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1. Introduction

In 1972, Waterman [7] introduced the class of functions of ABV. In 1980, Shiba
[5] generalized this class and introduced the class ABV® (p > 1). In 2006,
Vyas [6] proved ABV®) is a Banach space with suitable norm, the intersection
of ABV®  over all sequences A, is the class of functions BV® and the union
of ABV®) | over all sequences A, is the class of functions having right- and left-
hand limits at every point. In [1], Avdispahic gave inclusion relations between
ABV and V[v]. For p > 1, we give inclusion relation between ABV®) and V[v].
Goginava in [3] gave a necessary condition for inclusion ABV in HP. Here, we
give a necessary condition for inclusion ABV®) in HE. First, we define the classes
ABV®  Chanturia and HP.

Definition 1.1 Given an interval I, and a sequence of positive real numbers

A ={\,}, (m=1,2,...) such that Y > (1/\,,) diverges and 1 < p < oo, we say
that f € ABV®)(I) (that is f is a function of p — A—bounded variation over I) if

V(f) - VA<f7p7 I) - ?Iup} VA<{Im}7f7p7 ]> < 00,
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P\ Y
where Vy({In}, f,p, 1) = (Zm M) p, and {I,,} is a sequence of non-

overlapping subintervals I, = [am, b, C I = [a,b]. For any € I = [a,b], we
define

v(x) = va(f;z) = valf,p [a, ).
For f € ABV®(I), we define ||f|| = |f(a)| + V(f) where I = [a, ).

Definition 1.2 The modulus of variation of a A function f is the function v¢(n)
with domain the positive integers, defined by

vy(n) = srlllpz (1)

where II,, is an arbitrary system of n disjoint intervals I, = [ay, bx] C (0,1) and
(L) = f(b) — flax)-

The modulus of variation of any function is nondecreasing and upwards con-
vex. If the modulus of variation v(n) is given, then V[v]| denotes the class of
functions for which v(n) = O(r(n)) when n — oo.

Definition 1.3 If w(d) is a modulus of continuity , then H,p > 1, denotes the
class of functions f € LP([0,1]) for which w(d, f), = O(w(d)) as 6 — 0+, where

1 1/p
(8, f)p = $Pacres (Jo |f(@+h) = f(z)Pde)

2. On the classes ABV® and Vv

In [1], Avdispahic gave inclusion relations between ABV and V[v]. Here, we give
inclusion relations between ABV®) and V[v]. Theorem 1 of [4] shows that

Theorem 2.1 ABV® C V[(n/ (i) 1/)\i)].

i=1

Theorem 2.2 ABV®) contains every class V[v] such that the condition

> AL/ AP () < o0

is satisfied, where Aap = ap — apiq.

Proof. Let {I;}, & = 1,...,n, be an arbitrary collection of nonoverlapping
intervals, I, C [0,1]. By partial summaion we obtain

ST = AN S IFEIP + 1A D TP
< iA(l/)\k)yp(k)+up(n)/)\n

and vP(n) /N, <>, AL/ )P (k). .
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Theorem 2.3 Ifp>1 and kA(i) = O(1), then

n
1% {n—} c ABV®
Qi /AP
Proof. Let us denote uy, = kA(1/A), S, = >, _, ui. By [2, Theorem 2], S,, — oo
as n — oo. Hence by [1, p. 905, Corollary to theorem 1] we have

§A<)‘i’€) <—Z@ 1(1/)\ ) <Z—<oo

The conclusion follows by Theorem 2.2. .
It can be observed that the sequence v, := Zl—/l is equivalent to a modulus
i=1 X;

of variation. Thus, the class appearing in the statement of theorem 2.4 is a
Chanturia class, in fact.
Immediately, from Theorem 2.3 and Theorem 2.1 we see that

Theorem 2.4 V[n%/ln n] Cc HBV® C V[n/ In» nJ.

3. On the imbedding of ABV® class in the class H?”

In [3], Goginava gave a necessary condition for inclusion ABV in HP. Here, we
give a necessary condition for inclusion ABV®) in HP.

Theorem 3.1 Let ABVW) C HY for some p € [1,00) then

ml/p

‘ 1
0 R S S T TN T

Proof. Assume condition (1) is not satisfied. As an example, we construct a
function from ABV®) that is not in H¥. Since condition (1) is not satisfied, there
exists a sequence of integers {~x, k > 1} such that

]_ ml/p
lim

—_— max — - = .
k—o0 w(l/f}/k) 1/p 1<m<yy ZZ 1 /A

Let {7,,k > 1} be a sequence of integers for which 991 < < 2%, The fact
that w(d) is nondecreasing yields

ol/p ml/p 1 ml/p

— 7 max oy > ma m T
w(g—vk)gvk/p | <m<2h Yo /N w(1/v6) 7 1/p 1<m<'yk Z 1/

where
i 1 m'/P
Imsup ————— max —m v < 0.
koo W(27k )27 /P L <m<2k it /A
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Then, a sequence of integers {n; : k > 1} C {7, : k > 1} exist such that

@) lim — ! (m("?)y/p <0,

where
m'/? (m(ny))"/”
max — =

Lemeas 2uic1 LA g ne
The following three cases are possible:

(a) (a) there exists a sequence of integers {s, : k > 1} C {n,, : k > 1} such that
m(s,) < 225;—1;
(b) there exists a sequence of integers {q, : k > 1} C {n,, : k > 1} such that

920 1 < m(q,) < QQL—QQH;

(c) 2% 1 < m(n) < 2% for all k > ko.

First, consider case (a). We choose a sequence of integers {s; : k > 1} of
{s, : k> 1} such that

m(sg) 1
— > 928k-1/p

Then, relation (2) yields

1
lim w (—) 25k/P — ().
k—oo Sk

Let {ry : k> 1} C {sg : k > 1} be such that

1 1
P Tk/P Tk/P -k
(3) w (2%)2’“ Sw(zW)Q’“ <47

Consider the function f defined as follows:
2¢;(2ix —1), wel[277,3(277),
flx) =13 —2¢;(2"x—2), xze 327" 1), 2(27)) for j =1,2,...,

0, otherwise ,

and
flx+1) = f(x), 1==+1,42, ..,

where ¢; = 4 /w (2%) 27i/P. From the construction of the function f and relation
(3) it follows that f € ABV®).
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Now, consider case (b). Let {gx : k > 1} C {q, : k > 1} be such that

1 1 m(qy) L/p )
(4) w(gqu) Z?i(fk) 1/)\i ( 24k ) > 4%

Consider the function g; defined as follows:

h@r -2 +1), @€ [(2) - 1)/2%,2)/20),
—h (22 — 2j — 1), @ € [2j/2%, (2] + 1)/2%)

for j = m(qx_1),...,m(qx) — 1,
0, otherwise ,

gp(z) =

1

where h, = —————
k 2k Iy

Let
(@) = gilz), gla+l)=glx), 1==+1,42, ..
k=2

First, we prove that g € ABV(®). For each non overlapping intervals {I,, : n > 1},

we have

z; lg(1;)

Hence, g € ABV®)
Finally, consider case (c). Let {n : k > 1} C {n, : k > ko} be such that

[e.9]

00 m(q;) oo m(g;)
WD DD T BT
i=1 j=1 i=1 j=1

i=1

(5) ng > 2ng_y + 1,
1/
) 1 L (mm))™ s s
w (2_nk) szz(lnk) 1/)\1 AN -

Consider the function ¢, defined as follows:

dp(2™x —2j+ 1), x€[(2) —1)/2™, 25/2"),

—dp(2"r —2j 1), x € [25/2™, (25 +1)/2")

qbk(x): f . N1 —Nk— np—ng_1—1
or j = 2"Mk—17 k=2 Mk k-1 ]

0, otherwise ,

1

where dj, = ————~——.
ok YR 1)y

Let .
2) =Y dulx),  dlr+l)=¢x), ==+1,42 ..
k=3
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For every choice of nonoverlapping intervals {I,,,n > 1}, we have

n;_1—1 2"1'7"727171

oo o0 2Mi™ oo
ZW(IJ')V) < QPde Z iSQPZdi Z B
j=1 Aj =2 j=1 Aj =2 j=1 Aj
< ZPZdZ /\—§2PZ§<OO
1=2 J=1 J =2

Hence ¢ € ABV® by [3, Theorem 1] we have f,g and ¢ do not belong to HP.

Therefore the proof is completed. .
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