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Abstract. This paper presents a contribution to the problem of measuring fuzzy si-
milarity of states and merging them in a Deterministic Fuzzy Finite Tree Automaton
(DFFTA). The main question is: how to merge some states of a complete and reduced
DFFTA such that the languages of original automaton and minimized one be similar
but not necessarily equal? In order to solving this problem, we generalize the concepts
of distance and similarity measures between fuzzy sets to distance and similarity mea-
sures between states of DFFTA. Then, we define the notions of normal DFFTA and
introduce an efficient algorithm (polynomial order of time complexity) for discovering
similar state sets of a DFFTA.

Keywords: deterministic fuzzy tree automata, state reduction, fuzzy similarity mea-
sure.

1. Introduction

Fuzzy sets were introduced by Zadeh [29] as an extension of the classical notion
of set. This theory can be used in a wide range of domains. One such domain
is fuzzy automata theory first introduced by Wee [26]. A fuzzy automaton is a
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device which accepts a fuzzy set of words called fuzzy language. Automata have
a long history both in theory and application [3], [2], [20], [19], [9], [1].

Finite Tree Automata (FTA) was introduced by Doner [7], [8] and Thatcher
and Wright [24], [23]. Their goal was to prove the decidability of the weak second
order theory of multiple successors. An FTA accepts a set of trees called recogni-
zable tree language [5]. Trees appears in mathematics, computer science and
other areas as formal terms, algebraic expressions, parse and derivation trees,
computation trees, and generally as representations of hierarchically organized
structures. A fuzzy set of trees, called recognizable fuzzy tree language if can be
accepted by some Fuzzy FTA (FFTA) [18], [4], [10], [19]. The membership grade
of each tree in language of FFTA is known as behavior of automaton. When the
membership grade of trees takes values in a lattice (rather than in the unit interval
of real numbers), the language called L-fuzzy tree language [12], [14], [13].

From a practical perspective, it is important that the considered automata
are as small as possible (minimal). As well, some decision problems such as
equivalence and intersection non-emptiness are closely related to minimization
problem [5]. Current studies on minimizing DFFTA and deterministic weighted
tree automata, focus on the two main strategies; language preserving minimiza-
tion [12], [17], [15], [16], [20] and behavior preserving minimization [17].

Similarity plays an essential role in taxonomy, recognition, case based rea-
soning and many other fields [27], [25], [11]. We use the concept of similarity or
approximate equality [22], [28] modeled on classes of fuzzy sets to define simila-
rity between some states of DFFTA. We use this idea for similarity based merging
states (state reduction) of DFFTA. We show how to find set of states similar to
a given state and prove that merging a set of states which are pair wise similar,
makes a DFFTA which its language is similar to original DFFTA.

In addition, we introduce the problem of similarity based state merging in
DFFTA and show that this problem is not partitioning states by an equivalence
relation, and it is different from language preserving and behavior preserving
minimizing DFFTA.

This paper is organized as follows. Section 2 presents some mathematical
preliminaries about L-Fuzzy sets and fuzzy finite tree automata. In Section 3,
firstly, the concept of similarity and distance between L-fuzzy sets and its ge-
neralization to states of automata are presented. Then, we define the concept of
normal DFFTA and introduce DFFTA normalizing algorithm. Also, we show how
to find the set of similar states in a normal DFFTA.

2. Preliminaries

2.1. L-Fuzzy sets

We will present our results in the context of L-fuzzy sets, i.e., all the results
presented below hold when membership takes values in a lattic. Basic concepts
of the theory of ordered sets and lattices will be used as usual, see e.g., [6], [21].
Given a set L we can equip it with an order relationship ≤ and thus obtain a
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partially order set (L,≤). If, for every pair x, y ∈ L, inf(x, y) and sup(x, y) exist,
we say that (L,≤) is a lattice. We denote inf(x, y) by x ∧ y and sup(x, y) by
x ∨ y; then ∧,∨ are binary operations on L, and we say that ` = (L,≤,∧,∨) is a
lattice. Also, denote by 0 and 1 the minimum and maximum elements of lattice
L, respectively. A lattice (L,≤,∧,∨) is complete if the least upper bound

∨
S

and the greatest lower bound
∧

S exist for all S ⊆ L. A completely distributive
lattice is a complete lattice in which arbitrary meets (∧) distribute over arbitrary
joins (∨) and vice versa.

Definition 1. ([13],[21]) Given a nonempty set X and a lattice ` = (L,≤,∧,∨),
an L-fuzzy set is characterized by its membership function µA : X → L, and µA(x)
is interpreted as the grade of membership of element x in L-fuzzy set A for each
x ∈ X. We denote by F(X, `) the set of all L-fuzzy sets on universal set X with
membership grades in L.

Definition 2. ([13],[21]) Let X be a nonempty set and ` = (L,≤,∧,∨) be a
lattice. For every A,B ∈ F(X, `) we have A ⊆ B ⇔ ∀x ∈ X; µA(x) ≤ µB(x).

2.2. Fuzzy finite tree automata

Our definitions in this section, are different from that in [4], [10], [17], [18], [20]
only in some minor details.

The set of natural numbers is denoted by N, and the set of finite strings
over N is N∗. The empty string is denoted by ε. A Σ − alphabet is a finite and
nonempty set of symbols. A ranked alphabet is a couple (Σ, Arity : Σ → N∪{0}),
which is the disjoint union of sets of n− ary symbols Σn = {σ|Arity(σ) = n} for
all n ≥ 0. The set TΣ(Q) of Σ − trees indexed by Q is inductively defined to be
the smallest set such that Q ⊆ TΣ(Q) and σ(t1, . . . , tn) ⊆ TΣ(Q) for every σ ∈ Σn

and t1, . . . , tn ∈ TΣ(Q). We write TΣ for TΣ(φ).

Definition 3. Let ` = (L,≤,∧,∨) be a completely distributive lattice. A fuzzy
finite tree automaton over ` is a system M = (Σ, Q, Γ, δ, `, ρ, β), where:

1. Σ is a finite set of ranked alphabets called input symbols.

2. Q is a finite set of symbols called states.

3. Γ : Q → L is an L-fuzzy set on Q and called the set of final states.

4. δ = {δσ : Qn ×Q× Σn → L |σ ∈ Σn, n ≥ 0} is a finite set called transition
rules.

5. ρ : TΣ(Q) × Q → L is called the run map of FFTA M , and defined by
induction on structure of t ∈ TΣ(Q):

(a) If t = σ ∈ Σ0, then ρ(t)(q) = δ(q, σ), for all q ∈ Q.

(b) If t = σ(t1, . . . , tn) for some σ ∈ Σn and t1, . . . , tn ∈ TΣ, then

ρ(t)(q) =
∨

q1,...,qn ∈Q

(
δ(q1, . . . , qn, q, σ) ∧

n∧
i=1

ρ(ti)(qi)

)
.
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6. β : TΣ → L is an L-fuzzy set on a set of trees t ∈ TΣ, called behavior of
FFTA M , and defined by:

β(t) =
∨
q∈Q

ρ(t)(q) ∧ Γ(q).

An FFTA M = (Σ, Q, Γ, δ, `, ρ, β) accepts a tree t ∈ TΣ iff β(t) > 0. Also, the
set of all trees accepted by M is known as fuzzy tree language L(M) recognized
by FFTA M . As well, µL(M)(t) = β(t). In other words, a recognizable fuzzy tree
language is a fuzzy tree language recognized by some FFTA.

An FFTA M = (Σ, Q, Γ, δ, `, ρ, β) is called deterministic if for every σ ∈ Σn

and q1, . . . , qn ∈ Q, where n ≥ 0, there exist at most one q ∈ Q, such that
δ(q1, . . . qn, q, σ) > 0.

An FFTA M = (Σ, Q, Γ, δ, `, ρ, β) is called complete if for every σ ∈ Σn

and q1, . . . , qn ∈ Q, where n ≥ 0, there exist at least one q ∈ Q, such that
δ(q1, . . . qn, q, σ) > 0.

An FFTA M = (Σ, Q, Γ, δ, `, ρ, β) is called reduced if for every q ∈ Q, there
exists at least one t ∈ TΣ such that ρ(t)(q) > 0.

3. Similarity based merging states of DFFTA

3.1. Distance and similarity measure

Definition 4. ([21],[28]) Let X be a nonempty set and ` be a lattice. A real
function D : F(X, `)2 → [0, 1] is called a distance measure on F(X, `), if D
satisfies the following properties:

1. D (A,B) = D (B, A) ; ∀A,B ∈ F (X, `) ,

2. D (A,A) = 0; ∀A ∈ F (X, `) ,

3. ∀A,B, C ∈ F (X, `), if A ⊆ B ⊆ C, then D (A,B) ≤ D (A,C) and
D (B,C) ≤ D (A,C);

Definition 5. ([21],[28]) Let X be a nonempty set and ` be a lattice. A real
function S : F(X, `)2 → [0, 1] is called a similarity measure on F(X, `), if S
satisfies the following properties:

1. S (A,B) = S (B, A) ; ∀A,B ∈ F (X, `) ,

2. S (A,A) =
∨ {S (B,C) | B, C ∈ F (X, `)} ; ∀A ∈ F (X, `) ,

3. ∀A,B, C ∈ F (X, `), if A ⊆ B ⊆ C, then S (A,C) ≤ S (A,B) and
S (A,C) ≤ S (B, C) .

Proposition 6. ([28]) There exists a one-to-one correlation between all distance
measures and all similarity measures, where a distance measure D and its corres-
ponding similarity measure S satisfy D + S = 1.

The similarity measure generated by the distance measure D is denoted by
S 〈D〉 = 1 − D, and the distance measure generated by similarity measure S is
denoted by D 〈S〉 = 1− S.
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Lemma 7. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA and Lγ(q) be an L-fuzzy set
with membership function µLγ(q)(t) = ρ(t)(q) ∧ γ, where q ∈ Q and γ ∈ `. Then,

L(M) =
⋃
q∈Q

LΓ(q) (q).

Proof. Since M is a DFFTA, for every t ∈ TΣ with µL(M)(t) > 0, so there exists
exactly one q ∈ Q such that ρ(t)(q) ∧ Γ(q) > 0. Therefore,

L(M) =
⋃
q∈Q

{t | t ∈ TΣ, ρ(t)(q) ∧ Γ(q) > 0} =
⋃
q∈Q

LΓ(q)(q).

Definition 8. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. An operator Π : P(`) → `
is called centroid operation on δ, iff for every δ̄ ⊆ δ, M ′ = (Σ, Q, Γ, δ′, `, ρ′, β′),
M ′′ = (Σ, Q, Γ, δ′′, `, ρ′′, β′′) and γ, γ′, γ′′ ∈ ` with

∀q1, . . . , qn, q ∈ Q, σ ∈ Σn, n ≥ 0;

γ = δ(q1, . . . , qn, q, σ),

γ′′ =
∏

n≥0, σ∈Σn,

q1,...,qn, q∈Q,

δ(q1,...,qn,q,σ)>0

δ(q1, . . . , qn, q, σ),

δ (q1, . . . , qn, q, σ) > 0 ⇒
{

δ′(q1, . . . , qn, q, σ) = γ′,

δ′′(q1, . . . , qn, q, σ) = γ′′,

δ(q1, . . . , qn, q, σ) = 0 ⇒
{

δ′(q1, . . . , qn, q, σ) = γ,

δ′′(q1, . . . , qn, q, σ) = γ,

where, ρ′, β′ are corresponding to δ′, and ρ′′, β′′ are corresponding to δ′′; it holds
D(L(M), L(M ′′)) ≤ D(L(M), L(M ′)).

Definition 9. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA, Π be a centroid operation

on δ, q, q′ ∈ Q and t ∈ TΣ(Q). Then, ρ(t)
(
q

Π−→ q′
)

is defined by:

1. ρ(t)
(
q

Π→ q
)

= ρ(t)(q),

2. ρ(t)
(
q

Π→ q′
)

=
∨

q1,...,qn∈Q







∏

qi /∈{q,q′}⇒q′i =qi,

qi∈{q,q′}⇒q′i∈{q,q′},
i∈{1,...,n}, p∈{q,q′}

δ(q′1, ..., q
′
n, p, σ)




∧




∨

qi /∈{q,q′}⇒q′i =qi,

qi∈{q,q′}⇒q′i∈{q,q′},
i∈{1,...,n}, p∈{q,q′}

n∧
i=1

ρ (ti) (q′i
Π→ qi)






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Definition 10. Let M = (Σ, Q, Γ, δ, `, ρ, β) be an FFTA, D be a distance measure

on L(M), µLγ(q) = ρ (t) (q) ∧ γ and µ
Lγ(q

Π−→q′)
= ρ (t)

(
q

Π−→q′
)
∧ γ; where Π is a

centroid operation on δ, γ ∈ `, q, q′ ∈ Q and t ∈ TΣ(Q). Then, we develope the
distance measure D on Q by:

DΠ(q, q′) =
∧

γ∈`

D
(

LΓ(q)(q) ∪ LΓ(q′)(q′), Lγ
(
q

Π−→q′
) )

; ∀q, q′ ∈ Q.

Theorem 11. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA, Π be a centroid operation
on δ, D be a generalized distance measures on L(M) and Q, x ∈ [0, 1] and Q′ be
a subset of Q such that for every q, q′ ∈ Q′ it holds DΠ (q, q′) ≤ x. Then, there
exists a γ ∈ ` such that for every q ∈ Q′ it holds:

D
( ⋃

q′∈Q′
LΓ(q′) (q′),

⋃

q′∈Q′
Lγ

(
q′ Π−→q

))
≤ x.

Proof. Let

γq,q′ =
∧ {

γ ∈ ` | DΠ (q, q′) = D
(

LΓ(q) (q)
⋃

LΓ(q′) (q′) , Lγ
(
q

Π−→q′
) )}

,

Mq =
∨

q′∈Q′
γq,q′ , mq =

∧

q′∈Q′
γq,q′ ; ∀q ∈ Q′,

M =
∧

q∈Q′
Mq and m =

∨

q∈Q′
mq.

Now, we prove that the above inequality holds for all γ ∈ [m,M ]. To show
this, on the contrary, let there exists a γ′ ∈ [m,M ] such that

D
( ⋃

q′∈Q′
LΓ(q′) (q′),

⋃

q′∈Q′
Lγ′

(
q′ Π−→q

))
> x.

Since M is deterministic and from Lemma 7, LΓ(q) (q) ∩ LΓ(q′)(q′) = φ for every
q, q′ ∈ Q. So, there exists a q ∈ Q′ with D (

LΓ(q) (q) , Lγ′(q)
)

> x. Furthermore,

we have [m,M ] ⊆ [mq,Mq] which implies that Lmq(q)⊆ Lγ′(q)⊆ LMq(q). Let
Mq,mq ∈ Q′ be two states such that Mq = γq,qM

and mq = γq,qm , where qm, qM ∈ Q′.
Now, if Γ(q) ≤ γ′, then LΓ(q)(q)⊆ Lγ′(q)⊆ LMq(q), and DΠ (q, qM) > x, which is
a contradiction. On the other hand, if γ′ ≤ Γ(q), and Lmq(q)⊆ Lγ′(q)⊆ LΓ(q)(q),
thus DΠ (q, qm) > x, which also is a contradiction.

Theorem 12. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA, Π be a centroid operation
on δ, and D be a generalized distance measures on L(M) and Q; x ∈ [0, 1], and
Q′ be a subset of Q. If there exists a γ ∈ ` such that for every q ∈ Q′ it holds:

D
( ⋃

q′∈Q′
LΓ(q′) (q′),

⋃

q′∈Q′
Lγ

(
q

Π−→q′
))

≤ x.

Then, for any FFTA M̃ = (Σ, Q̃, Γ̃, δ̃, `, ρ̃, β̃) with
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1. Q̃ = {q̃} ∪Q\Q′, where q̃ /∈ Q,

2. Γ̃(q̃) = γ and Γ̃(q) = Γ(q); ∀q ∈ Q̃\{q̃},
3. ∀q̃1, . . . , q̃n ∈ Q̃, ∀q ∈ Q̃\{q̃};

δ̃(q̃1, . . . , q̃n, q, σ) =
∏

q̃i = q̃ ⇒ q′i ∈ Q′,
q̃i 6= q̃ ⇒ q′i = q̃i,
1 ≤ i ≤ n

δ(q′1, . . . , q
′
n, q, σ),

δ̃(q̃1, . . . , q̃n, q̃, σ) =
∏

q̃i = q̃ ⇒ q′i ∈ Q′,
q̃i 6= q̃ ⇒ q′i = q̃i,
1 ≤ i ≤ n, q′ ∈ Q′

δ(q′1, . . . , q
′
n, q′, σ),

4. ρ̃ and β̃ are corresponding to δ̃,

it holds D
(
L(M), L(M̃)

)
≤ x.

Proof. Let
L1 =

⋃

q∈Q′
LΓ(q) (q) and L2 =

⋃

q∈Q\Q′
LΓ(q) (q).

Then, from Lemma 7, we have

a) L(M) =
⋃
q∈Q

LΓ(q) (q) = L1 ∪ L2.

b) L(M̃) =
⋃

q∈Q̃

LΓ̃(q) (q) = Lγ (q̃) ∪ L2.

Now, from (a) and (b), and by the assumption of the theorem,

D
(
L(M), L(M̃)

)
= D (L1, L

γ (q̃)) ≤ x.

3.2. Normalizing DFFTA

Remark 13. In this manuscript, without lose of generality, we assume that Σ
and Q are ordered sets.

Definition 14. Let M = (Σ, Q, Γ, δ, `, ρ, β) be an FFTA. An ordering on set δ is
defined as follows:

1. If σ < σ′ then δ(q1, ..., qn, q, σ) < δ(q′1, ..., q
′
m, q′, σ′).

2. If there exists i ∈ {1, ..., n} such that qi < q′i, and qj = q′j for j ∈ {1, ..., i−1},
then δ(q1, ..., qn, q, σ) < δ(q′1, ..., q

′
n, q

′, σ).

3. If q < q′ then δ(q1, ..., qn, q, σ) < δ(q1, ..., qn, q
′, σ).

where q1, ..., qn, q, q′1, ..., q
′
m, q′ ∈ Q, 0 ≤ n ≤ m, σ ∈ Σn and σ′ ∈ Σm.
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Definition 15. Let S be an ordered set. We define the function f ∗ : S → N
called offset of x ∈ S by

f ∗(x) = |{x′ ∈ S|x′ < x}|.

Lemma 16. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a complete and reduced DFFTA. Then,
for every r, r′ ∈ δ with

r : δ(q1, ..., q
′
i, ..., qn, q′, σ),

r′ : δ(q1, ..., qi, ..., qn, q, σ),

it holds

f ∗(r) = f ∗(r′) + (f ∗(q′i)− f ∗(qi))× |Q|n−i,

where, q1, ..., qi, ..., qn, q, q′, q′i ∈ Q, σ ∈ Σn, qi < q′i and 1 ≤ i ≤ n.

Proof. Since M is complete, reduced and deterministic; order of rules r ∈ δ
related to each σ ∈ Σn is like the sequence of (n + 1)–digit numbers in base |Q|,
where the value of each digit q ∈ Q is f ∗(q). Now, the proof is straightforward.

Corollary 17. Let M be a complete and reduced DFFTA. The time complexity
of accessing the membership grade of each fuzzy transition rule is O(l), where l is
the maximum rank of Σ–alphabet.

Example 18. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a complete and reduced DFFTA
defined by

Σ0 = {α}, Σ1 = {λ}, Σ2 = {σ}, Σ = {α, λ, σ}, ` = ([0, 1],≥,∧,∨),

Q = {q1, q2, q3, q4}, Γ = {(q1, 0.7), (q2, 0.5), (q3, 0.5)} and

δ = {r1 : δ(q1, α) = 0.9, r2 : δ(q1, q4, λ) = 0.8, r3 : δ(q2, q4, λ) = 0.8,

r4 : δ(q3, q4, λ) = 0.8, r5 : δ(q4, q2, λ) = 0.8, r6 : δ(q1, q1, q3, σ) = 0.7,

r7 : δ(q1, q2, q3, σ) = 0.7, r8 : δ(q1, q3, q2, σ) = 0.6, r9 : δ(q1, q4, q4, σ) = 0.6,

r10 : δ(q2, q1, q3, σ) = 0.6, r11 : δ(q2, q2, q3, σ) = 0.6, r12 : δ(q2, q3, q2, σ) = 0.6,

r13 : δ(q2, q4, q4, σ) = 0.2, r14 : δ(q3, q1, q2, σ) = 0.3, r15 : δ(q3, q2, q2, σ) = 0.3,

r16 : δ(q3, q3, q3, σ) = 0.3, r17 : δ(q3, q4, q4, σ) = 0.2, r18 : δ(q4, q1, q4, σ) = 0.1,

r19 : δ(q4, q2, q4, σ) = 0.1, r20 : δ(q4, q3, q4, σ) = 0.1, r21 : δ(q4, q4, q4, σ) = 1}.

Now, it holds

f ∗(r16) = f ∗(r14) + (f ∗(q3)− f ∗(q1))|Q|Arity(σ)−2 = 13 + (2− 0)× 42−2 = 15.

Definition 19. Let M = (Σ, Q, Γ, δ, `, ρ, β) be an FFTA. For any q ∈ Q we define
the accessibility grade set by

A(q) = {ρ(q)(t)|t ∈ TΣ, ρ(q)(t) > 0}.
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Lemma 20. Let M = (Σ, Q, Γ, δ, `, ρ, β) be an FFTA. Then, the set of maximum
accessibility grade (∨A(q)) of all q ∈ Q can be calculated in O(l|Q|l), where l is
the maximum rank of Σ− alphabet.

Proof. We define the Algorithm 1 for computing
∨A(q) for all q ∈ Q:

Algorithm 1. Computing maximum accessibility grade of all states.

0 Input: M = (Σ, Q, Γ, δ, `, ρ, β)
1 ∀q ∈ Q; V (q) = 0
2 ∀σ ∈ Σ0, q ∈ Q; V (q) = V (q) ∨ δ(q, σ)
3 Amax = ∨

q∈Q
V (q)

4 Qacc = φ
5 Repeat
6 Qnew = {q|q ∈ Q, V (q) = Amax}
7 ∀q1, . . . , qn ∈ Qacc ∪Qnew, {q1, . . . , qn} ∩Qnew 6= φ, q ∈ Q, σ ∈ Σn>0;
- V (q) = V (q) ∨ (δσ(q1, . . . , qn, q, σ) ∧ Amax)
8 Amax = ∨

q∈Q,V (q)<Amax

V (q)

9 Qacc = Qacc ∪Qnew

10 Until Q = Qacc

11 Output: V (q); ∀q ∈ Q.

Lines 5 to 10 consist a loop that in each iteration, processes at least one transition
rule. Since each transition rule will be processed only one time, the number of
repetitions of this loop is O(|δ|). We note that the number of repeating lines 7 to
9 is not more than |δ| times (see {q1, . . . , qn} ∩Qnew 6= φ). Furthermore, making
each transition rule requires combining l states. In the other hand, according to
Lemma 7 and Corollary 17 accessing the membership grade of each rule is O(l),
which can be merged with the process of transition rule making. Therefore this
loop can be done in O(l|δ|).
Definition 21. Let M = (Σ, Q, Γ, δ, `, ρ, β) be an FFTA. For any q ∈ Q we define
the behavior grade set by

B(q) = {β(t)|t ∈ TΣ, ρ(q)(t) ∧ Γ(q) > 0}.

Lemma 22. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. Then, for every q ∈ Q,
it holds

B(q) = {γ ∧ Γ(q)|γ ∈ A(q)}.
Proof. Since M is deterministic, the condition ρ(q)(t) ∧ Γ(q) > 0 implies that
β(t) = ρ(q)(t) ∧ Γ(q). Hence,

B(q) = {ρ(t)(q) ∧ Γ(q)|t ∈ TΣ, q ∈ Q, ρ(q)(t) > 0} = {γ ∧ Γ(q)|γ ∈ A(q)}.
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Corollary 23. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. Then, for all q ∈ Q,
it holds

∨B(q) = ∨A(q) ∧ Γ(q).

Proof. Using Lemma 22 we have

B(q) = {γ ∧ Γ(q)|γ ∈ A(q)} = ∨{γ|γ ∈ A(q)} ∧ Γ(q) = ∨A(q) ∧ Γ(q).

Corollary 24. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. Then, the ∨B(q) for all
q ∈ Q can be calculated in O(l|Q|l), where l is the maximum rank of Σ−alphabet.

Proof. It is and immediate consequence of the Lemma 16 and Corollary 23.

Definition 25. Let M = (Σ, Q, Γ, δ, `, ρ, β) be an FFTA. The next set of every
q ∈ Q is defined by:

next(q) = {q′|1 ≤ i ≤ n, σ ∈ Σn, q1, . . . , qi−1, qi+1, . . . , qn, q′ ∈ Q,
δ(q1, . . . , qi−1, q, qi+1, . . . , qn, q′, σ) ≥ 0}

Lemma 26. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. Then, the order of time
complexity for calculating next set of all q ∈ Q is O(l|Q|l), where l is the maximum
rank of Σ− alphabet.

Proof. It is sufficient that for all δ(q1, . . . , qn, q, σ) ≥ 0, with q1, . . . , qn, q ∈ Q,
1 ≤ n and σ ∈ Σn, add q to sets next(q1),. . . , next(qn).

Definition 27. Let M = (Σ, Q, Γ, δ, `, ρ, β) be an FFTA. The follow set of each
q ∈ Q is the smallest set with the following properties:

1. next(q) ⊆ follow(q),

2. If q′ ∈ follow(q) then, next(q′) ⊆ follow(q).

Lemma 28. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. Then, the order of time
complexity for calculating the follow set of all q ∈ Q is O(l|Q|max(l,2)), where l is
the maximum rank of Σ− alphabet.

Proof. According to Lemma 26, the time complexity of calculating next set of
all q ∈ Q is O(l|Q|l). Now, according to properties of follow set, computing it
for each state can be done by a simple recursive process with the time complexity
O(|Q|2). We mention that the total time complexity, when l = 1 is O(|Q|2) and
otherwise, is O(l|Q|l).

Definition 29. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. The maximum follow
grade of each q ∈ Q is defined by:

G(q) =
∨

q′∈follow(q)

B(q′).
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Lemma 30. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. The time complexity for
calculating G(q) for all q ∈ Q is O(l|Q|max(l,2)), where l is the maximum rank of
Σ− alphabet.

Proof. It is similar to Lemma 28.

Definition 31. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA, σ ∈ Σn, q1, . . . , qn, q ∈ Q
and γ ∈ `. A transition rule δ(q1, . . . , qn, q, σ) = γ is called normal iff

γ =
(
Γ(q) ∨ G(q)

)
∧

n∧
i=1

( ∨ A(qi)
)
.

Also, M is a normal FFTA iff all transition rules in δ be normal and for each
q ∈ Q it holds Γ(q) ≤ ∨A(q).

Theorem 32. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA. Then, normalizing M
can be done in order of time complexity O(l|Q|l), where l is the maximum rank of
Σ− alphabet.

Proof. We define Algorithm 2 for normalizing M :

Algorithm 2. Normalizing a DFFTA.

0 Input: M = (Σ, Q, Γ, δ, `, ρ, β)
1 ∀q ∈ Q; V (q) = ∨A(q)
2 Amax = ∨

q∈Q
V (q)

3 Qacc = φ
4 δ∆ = φ
5 Repeat
6 Qnew = {q|q ∈ Q, V (q) = Amax}
7 ∀q ∈ Q, σ ∈ Σn, n ≥ 0, q1, . . . , qn ∈ Qacc ∪Qnew,
- {q1, . . . , qn} ∩Qnew = φ ⇔ n = 0;

- δ∆(q1, . . . , qn, q, σ) = δ(q1, . . . , qn, q, σ) ∧ Amax ∧
(
Γ(q) ∨ G(q)

)

8 Amax = ∨
q∈Q,V (q)<Amax

V (q)

9 Qacc = Qacc ∪Qnew

10 Until Q = Qacc

11 ∀q ∈ Q; Γ∆(q) = Γ(q) ∧ V (q)
12 Output: M = (Σ, Q, Γ∆, δ∆, `, ρ, β).

According to Lemma 30, calculating G(q) for all q ∈ Q can be done in O(l|δ|).
Lines 5 to 10 are a loop that in each repetition, adds at least one transition rule to
δ∆. Thus making all transition rules must be repeats |δ| times and making each
rule, involves combining n states. Therefore, this loop can be done in O(n|δ|).
Calculating the complexity of other lines is straightforward.
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3.3. Merging states of DFFTA

Definition 33. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA, Π be a centroid opera-
tion on δ, S 〈D〉 be a similarity measure corresponding to distance measure D on

L(M) and Q, and τ ∈ [0, 1]. The similarity relation
S,Π,τ←→ on Q, is defined by:

q
S,Π,τ←→ q′⇐⇒1− DΠ (q, q′) ≥ τ ; ∀q, q′ ∈ Q.

Lemma 34. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a normal DFFTA, Π be a centroid ope-

ration on δ,S be a similarity measures on L(M) and Q, τ ∈ [0, 1], and
S,Π,τ←→ be a

similarity relation on Q. Also, let Q′ be a subset of Q such that for every q, q′∈Q′

we have q
S,Π,τ←→ q′, δQ′ = {r : δ(q1, ..., qn, q, σ) = c|c > 0, σ ∈ Σn, q1, ..., qn ∈ Q′},

and let d =
∏

r∈δQ′

r and δ′Q′ = {r : δ(q1, ..., qn, q, σ) = d | σ ∈ Σn, q1, ..., qn ∈ Q′}.

Then, it holds S (δQ′ , δ
′
Q′) ≥ τ .

Proof. Let x = 1− τ . for every q, q′ ∈ Q′ it holds q
S,Π,τ←→ q′; thus, DΠ (q, q′) ≤ x.

Then, from Theorem 11, there exists a γ ∈ ` such that for every q ∈ Q′ it holds:

D
( ⋃

q′∈Q′
LΓ(q′) (q′),

⋃

q′∈Q′
Lγ

(
q′ Π−→q

))
≤ x.

From Theorem 12 and since M is normal, we have D (δQ′ , δ
′
Q′) ≤ x.

Theorem 35. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a complete and reduced DFFTA and
S be a similarity measure corresponding to distance measures D on L(M) and

Q. Then, the similarity relation
S,Π,τ←→ is not transitive for some τ ∈ [0, 1] and

centroid operation Π on δ.

Proof. Let M = (Σ, Q, Γ, δ, `, ρ, β) be DFFTA defined by:

Σ0 = {α}, Σ2 = {σ}, Σ = {α, σ}, Q = {q1, q2, q3},
Γ = {(q1, 0.2), (q2, 0.3), (q3, 0.6)}, and

δ = {r1 : δ(q1, α) = 0.6, r2 : δ(q1, q1, q2, σ) = 0.6,

r3 : δ(q1, q2, q3, σ) = 0.6, r4 : δ(q1, q3, q3, σ) = 0.6,

r5 : δ(q2, q1, q1, σ) = 0.6, r6 : δ(q2, q2, q1, σ) = 0.6,

r7 : δ(q2, q3, q2, σ) = 0.6, r8 : δ(q3, q1, q2, σ) = 0.6,

r9 : δ(q3, q1, q1, σ) = 0.6, r10 : δ(q3, q2, q1, σ) = 0.6}.

Also, let ` = ([0, 1],≥,∧,∨) be a lattice and
S,mid,0.8←→ be a similarity relation,

where S (A,B) = 1 − ∨
a∈A,b∈B

|a− b|;∀A,B ∈ F(TΣ, `) and mid(C) = ∨C+∧C
2

;

∀C ⊆ [0, 1]. (In this example, [0, 1] is the unit interval of real numbers.) Now, we

have q1
S,mid,0.8←→ q2 and q2

S,mid,0.8←→ q3, where q1
S,mid,0.8←→ q3 does not hold.
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Corollary 36. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA,
∏

be a centroid operation

on δ, S be a similarity measure on L(M) and on Q, τ ∈ [0, 1], and
S,Π,τ←→ be

a similarity relation on Q. Then, for some P =
⋃
q∈Q

{q′ S,Π,τ←→ q}, there exists

p, p′ ∈ P such that p ∩ p′ 6= φ.

Definition 37. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a reduced and complete DFFTA.
A Merging Dependency Graph (MDG) G = (V,E) on M is a directed graph with
the following properties:

1. V =
{
{q, q′}| q, q′ ∈ Q

}
,

2. E ⊆ V 2,

3.
({p, p′}, {q, q′}) ∈ E if and only if there exist σ ∈ Σn, 1 ≤ i ≤ n and
q1, ..., qn, q, q

′, p, p′ ∈ Q such that δ(q1, ..., qi−1, q, qi+1, ..., qn, p, σ) > 0 and
δ(q1, ..., qi−1, q

′, qi+1, ..., qn, p′, σ) > 0.

Lemma 38. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a complete and reduced DFFTA. The
order of time complexity of making MDG G = (V, E) for M is O(l |Q|l+1), where
l is the maximum arity of Σ− alphabet.

Proof. All rules in δ must be processed for constructing set E. As well, the set of
rules related to each σ ∈ Σn, denoted by δσ, compare with each other. Therefore,
it is sufficient to prove that the order of time complexity for processing all rules
in δσ is O(n|Q|n+1). Now, we introduce Algorithm 3 to process all rules in δσ for
constructing the edges in set E:

Algorithm 3. Making MDG for a DFFTA.

0 Input: M = (Σ, Q, Γ, δ, `, ρ, β)
1 E = φ
2 ∀r : δ(q1, . . . , qn, q, σ) > 0;
3 ∀i ∈ {1, . . . , n};
4 ∀r′ : δ(q1, . . . , q

′
i, . . . , qn, q

′, σ) > 0, q′i ∈ Q, q′i > qi;

5 E = E ∪
{({q, q′}, {qi, q

′
i}

)}

6 Output: E.

The proof of correctness of this algorithm is straightforward; thus, we analyze
its order of time complexity. Lines 2 to 5 are three nested loops which cause

lines 4 and 5 process n|Q|n+1

2
times. According to Lemma 16, the order of time

complexity for finding offset of r′ by r is O(1). Furthermore, we assume that a
two dimension array (adjacency matrix) is used for holding set E. Thus, the order
of time complexity for adding an edge to E is O(1). Therefore, the order of time
complexity for processing all rules in δσis O(n|Q|n+1).
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Lemma 39. Let M = (Σ, Q, Γ, δ, `, ρ, β) be a DFFTA, Π be a centroid operation
on δ, S be a similarity measures on L(M) and Q, and τ ∈ [0, 1]. Then, making
graph G = (V, E) such that V = Q and E is corresponding to similarity relation
S,Π,τ←→ on Q can be done in order of complexity O(l|Q|max(2l,4)), where l is the

maximum arity of Σ− alphabet.

Proof. Without lose of generality, we can assume that M is normal. Now, we
introduce Algorithm 4 for processing all rules in δσ and constructing graph G.

Algorithm 4. Making MDG corresponding to similarity relation
S,Π,τ←→ .

0 Input: M = (Σ, Q, Γ, δ, `, ρ, β)

1 E =
{

(q, q′)|q, q′ ∈ Q,S 1
2

(B(q),B(q′)
) ≥ τ

}

2 ∀ r : δ(q1, . . . , qn, q, σ) > 0 , r′ : δ(q′1, . . . , q
′
n, q′, σ) > 0;

3 Rrr′ = φ
4 S 1

2 (r, r′) < τ , ∀i ∈ {1, . . . , n}; (qi, q
′
i) ∈ E ⇒

5 Rrr′ =
{

(qi, q
′
i)|i ∈ {1, . . . , n}

}

6 R = ∪
r,r′∈δ

Rrr′

7 Repeat
8 (q, q′) =

∨
R

9 E = E − {(q, q′)}
10 ∀r, r′ ∈ δ; (q, q′) ∈ Rrr′ ⇒ Rrr′ = φ
11 R = ∪

r,r′∈δ
Rrr′

12 Until R = φ
13 Output: G = (Q,E).

This algorithm clusters transition rules that cannot merge together (because of
their grade of transition) by clustering the set Q. Also, line 1 makes an initial
clustering based on the similarity of states. According to Corollary 24, the time
complexity of line 1 is O(l|Q|l), where l is the maximum arity of Σ. Lines 2 to 5
is a loop that repeats |Q|2n times, where n is the arity of σ. The order of lines 4
and 5 is O(l); therefore, the order of time complexity for lines 2 to 5 is O(l|Q|2l).
As well, the order of time complexity of line 6 is O(l|Q|2l). Lines 7 to 12 is a loop
that repeats O(|Q|2) times and its order of time complexity is O(l|Q|max(2l,4)).
Therefore, the total order of time complexity of algorithm O(l|Q|max(2l,4)).

4. Conclusion

We contribute the problem of similarity based merging states of DFFTA. Firstly,
the concept of similarity and distance measure of fuzzy sets is generalized for

states of FFTA and a similarity relation
S,Π,τ←→ is defined on Q. We prove that this

relation is not transitive; therefore, minimizing DFFTA by
S,Π,τ←→ , is not similar to
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traditional minimization algorithms. As well, the concept of normalizing DFFTA
with a polynomial time algorithm is introduced. Then, normal DFFTA is used
for obtaining MDG and defining an ordering on Q2. Furthermore, we present
Algorithm 4 and show that the order of time complexity for making similarity

relation graph on Q corresponding to
S,Π,τ←→ , is O(l|Q|max(4,2l)), where l is the

maximum arity of Σ-alphabet.
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