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Abstract. The group G = 25:Ag is an inertia factor group of 28:07 (2). As an inertia
factor group, our group G plays an essential role in the construction of the character
table of 28:0¢ (2). In this paper we look at two ways of constructing G. In the first
method, we use combinatorics and the natural action of Ag on W =2 26, In the second
method, we use a computational method to construct G = N:Ag inside O; (2). We
show that Ag acts irreducibly on both W and N and we prove that the two groups are
indeed isomorphic.
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1. Introduction

The group G = 2%: Ag is an inertia factor group of 28:07 (2). This group is also a
maximal subgroup of OF (2) of index 135 and order 1290240. As an inertia factor
it plays an essential role in the construction of the character table of 28:0¢ (2) as
there is a block of irreducible characters in this table that corresponds to G. In
the construction of G, Ag acts on the elementary abelian group 2. The action on
26 is multiplication on the right of the six dimensional row vector space N = 2.
This requires Ag to be represented by 6 x 6 matrices. It then becomes necessary
to reconstruct Ag from a 8 x 8 representation to a 6 x 6 representation. In this
paper we look at two ways to do this.
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Although it is much simpler and natural to consider the embedding of 2°: Ag
into OF (2) (see Section 3), but it is interesting to construct this group combina-
torially and this is our main reason for discussing the first method. In our first
method (Section 2), we first take an 8-dimensional module V' on which Sg acts
naturally by permuting its basis elements. We then obtain two submodules of V/,
namely M; and M, of dimensions 1 and 7 respectively. Let W = My/M;, then
dim(W) = 6 and W is a G-invariant where G = S or Ag (see Theorem 2.2).
Let o and 3 be two permutation cycles of orders 7 and 3 respectively where
Ag =< a, 8 >. Then, by the action of o and 3 on the generators of W, we get a
matrix representation of both a and (3. These are 6 x 6 matrix representations.
We are then able to represent Ag by 6 x 6 matrices. We show that (in Section 2)
Ag acts irreducibly on W and this action produces three orbits of lengths 1,28
and 35 respectively. These have corresponding point stabilizers which we obtain
from the ATLAS [4] . We are then able to construct G.

For the second method (Section 3) we use GAP [6]. We first construct Og (2)
from the general orthogonal group GOg (2). We then construct, G = 2%: Ag, inside
O (2). This has only one proper normal subgroup, namely N 2 26 which we
can always obtain from G. We then obtain the 6 generators of N which are 8 x 8
matrices. From the generators of G, we are able to get two, 8 x 8 matrix generators
of Ag namely, a and b each of order 4. We then let a and b act on the generators of
N by conjugation. Since N <G the result of these actions are elements of N. We
get a 6 X 6 matrix representation of both. This leads us to a 6 x 6 representation
of Ag. We then let this Ag, using GAP, to act on N and in Theorem 3.1 we show
that NV is irreducible under this action. The two groups constructed in Sections 2
and 3 are indeed isomorphic (see Corollary 3.2).

This work is taken from the dissertation of the second author [18], for more
of his work, one can also go to [14], [15], [16]. For further references one can also
read [1], [8], [9], [12], [17], [19]. For the general theory of ordinary characters of
finite groups, readers are referred to [7].

Our notation will be consistent with that used in the ATLAS [4].

2. The Combinatorics Method

The combinatorics method can also be found in [1] and [17] and is used extensively
in [13] and [20]. The group Ss acts naturally on a module of dimension 8 by per-
muting the basis elements which generate the module. Let V' be the 8-dimensional
natural module of Ag over GF(2), where V' = (e, e9,e3,¢€4, 65,66, €7,€8), and
e? =1 fori € {1,2,3,4,5,6,7,8}. We regard V as a multiplicative elementary
abelian 2-group of order 28.

Theorem 2.1 Let V' be the natural module of Sy over GF(2). Then there exist
Sg submodules My and My of V' such that VO Ms D My D 0 and that

dim(My) =7 and dim(M,) = 1.
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Proof. Let V = (e, ey, €3, €4, €5, €6, €7, ¢€8), and e? = 1 fori € {1,2,3,4,5,6,7,8}.
Then Sg acts naturally on V' and this natural action results in the following orbits:

1.

2.

Oo = {1\/} and |OO| =1.
01 == {€Z|1 S 1 S 8} and |01 = 8.

02 = {61'6]"1 S Z,j S 8,7, #]} and ’02| = ( 2 > = 28

O3 = {eiejer]l <i,j,k <8, distinct i, j,k} and |O3] = ( 2 > = 56.

Oy = {eiejere|1 <i,j,k, 1 <8, distinct 4, j, k, [}

and [0,] = ( ) ) _ 70,

Os = {eiejereren|l <1, j,k,[,m <8, distinct 4, j, k, [, m}

and |Os| = < 2 ) = 56.

Og = {eiejereremen|l < i, j, k,l,m,n <8, distinct i, j, k,l,m,n}

and |Og| = < 2 ) = 28.

O7 = {eiejepeiemeneo|l <i,7,k,l,m,n,0 <8, distinct ¢, 4, k,[,m,n,o}

and|O7\:<§):8.

Os = {eiejeperemeneey|l < i, j,k,l,m,n,o,p <8, distinct 1, j, k,l, m,n,0,p}

and|Og\:(§):1.

Thus Sy produces 9 orbits on V.

Set M; = (ejeseseqesegeres). Then My is an Sg-invariant submodule of V

with dim(M;) = 1.

NOW, set M2 = 00 U 02 U 04 U 06 U Og. Then |M2| = 128, so we have

Since M; = Oy U Og, we obtain that V' O My D M; D 0. This implies that

M is a reducible Sg-invariant submodule of V. "

Since Sy is 8-transitive, Ag is 6-transitive on {ey, €9, €3, €4, €5, €6, €7, €8}. It is

clear that Oy, O1, Oz, Oy, Os, Og are also orbits under the action of Ag. Now since
Ag does not have a proper subgroup of index less than 8, 7 remains as an orbit
of length 8. Obviously Og also remains as an orbit of length 1.
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Theorem 2.2 Let W = My/M,, then dim(W) = 6. Also W is a G-invariant
module where G = Sg or As.

Proof. It is clear that dim(W) = 6, since dim(M;) = 1 and dim(Ms) = 7. If
g € G and a € My, then since M, is G invariant, g(aM;) = g(a)M; € My/M;
VgeGand a € My. SoW is Sg (Ag) invariant. n

Let
W = <6162M1, 61€3M1, €1€4M1, 6165M1, 61€6M1, 6167M1> .

The set B = {ejeq, e1e3, €164, €165, €166, €1€7} is a linearly independent set.
Let
M = ereaMy, Y2 = eresMy,

V3 = ereq My, V4 = eres My,
v5 = ereg M1, Y6 = erer M.

Also, if « =(1234567) and 3= (678), then

We obtain
QI Y2, Y2 T NYE Y3 T N V4s Y4 M5 Vs Y176, and e — 1.
We give two examples for the action of a. Under the action of o we have
Y2 = ere3My — eaeg My = erezereqMy = 117y3
That is a(y2) = 71173. Also
Y6 = e1e7 My — eser My = ;.

That is a(vys) = 71. Hence a can be represented by the following matrix

110000
101000
aZlOOlOO
100010
100001
100 00O

with o(a) = 7.

Similarly, for 3 we have

By — v, Y2 =72, Y3 = V3 Y4 Y4, V5 — Ve, V6 — Y1V2V3V4V5 V6

As an example, we see that

Y6 = e1e7 My — ejes My = egezeseseser My = Y17Y2Y3Y4Y5Y6-
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That is B(76) = 717273747576 - Here we obtain

o)

I
— o O O o
_ o O O O
_ O O = O O
_ O = O OO O
O O O o O
-0 O O O

with o(3) = 3. We are now able to write all the elements of Ag as 6 x 6 matrices.
By acting Ag directly on W, using the orbits of Ag on M, and the fact that
My = {1, eresezeqesegeres ), we can see that Ag has 3 orbits namely

Ay = {OoMi} ={0sM;} = {M},

Ay = {OxM} ={O0M;} = {e;e; M, | distinct e;, €},

Ay = {O4M;} = {eejepe M |distinct e;, e, ex, e}
Clearly, |Ag| =1, [A1] =28, [Ay] =2 =35 and W =AgUA; UA,.
Theorem 2.3 Ag acts irreducibly on W.

Proof. Let U < W be such that U # 0 and U is Ag invariant. Since U # 0
J x € U such that z # 0. Since z # 0 and U < W we have two cases.

Case 1. Suppose x € Ay, x = e;e; My for distinct ¢, j. Hence g(z) e U V g € As.
However

{9(x)lge As} =Ay = A CU = eeMyeU Vi,j.
Hence we have Y1572, V35 V4, V55 V6 € U.

Case 2. Suppose x € Ay, then z = e;ejepe; My for some distinct e;, e, e, €;.
Hence g(z) e U V g € Ag. Now

{9(x)lg € As} =Dy = Ay CU.

Since Ay C U, epeemer-M; and epeje,e; My are in U for distinct k, 1, m,r,i. Since
U is closed we get

(exeremer M) (exereme; M) = e;e, € U YV distinet k,1,m,r, 1.

This shows that U C W. So similar to case 1, we have U = W.
Hence W is a unique 6-dimensional GF'(2) module that Ag acts irreducibly on.

Our group G can now be realized by the split extension W:Ag, where W = 26,
In here the multiplication is defined by

(w1, g1)-(wa, ga) = (w1 (w2)*", g192)

for wy,wy € W and gy, g2 € Ag.
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Remark 2.4 In V, the set of vectors of even weight, that is our M, forms a
7-dimensional Sg-submodule (this is true in general for S, these vectors form
an (n — 1)-dimensional S,,-submodule). Our module M, under the standard dot
product on V' becomes a symplectic space.
We can define an invariant quadratic form @) associated with this symplectic

form as follows:

0, a€e O()UO4UOS

Qo) =
1, a€e 0O, U Og .

The quotient space W = My/M; still admits an invariant quadratic form Q
given by
0, o€ AgUA,

1, CKEAl,

where W = AgUA; UA,. Hence Sg < GOS(2) and since |GOg (2)] = 2% x 3% x 5,
we can easily deduce that Sy = GO{ (2) since these two groups have same order.
Therefore

As = OF(2) = GL(4,2).

So our group G = 2%:Ag can be identified as the extension of Of (2) by its natural
module.

Since our group G = 2%:Ag is an inertia factor group of 2%:07(2), in the next
section we aim to construct G as a subgroup of Og (2).

3. The Computational Method

In this section for all our computations we use GAP. We first construct OF (2)
inside the general orthogonal group GOy (2). This we do by getting the maximal
normal subgroup of GOy (2) and this is a group of 8 X 8 matrices of size 174182400
over GF(2). We then construct G = 2%:Ag inside Of (2) by first constructing an
8-dimensional row vector space U, over GF(2). We then let OF (2) to act on U
and we get three orbits of lengths 1,120 (non-isotropic points) and 135 (isotropic
points). Using the ATLAS [4] and Programme C [18], the maximal subgroup of
index 135 is 26: Ag which corresponds to the third orbit. We then get the stabilizer
of a representative of this orbit in Of (2), which gives us a group of 8 x 8 matrices
of size 1290240 which is our 2°:A5. We are now ready to construct 2° and Ag
inside our G. We use GAP for our computations.

The group N = 29 is the only proper normal subgroup of G and we use GAP
to obtain this normal subgroup. We then obtain its generators, which are given
below.
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10000100 00001111
01010101 00111110
10100000 10011010
i_|00010000] 4 _[10101010
1101110 1][ 11001100
00000100 10000000
10000010 00111100
00000001 | (10000101,

Noting that the generators of 20 and Ag are both 8 x 8 matrices, thus we have
G = {y;,a,b: 1 <i <6), as a maximal subgroup of Og (2).

1

Computing the conjugate of each 7; with respect to a, that is ay;a™ and

noting that 2% is normal in 2°:Ag, we get that
e = VY Vi
where v;, = 7; or 1 for some j, = 1,...,6. We denote this as
Vi = Vi1 Va2 Vi
We then get

Y1 V1 Y2 7 Y25, V3 T V2456 V4 — V4, Vs — V17475, Ve — Y1727374-

Similarly with b we get

Y1 Y12Y3Y4aYe, V2 — V27Y3V4aVsYe, V3 — Y17Y27Y3Vs5Ve, V4 — Y17V37Va,

V5 = Y4, Y6 — V27Y37V4-

Representing this information in matrix form, where the i-th row will cor-
respond to the i-th conjugate, we get a 6 x 6 matrix representation of G = Asg.
Hence we have Ag = (a’, 1), where

100000 111101
010010 011111
J_|lo0tor 1y, f111011
000100} 101100
100110 000100
(11110 0| 001110 0]

By methods of coset analysis which can also be found in [10], [11], when
G = Ag acts on N we obtain three orbits of lengths 1,28 and 35 respectively.
These have corresponding point stabilizers K, Ky and K3 of indices 1,28 and 35
respectively. One can immediately see that K7 = G and K, K3 must each sit in
a maximal subgroup of G. However any maximal subgroup of G which contains
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K; must have an order divisible by |K;| and its index in G must divide 28 and 35
respectively. From the ATLAS [4], we get that up to isomorphism and conjugacy
there is only one maximal subgroup of GG, in each case, that would contain K, and
the other K3 and these are the symmetric group Sg and the group 2*:(S3 x S3)
respectively. However, since |Ks| = [Ss| we have Ky = Sg. Similarly we have
K3 = 2%:(S3 x S3). For each g € G, the number of fixed points g € G in N is
equal to k = |Cn(g)|. Since the zero vector of N is fixed by every g € G we have

k=1+x(G|K2)(g) + x(G|K3)(9) = 1+ (x(G|K2) + x(G|K3))(9)-

From this, we determine x = x(Ag|2%), the permutation character of Ag on 26.
We have

X =la+I§ + I g, s, = 3 X la+ Ta + 14a + 2 x 20a,

where Iéﬁg = la + 7a + 20a and I;S:(ngsg) = la + 14a + 20a are the characters of
Ag induced from the identity characters of Sy and 2%:(S5 x S3) respectively. Since
Cn(g) < N, we must have k = 2" where n € {1,2,3,4,5,6}. Hence we obtain the

values of the k's in Table 1.

Table 1

[g]as | la 2a 2b 3a 3b 4a 4b ba 6a 6b T7a T7b 15a 15b
XAk, [28 4 8 10 1 0 2 3 1 2 0 0 0 0
\As/K) [35 11 7 5 2 3 1 0 2 1 0 0 0 0

k|64 16 16 16 4 4 4 4 4 4 1 1 1 1

Theorem 3.1 Ag acts irreducibly on N.

Proof. As we seen above, the action of Ag on N produces three orbits of lengths
1, 28 and 35. If H is an Ag-invariant subgroup of N, then H is a union of these
orbits and hence |H| = 1+28a+35b, where a,b € {0, 1}. Now since H = 2°, where
0 <1i <6, wemust have a =b =0 or a =b = 1. This implies that H = {1y} or
H=N. n

Corollary 3.2 The two groups constructed in Sections 2 and 3 are isomorphic.

Proof. Since by [2] Ag has a unique (up to isomorphism) modular representation
of degree 2 over GF'(2), proof follows from Theorems 2.3 and 3.1. n

Since the two 2%:Ag constructed are isomorphic, from now on, we use one of
them in the rest of our discussion. So we consider G = N:G, where N = 26 and
G = Ag as in this section (Section 3).
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4. Actions of Ag on N and Irr(N)

We determined the action of Ag on N in Section 3. We notice that Ag produces
three orbits of lengths 1, 28 and 35 on N. Hence it produces three orbits on
Irr(N). Here we use Programme C [18] to act G on Irr(N). To be able to do
this we need to rewrite N as a row vector space V' of dimension 6 over GF(2),
that is V:= FullRowSpace(GF(2),6). We have two procedures at our disposal.
First we can act G on V from right and this action gives us the orbits of GG acting
as a permutation group on the conjugacy classes of N. Secondly, we act GT, that
is the set consists of transpose of elements of G, on V from right. This action is
equivalent to multiplying the column vectors of V' on the left by G. This action
gives the orbits of G acting as a permutation group on the irreducible characters
of N.

From the above, the action of G on Irr(N) produces three orbits of lengths
1,28 and 35 respectively. We then take representatives of the orbits of lengths 28
and 35. For each of the orbit representative we find its stabilizer in G. For the
representative of the orbit of length 28, the corresponding stabilizer, that is Hs,
is a group of 6 x 6 matrices of size 720 isomorphic to Sg. For the orbit of length
35 the corresponding stabilizer, that is Hs, is a group of 6 x 6 matrices of size 576
isomorphic to 2% : (S5 x S3).

Remark 4.1 Since Ag = Og (2) acts naturally on N = 2% the three orbits men-
tioned above are the zero vector, non-isotropic points and isotropic points respec-
tively.

5. The Conjugacy Classes of 2°:Ag

We first give the representatives of the conjugacy classes of Ag, in terms of 6 X 6
matrices in Table 2.

From the methods of coset analysis, which can also be found in [1],[10], [§],
[11], [12], [17], [19] and by Programmes A and B [18], we are able to compute
the conjugacy classes of 26:Ag which are given in Table 3. We give a very brief
summary of coset analysis. We look at the action of G on Ng, for the split
extension it is suffices to look at the coset Ng,g € GG. First N acts on Ng and
we get k orbits. Then we act C(g) on these orbits and f; of these orbits, fuse to
form one orbit with ) f; = k, and d; a representative of these fused orbits. For
this we use Programme A [18].



251

ON AN INERTIA FACTOR GROUP OF 2%:.0f (2)

:G:Ag

Table 2. Conjugacy classes of H;
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Let o(dg) = k and o(g) = m. If w = (dg)™, then if w = (0,0,0,0,0,0),
k = m. On the other hand if w # (0,0,0,0,0,0), then & = 2m. To get w we
use Programme B [18]. We obtain that 25:Ag has altogether 41 conjugacy classes
which are given in Table 3 above.

Remark 5.1 The group Og (2) has three conjugacy classes of maximal subgroups
isomorphic to 2%:Ag. Our group G, which is the stabilizer of a non-isotropic point
in OF (2), is first of these groups as listed in the ATLAS. Table 3 shows that
N = [1A] U [24]5 U [2B]g, with |[24]5] = 28 and |[2B]g| = 35. The fusion of G
into OF (2) implies [2A]z — 2Blo#(2) and [2B]g — [2A] ¢ (5)- This confirms that
G = NO;(Q)(2A35B28) as it is stated in the ATLAS.
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