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1. Introduction

In 1972, Waterman [7] introduced the class of functions of ΛBV . In 1980, Shiba
[5] generalized this class and introduced the class ΛBV (p) (p ≥ 1). In 2006,
Vyas [6] proved ΛBV (p) is a Banach space with suitable norm, the intersection
of ΛBV (p), over all sequences Λ, is the class of functions BV (p) and the union
of ΛBV (p), over all sequences Λ, is the class of functions having right- and left-
hand limits at every point. In [1], Avdispahic gave inclusion relations between
ΛBV and V[v]. For p ≥ 1, we give inclusion relation between ΛBV (p) and V[v].
Goginava in [3] gave a necessary condition for inclusion ΛBV in Hp

ω. Here, we
give a necessary condition for inclusion ΛBV (p) in Hp

ω. First, we define the classes
ΛBV (p), Chanturia and Hp

ω.

Definition 1.1 Given an interval I, and a sequence of positive real numbers
Λ = {λm}, (m=1,2,...) such that

∑∞
m=1(1/λm) diverges and 1 ≤ p < ∞, we say

that f ∈ ΛBV (p)(I) (that is f is a function of p−Λ−bounded variation over I) if

V (f) = VΛ(f, p, I) = sup
{Im}

VΛ({Im}, f, p, I) < ∞,
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where VΛ({Im}, f, p, I) =
(∑

m
|f(am)−f(bm)|p

λm

)1/p

, and {Im} is a sequence of non-

overlapping subintervals Im = [am, bm] ⊂ I = [a, b]. For any x ∈ I = [a, b], we
define

v(x) = vΛ(f ; x) = vΛ(f, p, [a, x]).

For f ∈ ΛBV (p)(I), we define ||f || = |f(a)|+ V (f) where I = [a, b].

Definition 1.2 The modulus of variation of a Λ function f is the function νf (n)
with domain the positive integers, defined by

νf (n) = sup
Πn

n∑

k=1

|f(Ik)|

where Πn is an arbitrary system of n disjoint intervals Ik = [ak, bk] ⊂ (0, 1) and
f(Ik) = f(bk)− f(ak).

The modulus of variation of any function is nondecreasing and upwards con-
vex. If the modulus of variation ν(n) is given, then V [ν] denotes the class of
functions for which νf (n) = O(ν(n)) when n →∞.

Definition 1.3 If ω(δ) is a modulus of continuity , then Hω
p , p ≥ 1 , denotes the

class of functions f ∈ Lp([0, 1]) for which ω(δ, f)p = O(ω(δ)) as δ → 0+, where

ω(δ, f)p = sup0<h≤δ

(∫ 1

0
|f(x + h)− f(x)|pdx

)1/p

.

2. On the classes ΛBV (p) and V [ν]

In [1], Avdispahic gave inclusion relations between ΛBV and V [v]. Here, we give
inclusion relations between ΛBV (p) and V [v]. Theorem 1 of [4] shows that

Theorem 2.1 ΛBV (p) ⊂ V [

(
n/

(
n∑

i=1

)
1/λi

)
].

Theorem 2.2 ΛBV (p) contains every class V [ν] such that the condition

∞∑

k=1

∆(1/λk)ν
p(k) < ∞

is satisfied, where ∆ak = ak − ak+1.

Proof. Let {Ik}, k = 1, . . . , n, be an arbitrary collection of nonoverlapping
intervals, Ik ⊂ [0, 1]. By partial summaion we obtain

n∑

k=1

|f(Ik)|p/λk =
n−1∑

k=1

∆(1/λk)
k∑

i=1

|f(Ii)|p + 1/λn

n∑
i=1

|f(Ii)|p

≤
n−1∑

k=1

∆(1/λk)ν
p(k) + νp(n)/λn

and νp(n)/λn ≤
∑

k=n ∆(1/λk)ν
p(k).
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Theorem 2.3 If p > 1 and k∆( 1
λk

) = O(1), then

V

[
n

(
∑n

i=1 1/λi)p

]
⊂ ΛBV (p).

Proof. Let us denote uk = k∆(1/λk), Sn =
∑n

k=1 uk. By [2, Theorem 2], Sn →∞
as n →∞. Hence by [1, p. 905, Corollary to theorem 1] we have

∞∑

k=1

∆

(
1

λk

) (
k

1
p

∑k
i=1(1/λi)

)p

≤
∞∑

k=1

uk

Sp
k

< ∞

The conclusion follows by Theorem 2.2.
It can be observed that the sequence νn := n1/p∑n

i=1
1
λi

is equivalent to a modulus

of variation. Thus, the class appearing in the statement of theorem 2.4 is a
Chanturia class, in fact.

Immediately, from Theorem 2.3 and Theorem 2.1 we see that

Theorem 2.4 V [n
1
p /ln n] ⊂ HBV (p) ⊂ V [n/ ln

1
p n].

3. On the imbedding of ΛBV (p) class in the class Hp
ω

In [3], Goginava gave a necessary condition for inclusion ΛBV in Hp
ω. Here, we

give a necessary condition for inclusion ΛBV (p) in Hp
ω.

Theorem 3.1 Let ΛBV (p) ⊂ Hω
p for some p ∈ [1,∞) then

(1) lim sup
n→∞

1

ω(1/n)n1/p
max

1≤m≤n

m1/p

∑m
i=1 1/λi

< ∞.

Proof. Assume condition (1) is not satisfied. As an example, we construct a
function from ΛBV (p) that is not in Hω

p . Since condition (1) is not satisfied, there
exists a sequence of integers {γk, k ≥ 1} such that

lim
k→∞

1

ω(1/γk)γ
1/p
k

max
1≤m≤γk

m1/p

∑m
i=1 1/λi

= ∞ .

Let {γ′k, k ≥ 1} be a sequence of integers for which 2γ
′
k−1 ≤ γk < 2γ

′
k . The fact

that ω(δ) is nondecreasing yields

21/p

ω(2−γ
′
k)2γ

′
k/p

max
1≤m≤2

γ
′
k

m1/p

∑m
i=1 1/λi

≥ 1

ω(1/γk)γ
1/p
k

max
1≤m≤γk

m1/p

∑m
i=1 1/λi

,

where

lim sup
k→∞

1

ω(2−γ
′
k)2−γ

′
k/p

max
1≤m≤2

γ
′
k

m1/p

∑m
i=1 1/λi

< ∞.
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Then, a sequence of integers {n′k : k ≥ 1} ⊂ {γ′k : k ≥ 1} exist such that

(2) lim
k→∞

1

ω(2−n
′
k)

1
∑m(n

′
k)

i=1 1/λi

(
m(n

′
k)

2n
′
k

)1/p

< ∞ ,

where

max
1≤m≤2

n
′
k

m1/p

∑m
i=1 1/λi

=
(m(n

′
k))

1/p

∑m(n
′
k)

i=1 1/λi

.

The following three cases are possible:

(a) (a) there exists a sequence of integers {s′k : k ≥ 1} ⊂ {n′k : k ≥ 1} such that

m(s
′
k) < 22s

′
k−1 ;

(b) there exists a sequence of integers {q′k : k ≥ 1} ⊂ {n′k : k ≥ 1} such that

22q
′
k−1 ≤ m(q

′
k) < 2q

′
k−q

′
k−1 ;

(c) 2n
′
k−n

′
k−1 ≤ m(n

′
k) < 2n

′
k for all k ≥ k0.

First, consider case (a). We choose a sequence of integers {sk : k ≥ 1} of
{s′k : k ≥ 1} such that

m(sk)∑
i=1

1

λi

≥ 22sk−1/p.

Then, relation (2) yields

lim
k→∞

ω

(
1

2sk

)
2sk/p = 0.

Let {rk : k ≥ 1} ⊂ {sk : k ≥ 1} be such that

(3) ωp

(
1

2rk

)
2rk/p ≤ ω

(
1

2rk

)
2rk/p ≤ 4−k.

Consider the function f defined as follows:

f(x) =





2cj(2
rjx− 1), x ∈ [2−rj , 3(2−rj−1)),

−2cj(2
rjx− 2), x ∈ [3(2−rj−1), 2(2−rj)) for j = 1, 2, ...,

0, otherwise ,

and
f(x + l) = f(x), l = ±1,±2, ...,

where cj =
√

ω
(

1
2rj

)
2rj/p. From the construction of the function f and relation

(3) it follows that f ∈ ΛBV (p).



on inclusion between ΛBV (p), chanturyia and Hp
w classes 27

Now, consider case (b). Let {qk : k ≥ 1} ⊂ {q′k : k ≥ 1} be such that

(4)
1

ω(2−qk)

1∑m(qk)
i=1 1/λi

(
m(qk)

2qk

)1/p

≥ 4k.

Consider the function gk defined as follows:

gk(x) =





hk(2
qkx− 2j + 1), x ∈ [(2j − 1)/2qk , 2j/2qk),

−hk(2
qkx− 2j − 1), x ∈ [2j/2qk , (2j + 1)/2qk)

for j = m(qk−1), ..., m(qk)− 1,

0, otherwise ,

where hk = 1

2k
∑m(qk)

j=1 1/λj

.

Let

g(x) =
∞∑

k=2

gk(x), g(x + l) = g(x), l = ±1,±2, ....

First, we prove that g ∈ ΛBV (p). For each non overlapping intervals {In : n ≥ 1},
we have

∞∑
j=1

|g(Ij)|p
λj

≤ 2p

∞∑
i=1

hp
i

m(qi)∑
j=1

1

λj

≤ 2p

∞∑
i=1

hi

m(qi)∑
j=1

1

λj

= 2p

∞∑
i=1

1

2i
< ∞.

Hence, g ∈ ΛBV (p).

Finally, consider case (c). Let {nk : k ≥ 1} ⊂ {n′k : k ≥ k0} be such that

(5) nk ≥ 2nk−1 + 1,

(6)
1

ω (2−nk)

1∑m(nk)
i=1 1/λi

(
m(nk)

2nk

)1/p

≥ 22nk−1/p+k.

Consider the function φk defined as follows:

φk(x) =





dk(2
nkx− 2j + 1), x ∈ [(2j − 1)/2nk , 2j/2nk),

−dk(2
nkx− 2j − 1), x ∈ [2j/2nk , (2j + 1)/2nk)

for j = 2nk−1−nk−2 , ..., 2nk−nk−1−1 − 1,

0, otherwise ,

where dk = 1

2k
∑m(nk)

j=1 1/λj

.

Let

φ(x) =
∞∑

k=3

φk(x), φ(x + l) = φ(x), l = ±1,±2, ....
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For every choice of nonoverlapping intervals {In, n ≥ 1}, we have

∞∑
j=1

|φ(Ij)|p
λj

≤ 2p

∞∑
i=2

dp
i

2ni−ni−1−1∑
j=1

1

λj

≤ 2p

∞∑
i=2

di

2ni−ni−1−1∑
j=1

1

λj

≤ 2p

∞∑
i=2

di

m(ni)∑
j=1

1

λj

≤ 2p

∞∑
i=2

1

2i
< ∞.

Hence φ ∈ ΛBV (p), by [3, Theorem 1] we have f, g and φ do not belong to Hp
ω.

Therefore the proof is completed.
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