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1. Introduction

Rough set theory, a new mathematical approach to deal with inexact and un-
certain knowledge, was originally proposed by Pawlak [11]. There are at least
two methods for the development of this theory, the constructive and axiomatic
approaches. In constructive methods, lower and upper approximations are con-
structed by basic concepts, such as equivalence relations on a universal set and
neighborhood systems [12]. The Pawlak approximation operators are defined by
an equivalence relation. However, an equivalence relation in Pawlak rough set
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models seem to be a very restrictive condition. Hence, some more general mo-
dels have been put forward, such as [10], [15], [20], [22]. In 1990, Dubois and
Prade [4] introduced the concepts of fuzzy rough sets and rough fuzzy sets. After
that, some researchers put forward some generalized fuzzy rough sets, such as
[21]. Nowadays, this theory has been applied successfully to many areas, such
as knowledge discovery, machine learning, information sciences, and intelligent
systems, and so on.

It naturally leads to a question of what happen if we substitute an algebraic
system instead of a universe set. In 1997, Kuroki [7] studied the rough sets in
semigroups and put forward two new algebraic structures, called rough semigroups
and rough ideals. Further, Davvaz [2], [3] introduced the concept of rough ideals
with respect to an ideal of rings. After that, many researches investigated rough
set theory in different algebraic structures, for example, see [1], [6].

We know that the ideals of semirings play a crucial role in the structure theory,
but ideals in semirings do not in general coincide with the usage of ideals in semir-
ings is somewhat limited. To overcome this difficulty, Torre [13] studied h-ideals
and k-ideals of hemirings. In 2004, Jun [5] applied fuzzy set theory to hemirings.
Zhan and Dudek [18] introduced the concept of h-hemiregular hemirings and in-
vestigated this kind of hemirings by fuzzy h-ideals. Further, some characterization
of h-hemiregular and h-intra-henmiregular henmirings were investigated by Yin
[16], [17]. In particular, some generalized fuzzy h-ideals of hemirings were studied
by Ma [8], [9].

The paper is organized as follows. In Section 2, we recall some concepts and
results on rough sets and hemirings. In Section 3, we introduce the concept of
rough fuzzy strong h-ideals and rough fuzzy prime ideals of hemirings and investi-
gate some related properties. Finally, some characterizations of fuzzy rough strong
h-ideals and fuzzy rough prime ideals of hemiring are investigated in Section 4.

2. Preliminaries

In this section, we divide into three parts. Some basic concepts and results on
hemirings, strong h-ideals, congruence relations and rough sets are pointed out in
these three subsections.

2.1. (Prime) strong h-ideals

By zero of a semiring (S, +,-) we mean an element 0 € S such that 0 -2z =
r-0=0and 0+2z =2+0 =z for all z € S. A semiring with a zero and
a commutative semiring (S, +) is called a hemiring[13]. In this paper, S always
denotes a hemiring.

A non-empty subset A of S is called a subhemiring of S if A is closed under
addition and multiplication. A non-empty subset A of S is a left(right) ideal of
S if A closed under addition and SA C A(AS C A). An ideal A of S is prime
ideal such that zy € A for some z,y € S implies x € A or y € A. A subhemiring
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A of S is called an h-subhemiring if z,z € S,a,b € Aand x +a+ 2 = b+ z,
implies © € A. Left(right) h-ideals are defined similarly. A subhemiring A of S
is called a strong h-subhemring if z,y,2z € S;a, b€ Aandx+a+2=y+b+ 2
implies * € y + A. Strong h-ideals are defined similarly. Clearly, every strong
h-subhemiring (h-ideal) is an h-subhemiring (h-ideal).

2.2. Congruence relations

Recall that an equivalence relation 6 on S is a reflexive, symmetric and transitive
binary relation on S. If 6 is an equivalence relation on S, then the equivalence
class of x € S is the set {y € S|(z,y) € 6}, denoted by [z]yp. An equivalence
relation # on S is called a congruence relation if (a,b) € 0 implies (a+z,b+z) € 0
and (ax,bz) € 0 and (za,xb) € 0 for all x € S.

A congruence relation ¢ on S is called complete if [ably = {xy|z € [a]s,

€ [blg} for all a,b € S.

Let I be a strong h-ideal of S, z,y € S. We say x is congruent to y modulo
I, denoted by x = y(mod I), if and only if there exist a,b € I and z € S such
that z +a+ 2z =y + b+ z. Clearly, x = y(mod I) is a congruence relation on S.

Lemma 2.1 [17] Let I be a strong h-ideal of S. If x,y € S, then
(1) z € [yl; if and only if x € y + 1,
(2) [2]r + [yl = [z + 1,
(3) {abla € [z]1,b € [yli} C [zy]r.

Remark 2.2 If I is an h-ideal of S, then the assertions (1) and (2) in above
lemma may not be true as shown in the following.

Example 2.3 The set Ny of all non-negative integers with usual addition and
multiplication operations is a hemiring, let I =< 3 >, then [ is an h-ideal, but it
is not a strong h-ideal of S, since 1+6+1 = 4+3+1, but 1 ¢ 4+1. By calculations,
M4]; = {1,4,7,10,...}, [5]; = {2,5,8,11,...} and [9]; = {0,3,6,9,12,...}. Thus,
we have

(1) 1€ 4], but 1 ¢4+ 1.
(2) [4]r + [5] # [9]r-

Proposition 2.4 Let I be an idempotent (11 = 1) strong h-ideal of S. Ifz,y € S,
then

{abla € [x]1,b € [yli} = [2y]r-

Proof. Let ¢ € [zy];, by Lemma 2.1 (1), we have ¢ € zy xy + I1 C
vy+al +1y+ 11 = (x+1)(y+ 1) = [z]/[y]s, that is, [xy|; C [z];[y];. Combing
Lemma 2.1(3), we have {abla € [z]1,b € [y|i} = [xy]r. .

+1
(]
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2.3. Rough strong h-ideals

Definition 2.5 [11] For an approximation space(U, ), by a rough approximation
in (U, ), we mean a mapping Apr : P(U) — P(U) x P(U) defined by for any
X € P(U), Apr(X) = (Apr(X), Apr(X)), where Apr(X) = {z € Ul[z]s € X}
and Apr(X) = {z € Ul[z]yN X # ¢}. Apr(X)(Apr(X)) is called a lower (upper)-
rough approximation of X in (U,6). Apr(X) = (Apr(X), Apr(X)) is called a
rough set if Apr(X) # Apr(X).

Let I be a strong h-ideal of S and A C S. Then the sets

Apr (A) ={z € S|lz]; C A} ={zr € S|z + 1 C A} and

Apri(A)={z e S|zl NA#0}={zeSxz+INA#0D}
are called, resp., lower and upper approximations of A with respect to (briefly,
w.r.t.) I.

C)learly, Apr (A) and Apr;(A) are subsets of S and Apr (A) C AC Apr;(A).
We call Apri(A) = (Apr,(A), Apr;(A)) is a rough set on S if Apr (A) # Apr;(A).

Definition 2.6 Let I be a strong h-ideal of S and A C S. Then A is called
a lower(upper) rough strong h-ideal w.r.t I of S if mI(A)(A_prI(A)) is strong
h-ideal of S. Moreover, Apr;(A) is called a rough strong h-ideal w.r.t. I of S if
both Apr (A) and Apr;(A) are strong h-ideals of S.

Example 2.7 Let S = Zs, I = {0,2,4,6} and A = {0, 1,2,4,6}. By calculations,
Apr(A) = S and Apr (A) = {0,1,2,4,6}. Hence Apr;(A) is a rough strong h-
ideal w.r.t. I of S.

Lemma 2.8 [17] Let I be a strong h-ideal of S and A any non-empty subset in
S. Then Apr;(A) =1+ A.

Lemma 2.9 [17] Let I and A be any two strong h-ideals of S. Then Apr;(A) is
a strong h-ideal of S.

Lemma 2.10 [17] Let I and A be any two strong h-ideals of S. If Apr (A) # 0,
then Apr (A) = A and Apr (A) is a strong h-ideal of S.

Lemma 2.11 Let I be any idempotent strong h-ideal of S and A be any prime
ideal of S. Then Apr;(A) is a prime ideal of S.

Proof. Assume that [ is a strong h-ideal of S and A is a prime ideal of S. Then
we have

(1) Apr(A) + Aprp(A) =T+ A+ T+ A=1+A="Apr(A).

(2) S Apr,(A) = S(I+ A) = ST+ SAC I+ A= Apr,(A) and Apr,(A) S =
(I+A)S=1IS+ASCI+ A=Apr,(A).

(3) Let zy € Apr;(A) for some x,y € S, then [zy]; N A = [z];[z]; N A # 0.
So there exist ' € [z]; and v’ € [y]; such that 2y’ € A. Thus [z]; N A # () or
[ylrN A0, and so x € Apr;(A) or y € Apr(A). Therefore Apr;(A) is a prime
ideal of S. n
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Lemma 2.12 Let I be an idempotent strong h-ideal of S and A a prime strong
h-ideal of S. Then Apr;(A) is a prime strong h-ideal of S.

Proof. Combining Lemmas 2.9 and 2.11, we obtain easily. u

Lemma 2.13 Let I be any idempotent strong h-ideal of S and A be any prime
ideal of S. [fMI(A) # (), then @I(A) is a prime ideal of S.

Proof. (1) Let A be any prime ideal of S and z,y € Apr (A). Then [z]; C A
and [y]; C A. Since I is an h-ideal of S, so [x +y|; = [z]; + [yl C A+ A C A.
That is z +y € Apr (A).

(2) Let s € S and x € Apr;(A), then [z]; C A. Since I is an idempotent h-
ideal of S, then [sz]; = [s]s[z]; C [s];A C A, this implies sz € Apr (A). Similarly,
we can get xs € Apr (A).

(3) Suppose that Apr (A) is not a prime ideal, then there exist x,y € S such
that vy € Apr (A),but z ¢ Apr (A) andy & Apr (A), that is, [2];[y]r = [zy]; C A
but [z]; € A and [y]; € A, then there exist 2’ € [z]; and y'[y]; such that 2’ ¢ A,
y' ¢ Aand 2’y € [z];[y]r C A. Since A is a prime ideal, we have 2’ € Aor i/ € A,
this contradiction the assumption. Hence Apr I(A) is a prime ideal of S. .

The following lemma follows from Lemma 2.10.

Lemma 2.14 Let I be a strong h-ideals of S and A a prime strong h-ideal of S.
If Apr (A) # 0, then Apr (A) is a prime strong h-ideal of S.

3. Rough fuzzy strong h-ideals

In this section, we introduce the concept of rough fuzzy strong h-ideals of hemir-
ings and investigate some related properties.
A fuzzy set p in S of the form

() = r ify=ux,
Y= 0 if y # .

is called a fuzzy point with support x and r, and is denoted by x,. In particular,
if r =1, we denote z;.

Definition 3.1 [17] Let px and v be any fuzzy sets of S, we define the sum,
denoted by pu + v, of 1 and v by

(n+v)(@) =\ nla)Av(b)
r=a-+b
for all x € S.
In particular, for any = € S, define = + u by
{ V wa) if3JaeS. st.y=x+a,

y=z+a

(z+p)(y) = .
otherwise.

For all x € S, we have x + = x1 + p.



488 J. ZHAN, Q. LIU, H.S. KIM

Definition 3.2 A fuzzy set pu of S is called a fuzzy ideal of S if for all z,y € 5,
if it satisfies:

(1) plz +y) = p(@) A p(y),

(2) plzy) > p(x) V p(y).

Definition 3.3 A fuzzy ideal p of S is called a fuzzy prime ideal of S if pu(zy) = p(x)
or u(xy) = p(y) for all z,y € S.

Definition 3.4 [17] A fuzzy ideal p of S is called a fuzzy strong h-ideal of S if
r+a+z=y+b+z— (y1 + p)(x) > pla) A u(b) for all x,y,z,a,b € S.

A fuzzy strong h-ideal p of S is called normal if p(0) = 1.

Example 3.5 Let R[z] be a polynomial ring in a real number field R. Define
A={2?f(2)|f(x) € R[z]} and B = {g(z) = a; +asx+ ... € R[z] | a1 > 0, a; € R,
i =1,2...}. Let S = AU B. Then it is a hemiring. One can check that A is a
strong h-ideal of S. Define a fuzzy set p by

(2) = 0.8 ifxe A,
MET=9 04 ifze B,

One can check that p is a fuzzy strong h-ideal of S.

Let u be a fuzzy set of S and r € [0, 1]. Then the sets u, = {x € S| u(z) > r}
and pf = {z € S | p(z) > r} are called r-level subset and r-strong level of p,
respectively.

Definition 3.6 A fuzzy ideal p of S is called a fuzzy prime strong h-ideal of S
if 1 is both a fuzzy prime ideal and a fuzzy strong h-ideal of S.

Theorem 3.7 [17] A fuzzy set i of S is a fuzzy strong h-ideal of S if and only if
non-empty subset u, (u) is a strong h-ideal of S for all r € [0, 1].

Theorem 3.8 A fuzzy set p of S is a fuzzy prime ideal of S if and only if non-
empty subset p, (12) is a prime ideal of S for all r € [0,1].

Proof. We only prove the case for y,. The proof of p is similar.

Let p be a fuzzy prime ideal of S, x,y € p, and a € S. Then p(z +y) >
() A u(y) > ryp(ax) > pla) vV p(z) > r, and so x + y, ax € p,.. Similarly, we get
xa € i, hence p, is an ideal of S.

Now, let x,y € p, for some z,y € S, then u(xy) > r. Since p is a fuzzy
prime ideal of S, we have u(zy) = p(x) > r or u(xy) = p(y) > r. Thus x € p, or
y € py. Therefore, u, is a prime ideal of S.

Conversely, assume that the given conditions hold. Let 2,4y’ € S. If possible,
let p(x' +9) < p(2’) A u(y'). Choose r such that u(a’ + ') <r < p(x') A py).
Then 2,y € p,, but ' + v ¢ p,, a contradiction. Hence u(z +y) > u(x) A u(y)
for all z,y € S. Similarly, we have p(zy) > p(x) V p(y) for all z,y € S.
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We can make clear from the above discussion that u(zy) > p(z) and p(zy) > u(y).
Now assume there exist 2/, y’ € S such that pu(z'y') # u(2’) and p(2'y') # u(y'),
then we have p(z'y’) > wp(a’) and p(z'y’) > wu(y'), choose r such that u(z'y’) >
r > p(2') and p(2'y’) > r > p(y'). Then 2’y € p, but 2’ ¢ p,. and v ¢ p,, a
contradiction. Hence u(zxy) = p(z) or pu(ry) = p(y) for all z,y € S. This implies
that p is a fuzzy prime ideal of S. u

Now, we introduce the concepts of rough fuzzy strong h-ideals (rough fuzzy
prime ideals and rough fuzzy prime strong h-ideals) of hemirings.

Definition 3.9 Let I be a strong h-ideal of S and 1 a fuzzy set of S. Then we
define the two fuzzy sets Apr (1) and Apr;(u) as follows:

Apr (w)(x) = /\ n(y)

yElx]s
and
Apr () (z) = \/ nly),
yElz]s
for all x € S.

The fuzzy sets Apr I(,u) and Apr;(p) are called, resp., the lower and upper
approximations of u w.r.t. I of S. Moreover, Apr;(u) = (Ml(u),A_prl(,u)) is
called a rough fuzzy set w.r.t. I of S'if Apr (u) # Apri(p).

Definition 3.10 Let [ be a strong h-ideal of S and p a fuzzy set of S. Then
w is called a lower(upper) rough fuzzy strong h-ideal (rough fuzzy prime ideal,
rough fuzzy prime strong h-ideal) w.r.t. I of S if Apr (u) (Apr;(p)) is a fuzzy
strong h-ideal (fuzzy prime ideal, fuzzy prime strong h-ideal) of S. Moreover,
Apri(p) = (Apr I(,LL),A_pTI(,u)) is called a rough fuzzy strong h-ideal (rough fuzzy
prime ideal, rough fuzzy prime strong h-ideal) w.r.t. I of S if both Apr (u) and
Apr;(p) are fuzzy strong h-ideals (fuzzy prime ideals, fuzzy prime strong h-ideals)
of S.

Example 3.11 Consider a hemiring S = {0,a,b,c} is the Klein’s four group
with the multiplication xy = ¢ if 2,y € {b, ¢} and zy = 0 otherwise.

Let I = {0,a}, it is a strong h-ideal of S. Moreover, [0]; = {0,a} and
[b]; = {b, c}.

Define a fuzzy set p of S by p(0) = 0.8 and p(a) = pu(b) = u(b) = 0.6.

By calculations, we have

06 06 06 0.6
Apr ) =g+t T

and
A_( ) O.8+O.8+0.6+O.6
T = — 4+ — + — + —.
Priitt 0 a b c

This implies that Apr;(u) is a rough fuzzy prime strong h-ideal w.r.t. I of S.
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Now, we give the (strong) level subset of lower and upper rough approxima-
tions of a fuzzy set p w.r.t. I of hemirings.

Theorem 3.12 Let [ be a strong h-ideal of S. If p is a fuzzy set of S and
r € [0,1]. Then

(1) (Apr (u)r = Apr (ur),
(2) (Apr;(m); = Apr (1s).

Proof. For any xz € S, we have
(i) =€ (Apr (), & Apr(u)(z) =7
< N wuly)=r

yElz]s
& Vy el uly) =
['T]I - Mo
x € Apr (i)

T3

Apri(p)(z) > r
Vo owuly) >r

yElz]r

Jy € [z]r, ply) >r
[ Ny # 0

x € Apr(us).

(ii) =€ (Apr;(n);

¢

Tt ¢

This completes the proof. .

Theorem 3.13 Let I be a strong h-ideal of S. If p is a fuzzy strong h-ideal of
S, then Apr;(u) is a fuzzy strong h-ideal of S.

Proof. Let p be a fuzzy strong h-ideal of S. For any r € [0,1], by Theorem
3.12(2), (Apr;(n)): = Apr;(u2). By Theorem 3.7, we know that uf is a strong
h-ideal of S. Hence, by Lemma 2.9, Apr;(u3) is a strong h-ideal of S, and so
(Apr;(p))? is also a strong h-ideal of S. Then, by Theorem 3.7, Apr;(u) is a fuzzy
strong h-ideal of S. .

Theorem 3.14 Let I be a strong h-ideal of S. If p is a fuzzy strong h-ideal of S
and Apr (1) # 0, then Apr (1) is a fuzzy strong h-ideal of S.

Proof. Let p be a fuzzy strong h-ideal of S. Since @I(u) # (), there exists
r € [0,1] such that (Apr (1)), = Apr, () # 0 by Theorem 3.12(1). Let r be
any value that fulfills the above property. Then it is clear that u, # 0, and we
know from Theorem 3.7 that pu, is a strong h-ideal of S. Hence, by Lemma 2.10,
Apr (u,) is a strong h-ideal of S, and so (Apr (u)), is also a strong h-ideal of S.
Then, by Theorem 3.7, Ml(p) is a fuzzy strong h-ideal of S. .



ROUGH FUZZY (FUZZY ROUGH) STRONG h-IDEALS OF HEMIRINGS ... 491

Corollary 3.15 Let I be a strong h-ideal of S. If i is a fuzzy strong h-ideal of
S and Apr (n) # 0, then Apri(p) is a rough fuzzy strong h-ideal w.r.t. I of S.

Remark 3.16 The converse of Corollary 3.15 may not be true as shown in the
following :

Example 3.17 Let S =Zg and I = {0,2,4,6}. Then I is a strong h-ideal of S.
Clearly, [0]; = {0,2,4,6} and [1]; ={1,3,5,7}.

Define a fuzzy set p of S by u(0) =1, u(1) = p(2) = u(4) = u(6) = 0.8 and
w1(3) = u(5) = u(7) = 0.6. Then we can check that p is not a fuzzy strong h-ideal
of S.

By calculations, we have

(1) 1,08 1 08 1 08 1 08
T = — _— — _— — —_— — _
PPl =g Ty Ty Ty T s T

d
a 08 06 08 06 08 06 08 06
R L S TS

This means that Apr;(p) and Apr ,(11) are both fuzzy strong h-ideals of S, and so

Aprr(p) = (MI(;L),A_WI(M)) is a rough fuzzy strong h-ideal w.r.t. I of S, but u
is not a fuzzy strong h-ideal of S.

Theorem 3.18 Let I be an idempotent strong h-ideal of S. If pu is a fuzzy prime
ideal of S, then Apr;(p) is a fuzzy prime ideal of S.

Proof. Let u be a fuzzy prime ideal of S. For any r € [0, 1], by Theorem 3.12(2),
(Apr;(p))s = Apr;(p2). By Theorem 3.8, we know that p? is a prime ideal of S.
Then by Lemma 2.11, Apr; () is a prime ideal of S, and so (Apr;(u))? is also a
prime ideal of S. Then by Theorem 3.8, Apr;(u) is a fuzzy prime ideal of S. =

Theorem 3.19 Let I be an idempotent strong h-ideal of S. If i is a fuzzy prime
ideal of S and Apr (n) # 0, then Apr (u) is a fuzzy prime ideal of S.

Proof. Let p be a fuzzy prime ideal of S. Since Apr, () # 0, there exists r € [0, 1]
such that (Apr (w)). = Apr (u.) # 0 by Theorem 3. 12(1). Let r be any value
that fulfills the above property Then it is clear that p, # (), and we know from
Theorem 3.8 that p, is a prime ideal of S. And then by Lemma 2.13, Apr (u,) is
a prime ideal of S, and so (Apr (u)), is also a prime ideal of S. Then, by Theorem
3.8, Apr (n) is a fuzzy prime ideal of S. .

Combining Theorems 3.18 and 3.19, we can obtain the following result:

Corollary 3.20 Let I be a strong h-ideal of S. If v is a fuzzy prime ideal of S
and Apr (1) # 0, then Apri(u) is a rough fuzzy prime ideal w.r.t. I of S.
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4. Fuzzy rough strong h-ideals

In this section, we investigate fuzzy rough strong h-ideals (fuzzy rough prime
ideals) of hemirings and show that every rough fuzzy strong h-ideal (rough fuzzy
prime ideal) is a fuzzy rough strong h-ideal (fuzzy rough prime ideal) of hemirings.

Definition 4.1 Let p be a normal fuzzy strong h-ideal of S and v a fuzzy set of
S. Define two fuzzy sets Mu(u) and Apr,(v) in S by

Apr (@)= NA=\/  pla) Ap®)Vuly)

yes Ttatz=y+btz
and
Apr,w)@) =\ '\ pla)Ap®) Aviy)
y€S ztatz=y+btz
for all z € S.

For any fuzzy set v of S, Apr,(v) = (@H(V),A_prﬂ(u)) is called a fuzzy
rough set w.r.t. pof S if @M(V) # A_pru(u).

Remark 4.2

(1) If u is a crisp strong h-ideal of S and v is a fuzzy set of S, then
Apr (V@) = A vly) and Apr,()(e) =V vly), forall 2 € 5.

yElzlu USEI
This means that every rough fuzzy set is a fuzzy rough set.

(2) If w is a crisp strong h-ideal of S and v is a non-empty subset of S, then
Mu(l/) ={z e Slz+p Cv}and Apr,(v) = {z € S|(z + p) Nv # 0}.
This means that (@M(V), Apr,(v)) is a Pawlak rough set.

Definition 4.3 Let p be a normal fuzzy strong h-ideal of S and v a fuzzy set
of S. Then v is called a lower (upper) fuzzy rough strong h-ideal (fuzzy rough
prime ideal, fuzzy rough prime strong h-ideal) w.r.t u of S if @u(y) (Apr,(v))
is a fuzzy strong h-ideal (fuzzy prime ideal, fuzzy prime strong h-ideal) of S.
Moreover, Apr,(v) = (@H(V),A_pru(y)) is called a fuzzy rough strong h-ideal
(fuzzy rough prime ideal, fuzzy rough prime strong h-ideal) w.r.t p of S if both
@#(V) and A_pru(y) are fuzzy strong h-ideals (fuzzy prime ideals, fuzzy prime
strong h-ideals) of S.

Example 4.4 Let S = Zg. Define two fuzzy sets p and v of S by
1(0) =1, 11(2) = p(4) = p(6) = 0.8 and (1) = p(3) = p(5) = u(7) = 0.4.
v(0)=1,v(1) =v(2) =v(4) =v(6) = 0.7 and v(3) = v(5) = v(7) = 0.3.
By calculations, M#(l/) and Apr,(v) are fuzzy strong h-ideals of S, and so
Apr,(v) = (@M(y),fl—pr’u(y)) is a fuzzy rough strong h-ideal w.r.t. p of S.
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Now, we give strong level subsets of lower and upper rough approximations
of a fuzzy set w.r.t. pu of hemirings.

Theorem 4.5 Let pu be a normal fuzzy strong h-ideal and v a fuzzy set of S and
r € [0,1]. Then

(1) (Apr,(v)); = Apr . (1),

(2) (Apr () = Apr, ().

Proof. For any = € S, we have

(1) @€ Apr,(v);

=V

yes (Hmzy%ﬂ“ (a) A “(b)) Av(y) >

& Jy,z,a,b€ S with v +a+z2=y+b+ 2z st pla) A wpbd) Auply) >r
& Jdy,z,a,be S with v +a+2=y+b+2 st a,bep’ and y € v}
Srep +y and y € v

S x e+

(E)ZL‘EA_]?TM?(V);?.

(2) € (dpr ());

A=V uaam) Vet

yes r+a+z=y+b+z

&S Vyel, (1 — V p(a) A u(b)) Vu(y) >r

r+a+z=y+b+z
& Vy e s, (1— V ,u(a)/\u(b)) <r=uv(y) >r
r+a+z=y+b+z

& Vy e S, V pla) Aud) >1—r=vy) >r
r+a+z=y+b+z

< Vy € S, if there exist a,b,z € S such that t +a+ 2=y + b+ 2
and p(a) A u(b) > 1 —r then v(y) > r,
eVyeSyelt,, =yey

&z, Criere Aprmir (v3).

Now, we investigate the properties of fuzzy rough strong h-ideals of hemirings.

Theorem 4.6 Let pu be a normal fuzzy strong h-ideals of S and v a fuzzy strong
h-ideal of S, then v is an upper fuzzy rough strong h-ideal w.r.t. u of S.

Proof. Let v be a fuzzy strong h-ideal of S. For any r € [0, 1], by Lemma 4.5,
(Apr,(v));=Apr,:(v;). By Theorem 3.7, we know that p; and v’ are both strong
h-ideals of S. Then by Lemma 2.9, A_pruﬁ(ys) is a strong h-ideal of S, and so

T
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(Apr,(v)); is also a strong h-ideal of S. Then, by Theorem 3.7, A_pru(y) is a fuzzy
strong h-ideal of S. Thus, v is an upper fuzzy rough strong h-ideal w.r.t. g of S. =

Similarly, we can obtain the following:

Theorem 4.7 Let o be a normal fuzzy strong h-ideal of S and v a fuzzy strong
h-ideal of S and M#(V) # (), then v is a lower fuzzy rough strong h-ideal w.r.t.

wof S.
Combining Theorems 4.6 and 4.7, we can obtain the following result:

Corollary 4.8 Let p be a normal fuzzy strong h-ideal of S, if v is a fuzzy strong
h-ideal of S and @“(V) # 0, then Apr,(v) = (MM(V),APT’M(V» is a fuzzy
rough strong h-ideal w.r.t u of S.

Remark 4.9 The converse of the above theorem may not be true as shown in
the following example.

Example 4.10 Consider Example 4.4. We know that Apr,(v) is a fuzzy rough
strong h-ideal w.r.t. p of S, but v is not a fuzzy strong h-ideal of S.

Theorem 4.11 Let pu be a normal fuzzy strong h-ideals of S and pu.p-=p, for all
r € (0,1], v a fuzzy prime ideal (fuzzy prime strong h-ideal) of S, then v is an up-
per fuzzy rough prime ideal (upper fuzzy rough prime strong h-ideal) w.r.t. v of S.

Proof. Let p be a fuzzy strong h-ideal of S. For any r € [0,1], by Theorem
4.5(1), (A_pru(y));? = A_prﬂi(yf) By Theorems 3.7 and 3.8, we know that x; is a
strong h-ideal of S and v; is a prime ideal of S. Since p, 1, = g, then by Lemma
2.11, Apr . (v$) is a prime ideal of S, and so (Apr,(v)); is also a prime ideal of S.
And then, by Theorem 3.8, A_pru(y) is a fuzzy prime ideal of S. Thus, v is an
upper fuzzy rough strong h-ideal w.r.t. u of S. Similarly, we can prove the upper
fuzzy rough prime strong h-ideal. .

Theorem 4.12 Let p be a normal fuzzy strong h-ideal of S and pi,ju, = p,. for all
r € (0,1], v a fuzzy prime ideal (fuzzy prime strong h-ideal) of S and MM(V) #0,

then v is a lower fuzzy rough prime ideal (fuzzy rough prime strong h-ideal) w.r.t.

wof S.

Proof. Let g be a normal fuzzy strong h-ideal of S. For any r € [0,1], by
Theorem 4.5 (2), (Mu(y))ﬁ = Mﬂl, (7). Let r be any value that fulfills the

above property, then it is clear that p, # (). By Theorems 3.7 and 3.8, we know
that p;_, is a strong h-ideal of S and v is a prime ideal of S. Since p,.p, = p,
then by Lemma 2.13, @M_ (v?) is a prime ideal of S, and so (Apru(l/));f is also
a prime ideal of S. Then, by Theorem 3.8, Apr #(V> is a fuzzy prime ideal of S.

Thus, v is an lower fuzzy rough prime ideal w.r.t. p of S. Similarly, we can prove
the lower fuzzy rough prime strong h-ideal. u

From the above discussion, we get the following result:
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Corollary 4.13 Let p be a normal fuzzy strong h-ideal of S, if v is a fuzzy
prime ideal (fuzzy prime strong h-ideal) of S and @#(u) # 0, then Apr,(v) =

Apr (v), Apr,(v)) is a fuzzy rough prime ideal (fuzzy rough prime strong h-ideal
w.r.t p of S.
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