosh (y/=um) + cg sinh (v/—pun)
uz,y,t) = 2k7V-p [clsinh(\/—_;m)Jr@COSh(\/—_W?)
N c1 cosh (v/—pun) + ¢ sinh (v/—pun) -
(3.8) +2k] \/__# Ll sinh (y/—un) + ¢3 cosh (\/—_,un)} .

}‘i‘ao

If we set ¢; = 0 and ¢y # 0 in (3.8) we have the solitary wave solution:

(3.9) uy(z,y,t) = 2k$\/—p [coth (v/=pun) + tanh (v/—pn)] + ao,

while if we set co = 0 and ¢; # 0 in (3.8) we have the same solitary wave solution
(3.9).

(ii) If © > 0 (Trigonometric function solutions)

In this case, we have the exact wave solution:

—cq 8in (\/ﬁn) + ¢y cos (\/ﬁn)
¢y cos (/i) + casin (\/an)

—c1 Sin (\/ﬁn) + c9 COS (\/ﬁn)
¢1 cos (y/in) + casin (\/an)

If we set in ¢; = 0 and ¢z # 0 (3.10) we have the periodic wave solution:

+CLO

u(z,y,t) = Qk?\/ﬁ[

-1

(3.10) 2k /It [

(3.11) us(a, y, 1) = 2k /7 cot (/Fin) — tan (/)] + a,

while if we set ¢ = 0 and ¢; # 0 in (3.10) we have the same periodic wave solution
(3.11)

(iii) If = 0 (Rational function solutions)

In this case we have the rational solution

Ca
c + CaT)

(3.12) u(z,y,t) = 2kY [ } + ao,
é‘Oé

where n= m
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Example 2. The space-time nonlinear fractional SRLW equation. This
equation is well-known [1], [31] and has the form:

(3.13) Di*u + D2*u+ uDy (Dgu) + DfuDgu + Di* (D2*u) = 0,

This equation has been discussed in [31] using a different technique, namely the
fractional complex transformation technique combined with the improved (G7/G)-
expansion method. Let us now solve equation (3.13) using the method of Section
2. To this end, we use the following wave transformation:

(3.14) u(z,t) =u(§), &=ka+ct,

where k and ¢ are constants, to reduce equation (3.13) to the following fractional
ODE

(a6

k
(3.15) (K + *)u + TCUQ + E****D{*u = 0.

By balancing Dg‘”u with u?, we have N = 2. Consequently, equation (3.15) has
the formal solutions

516 (DG’ DgG DgG\ ™ DgGN\™°
( . ) u(f) = a2 G +ap G +CL0+(171 G +a_o G ,

where as, ay, ag, a_1, a_o are constants to be determined later , such that as # 0
or a_y # 0. Substituting (3.16) along with equation (2.5) into equation (3.15),

« (2

collecting all the terms of the same orders <D§ G) , (1=0,£1,42,...) and setting

a
each coefficient to be zero, we have the following set of algebraic equations:

D(’G) 4 ke

5 a3 + 6agk?*c* = 0,

kYcaray + k*c**(2a1 + 10a)\) = 0,

2 a .o

: ag(k2a + C2a> + 9

say (K2 + ) + kc®(aga_y + apay) + k****(6asu) + 2a1p + ay\?) = 0,

(a? + 2apas) + k**c**(8agu + 4asA? + 3a;\) = 0,

0 a o

ag(k?Y + ) + ‘ (a2 + 2asa_o + 2a1a_1) + k**** (2ao0? + a1 pu)
+ a_l)\ + 2(1_2) = 0,

( & ) ca_1 (K2Y+c?)+kYc(ara_otaga_y ) +k* ¥ (6a_s A +2a_ a1 \?) = 0,

[epNe)

k
( s ) :a_g(kzo‘—l—c?“)—l—Tc(a%1+2a0a_2)+k2°‘c2a(8a_2u+4a_2A2+3a_1uA) =0,

( 5 ) ckYca_qa_g + K2 (2a_1p* + 10a_opu)) = 0,
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<Dgc) -4 k%

& 5 a? o + 6a_gu’k**c* = 0.

On solving the above algebraic equations with the aid of Maple or Mathematica,
we have the following cases:

Casel.
1
\ = /\7 = Ca’ ko — ka’ = e (/\2]{:2&0204 _ (k,Qa +02a)),
—3A
a_1 = _]{;06 > ()\2]{52(162& — (k’za + 020[))7 a; = ay = O,
(3.17) _03
A_og = _4k3acga ()\2k2ac2a _ (k2a + 6204))27
—1 a2 a o
ag = W(B)\Zlﬁ)Q 62 — (kz —|—C2 ))
Case2.
— (144 (k** + **) — a?) —ay
a_ o pa Lo _ \ =
cT s BT6k2e 2 T Tokece
1
(3.18) ag = 1Shece (48 (k:2a + 020‘) — a%) , a_1=a_o =0,
a; = ay,ay = —12k%c”.

Let us now write down the following exact solutions of the space-time fractional
SRLW equation (3.13) for case 1 (similarly for case 2 which is omitted here for
simplicity):

(i) If \* — 4 > 0 (Hyperbolic function solutions)

In this case, we have the exact wave solution:

- [3/\2]{;2016204 - (k,Qa + CZQ)] 3)\ [)\2k2ac2a o (k2a + 0201)]

t) = B
u<x7 ) ]{70‘00‘ ]{Jaca
-1
A1 Ry e | Croosh (%\/’%Ifn) + ¢ysinh (%F oo n)
X | —— 4+ —

2 2 kj20¢020¢ . 1 k20 c2a 1 k20 20
crsinh | 54/ %525 n | + cacosh | 54/ Fzaa

(3.19) 2
3N — (kK + )]
4kBecda
—2
A 1\/W ¢1 cosh (%\/@I;O + ¢y sinh (%\/’%Qn)
X |—= 4+ =

2 2 kf2a02a . 1 k2°‘+c20‘ 1 k2°‘+c20‘
cisinh ( 54/ %maman | +cacosh | 54/ Fmmsan
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If we set ¢; = 0 and ¢; # 0 in (3.19) we have the solitary wave solution:
_ [3)\2k2a02a _ (kQa + C2a)] B 3\ [A2k2a62a _ (k.2a + C2a)]
koo koo

-1
)\+1 /k’2a—|—620‘t L 1 [k2e 4 2
—_— — —_— n — —_—
2 2 k.2a02a a 2 k2a02a U
—2
3 [/\2]{:2ac2a _ (k,2a + Cza)]Q A\ N 1 [k2a + 2 - 1 [k2e 4+ 20
J— _— — — a — —
4k3a03a 2 2 kZocCQa I 2 kZaCQa U

while if we set ¢co = 0 and ¢; # 0 in (3.19) we have the solitary wave solution:
[3)\2k2ac2a _ (k.2a + c2a)] B 3\ [)\2k2cxc2a _ (k,Qa + cZa)]
keco keco

—1
Y LR O
2 2 k2ac2a co 2 k2a02a U
-2
b 1 k‘20‘ + 020‘ 1 kZOc + CQa
_5 + 5 kQaCQQ coth 5 kQaCQa N

If cg # 0 and ¢ < ¢3, then we have the solitary wave solution:

uy(x,t) =

(3.20) *

us(x,t) = —

(3.21) *

3 [)\2k2ac2a - (k,2a + CZa)]2
4]{730‘630‘

_ [3)\2k2o¢02a - (k,2a + C2a>] B 3\ [A2k2ac2o¢ - (k?a + 0204)]

) =
us(,?) keco kece
" _)\+1 /k2a+c2a60th 5 +1 lk2a+620¢ -
2 92 k2a02a 1 2 k?aCZa N
21.20 200 (1.2 200\12
(3.22) 3 [Nk (k2 + )]

4k3ac3a
—2
)\ 1 kQa + c2a 1 k2a + C2a
. —4 f— h —4 |
2 + 2 k2a62a cot (61 + 2 k2a02a 77)]

where & = tanh ™ (i—f), while if ¢; # 0 and ¢3 < ¢? , then we have the solitary
wave solution:

_ [3)\2k2a02a _ (kQa + C2a>] 3\ [)\2k2ac2a _ (kQa + CQa)]

) = —
ua(, 1) koo koeo
-1
" _é—{_l /k2a+62atnh 5+1 /k2a+02a
2 2 k2a62a a 1 2 k2a62a n
3 [A2k2a02a - (kQa + C2a>]2
2 —
(3 3) 4k3a03a
-2
by 1 k?a + CQa 1 k20¢ + CQa
RPN (“5\/ k—”>]
goc

where & = coth™ <0—2> and
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Example 3. The space-time nonlinear fractional STO equation. This
equation is well-known [31], [40] and has the form:

(3.24) D%u + 36 (D%u)? 4 3Bu*D2u + 3fuD**u + 3D3u = 0,

where 0 < a < 1. equation (3.24) has been investigated in [40] using the frac-
tional sub-equation method. It is also discussed in [31] using a different technique,
namely the fractional complex transformation technique combined with the im-
proved (G’/G)-expansion method. Let us now solve equation (3.24) using the
method of Section 2. To this end, we use the wave transformation (3.14) to
reduce equation (3.24) to the following fractional ODE:

(3.25) “u + 3Pk* uDgu + Bk u’ + SE** Di*u = 0.

By balancing Di*u with u®, we have N = 1. Consequently, equation (3.25 ) has
the formal solution:

596 azie DgG\
(3.26) U(f)—al( G )+ao—|—a_1( a > ;

where are aq, ag, a_; constants to be determined later, such that a; # 0 ora_; # 0.
Substituting (3.26) along with equation (2.5) into equation (3.25), collecting all

)

the terms of the same orders (ﬁ) , (1 =0,£1,£2,...) and setting each coeffi-

a
cient to zero, we have the following set of algebraic equations:

Dgf’) a1 Bk® (—3ark® + a2 + 2k%) = 0,

2

Q

: —308k** (a3 X + apay) + 3apai Sk + 3ai \GE3* = 0

Q™

>
mB
Q

Q

0
L apc®+36k* (aga_y—apar p)+ Lk (a3+6apara_y) +8k** (aypr+a_1 ) = 0,

-1

C)

G

C)

ca_1c® + 38k* (a® | + apa_1 \) + Bk (3a0a 1+ 3a? 1a1)
+ 8K (a_1\* 4+ 2a_1u) = 0,

Q™

(
(%
(
(%
(%

) a1 —30k**(a? p+apay \)+Bk* (3agar+3ata_1) + 6k (a1 \2+2a 1) = 0,

a -2
<DéG) : 3ﬁk2a<a2_1A + aoa_lu) + 3a0a2_1ﬁka + 3a—1MAﬁk53a —0

Dga\~? 2 27.2
< e ) ta_1 Pk (—3a_ 1 pk™ 4+ a® | + 2p°k**) = 0.

On solving the above algebraic equations with the aid of Maple or Mathematica,
we have the following cases:

Casel.

)‘:)‘7 n= [, ﬁ:ﬁ7 ka:ka7 Ca:_ﬁkSQ(AQ_ZLM)a

(3.27)
ay = Qka,ao = )\ka, a_1 = 0.
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Case2.
(3 28) )‘:)‘7 n= [, ﬁ:ﬁ7 ka:ka7 Ca:_ﬁk?’a(A2_4M>a
' a; = 0,a9 = =k, a_1 = —2uk®.

Let us now write down the following exact wave solutions of the space-time frac-
tional STO equation (3.24) for case 1 (similarly for case 2 which is omitted here
for simplicity):

(i) If A* — 4p > 0 (Hyperbolic function solutions)

In this case, we have the exact wave solution:

c1 cosh ( ¥ AZ_%U) + ¢y sinh ( /\22_4” 77)
¢y sinh ( Y /\24“77> + ¢; cosh (_V’\Q‘l“n)

2 2

(3.29)  w(z,t) = k%A —4u

If we set ¢; = 0 and ¢y # 0 in (3.29) we have the solitary wave solution:
VA2 — 4
(3.30) uy(z,t) = k%\/A? — 4u tanh s
while if we set ¢; = 0 and ¢; # 0 in (3.29) we have the solitary wave solution:

A2 —4
(3.31) ug(z,t) = K/ A2 — 4 coth (—Mn> :

2

If cg # 0 and ¢ < ¢3, then we have the solitary wave solution:

A2 —4
(3.32) ug(z,t) = k*\/ A2 — 4 coth ({1 + —'un) ;

c
where & = tanh™ —2), while if ¢; # 0 and ¢ < ¢2, then we have the solitary
(&1

wave solution:

VA2 —4
(3.33) ug(z,t) = K%/ A? — 4p tanh (61 + T”U) )

where & = coth™ (0—2)

&1

(i) If A* — 4p < 0 (Trigonometric function solutions)

In this case, we have the exact wave solution:

. u—A2 L—A2
—c1 8Iln < 3 77) + ¢ CcOS ( 5 77)
(3.34)  w(z,t) = kY\/4p — N\?

Y
4p—N2 . 4p—N2
clcos< 3 7]>+6281n< 51
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If we set ¢; = 0 and ¢y # 0 in (3.34) we have the periodic wave solution:

4y — N2
(3.35) uy(z,t) = k“\/4p — N\? cot ('u—n) ,

2

while if we set ¢; = 0 and ¢; # 0 in (3.34) we have the periodic wave solution:

4y — N2
(3.36) ug(,t) = —k“\/4p — A% tan (MTn) .

If ¢y # 0 and ¢ < ¢3, then we have the periodic wave solution:

4y — N2
(3.37) ug(z,t) = k“\/4pu — N2 cot <§1 + M—n) :

2

c
where & = tan™! (—1), while if ¢; # 0 and ¢3 < ¢, then we have the periodic
(&)

wave solution:

/A — \2
(3.38) ug(x,t) = k% 4p — A2 tan (51 + M—An> ,

2

I (0%
where & = cot™! <é) and n = ﬁ.

Example 4. The space-time nonlinear fractional KPP equation. This
equation is well-known [6], [8], [31], [32] and has the form:

(3.39) D&y — D**u + pyu + yu® + du® = 0,

where 0 < o < 1 and uq, 7, 6 are nonzero constants. This equation is important
in the physical fields and it includes the fisher equation. Huxlay equation, Burgers
equation, Chaffee-Infanfe eqution and Fitzhugh-Nagumo equation. When o = 1
equation (3.39) has been discussed in [6] by using the -expansion method and
in [32] using the modified simple equation method. Equation (3.39) has been
studied in [8] by using the homotopy perturbation method. This equation has
been discussed in [31] by using a different technique, namely the fractional complex
transformation technique combined with the improved (G’/G)-expansion method.
Let us now solve equation (3.39) by using the method of Section 2. To this end,
we use the wave transformation (3.14) to reduce equation (3.39) to the following
fractional ODE:

(3.40) *Dgu — K D*u + pyu + yu® 4 du® = 0.

By balancing v with DZ*u, we have N = 1. Consequently, equation (3.40) has
the formal solutions:

(3.41) u(§) = ay (D?G> +ap+a— (DC?;G> )
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where are aq, ag, a_; constants to be determined later, such that a; # 0 ora_; # 0.
Substituting (3.41) along with equation (2.5) into equation (3.40), collecting all

the terms of the same orders <D§G> , (1 =0,%£1,£2,...) and setting each coeffi-
cient to zero, we have the following set of algebraic equations:
POV okt 4 at =0,
ec 2
S= )t —are® = 3 Mk + aiy + 3agaid = 0,

C)

Qi

0

C)

(
(%
(%
(=

0,

) —a A — k> (a1 \? 4 2a1p0) + ajpy + 2apa1y + 6 (3aday + 3a3a_y) = 0,

e (a_y—aip)—k**(ay pr+a_ 1 N)+agpi+7 (a2 +2a1a_1) +6 (a3 +6apara_y) =

aeey —1
e ) A A=k (a1 N2 +2a_ 1) +a_i g +2a0a—17+6 (3ara? 1 +3ada_s) = 0,

3
mp
Q

DgG\ 2 2 2 2
< & ) D pc® — 3a_1 Ak + a1y + 3aga” 0 = 0,
-3
( ) D —2a_1p?k** + 6a®, = 0.

On solving the above algebraic equations with the aid of Maple or Mathematica,
we have the following cases:

Casel.
= = a_ o s — T (A2
(3 42> )\_07 Y= kK =k ) 5_57 = 32(5[620‘(7 45”1)a
' . :M\ﬁa:_ka 2 o Kk
- 320k 5 5’ NG
Case2.

A=\ p=p K=k § =0, i = — [~20k**(\* — 4p) + 7],
(3.43) 49

a =0, a= M/ = 3], @ =2k [ e = ke [

Let us now write down the following exact solutions of the space-time fractional
KPP equation (3.39) for case 1 (similarly for case 2 which is omitted here for
simplicity):

(i) If u < 0 (Hyperbolic function solutions)

In this case, we have the exact wave solution:

_ o |21 [ercosh (/=pn) + copsinh (V=pn)] v
R Llsmh(\/—_ﬁm)Jr@cosh(\/—_un)} 26

(3.44) (02— 4o [-1 { cosh (y/—fn) + ¢y sinh (\/—_un)} -
. 160k 206 | eq sinh (/—pn) + cacosh (v/—un) |
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If we set ¢; = 0 and ¢; # 0 in (3.44) we have the solitary wave solution:

-2
ug(x,t) = — k% TM tanh (v/—pn) — %
(72 —40m) [—1
_ th (/=
160k> \ 200 (v=pm)
while if we set co = 0 and ¢; # 0 in (3.44) we have the solitary wave solution:
-2
ug(x,t) = — ko‘\/T'ucoth (vV=pn) — %
(v* —4om) [—1
_ tanh (/=0
160k>  \ 2u8 " (V=pm).
If ¢y # 0 and ¢ < 3, then we have the solitary wave solution:

=2
ug(w,t) = — k%4 Tutanh (& +v=pn) — %
(32— a6p) [T -
Toske | 2g Ot (G V=)

(3.45)

(3.46)

(3.47)

where & = tanh! (-)

(ii) If > 0 (Trigonometric function solutions)

In this case, we have the exact wave solutions:

e e 2n|ma sin (\/ﬁn) + c9 oS (\/ﬁn) e
(1) = —k \/Z [ ¢1 cos (y/in) + casin (\/an) ] 20

sy [T sy = ()]
(3.48) 160k 2110 [ €1 COS (\/ETI) + ¢ sin (\/ﬁn) ] |

If we set ¢; = 0 and c3 # 0 in (3.48) we have the periodic wave solution:

e /2w v (P —4m) [ 1
(349) U’l('x7 t) - k 5 cot (\//_’”7) 25 166[4304 2#(5 tan (\//_“7) )

while if we set ¢; = 0 and ¢; # 0 in (3.48) we have the periodic wave solution:

e 20 oy (P —ddm) [
(3.50)  we(x,t) =k 5 tan (y/un) 55 + T65ko 20 cot (/pn) -

If ¢y # 0 and ¢ < 3, then we have the periodic wave solution:

2
ug(z,t) = — ko‘\/%cot (& + un) — 2—75

(3.51) o [
SheT \ 2t (& VEm).
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where & = tan™! (g—;), while if ¢; # 0 and ¢ < ¢2, then we have the periodic

wave solution:
2
wae,t) = = k| =5 tan (& + v/in) - o

246 1
o) 3 <ot 6+ V).

&
IM'l+a)

(3.52)

where & = cot™! (2—;) and n =

(iii) If 4 = 0 (Rational function solution)

In this case we have the rational solution

— « 2 Co ’y 1 \/5 C2 -
(3.53) u(z,t) = —k o {61 + Czn} 20 320k*V o Ll + 0277} '
_ &
where n = T+a)

4. Physical explanations of our obtained solutions

Solitary, periodic and rational wave solutions can be obtained from the exact so-
lutions by setting particular values in its unknown parameters. In this section, we
have presented some graphs for solitary and periodic wave solutions constructed
by taking suitable values of involved unknown parameters to visualize the un-
derlying mechanism of the original equations (3.1), (3.13), (3.24) and (3.39). By
using the mathematical software Maple, the plots of some solutions have been
shown in Figs.1-5 as follows:

Fig.1. The plot of u;i(x,0,t) of (3.9) Fig.2. The plot of us(z,0,t) of (3.11)
with k1 =1, p=—1, ag =0, with k1 =1, u=1, ap =0,

_ _ _ _ 1
c=1, a= c=-1, a=3

N[



478 E.M.E. ZAYED, Y.A. AMER, R.M.A. SHOHIB

6

e e
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v.&iﬁ' m:’-} o
o
. ":‘:’“ "“0”0:"."‘

OO0
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X

Fig.3. The plot of (3.20) with k =1, Fig.4. The plot of (3.45) with k =1,
c:l,)\:2,a0:§ c=—-1, p=-1, yy =3, 6 =1,

_ _ 3
v =2, a=3

Fig.5. The plot of (3.50) with k =1, ¢ = —1,
/’1/:17/’1/1:_17 5:17 7:27 Oé:%

5. Conclusions and discussions

The fractional (D?G /G)-expansion method was applied in this paper to construct
new exact traveling wave solutions for four nonlinear space- time fractional partial
differential equations (PDEs) namely, the space-time fractional Potential Kadom-
tsev Petviashvili (PKP) equation, the space-time fractional symmetric regularized
long wave (SRLW) equation, the space-time fractional Sharma-Tasso Olver (STO)
equation and the space-time fractional Kolmogorov-Petrovskii-Piskunov (KPP)
equation. The graphical representations of some solutions of these equations have
been presented. In [31] these equations have been discussed by using the fractional
complex transformation technique combined with the improved (G'/G)-expansion
method for finding the exact solutions of these equations. On comparing our re-
sults in this paper with those obtained in [31] we deduce that our results are new
and different. This method can be applied to many other nonlinear fractional
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partial differential equations (NFPDEs) in the mathematical physics. Finally,
with help of Maple or Mathematica, we have made sure that our new solutions
obtained in this article satisfy the original four space- time fractional PDEs.

Acknowledgment. The authors wish to thank the referee for his comments
on this paper.
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