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Abstract. In this paper, we study the finite p—group G of maximal class in which
every nonabelian subgroup H satisfies Cq(H) = Z(H). We prove here that a finite
p—group G of maximal class is metabelian if every nonabelian subgroup H satisfies
Co(H) = Z(H), furthermore, if p # 3, |G| > p*, then there is an abelian subgroup of
index p in G.
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1. Introduction

Finite p—groups of maximal class is an important class of finite p—groups. It is
well known that a finite p—group of maximal class can be determined by cen-
tralizers of some subgroups. For example, M. Suzuki [1, Proposition 1.8] proved
that a finite p—group G is of maximal class if and only if there is a subgroup N
of order p? such that Cg(N) = N; in [1, Proposition 10.17 ], it is showed that
if G is a finite p—group, B < @ is a nonabelian subgroup of order p® such that
Cq(B) = Z(B), then G is of maximal class.
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In [1], it is posed the following problem: Classify every the finite p— group G
all of whose every nonabelian subgroup H satisfies Cq(H) = Z(H). In this paper,
we will study this problem. For convenience, we give the following definition.

Definition 1. A nonabelian p—group G is called a CGZ—group if and only if
every nonabelian subgroup H of G satisfies Cq(H) = Z(H).

In this paper, we mainly study the finite CGZ—groups of maximal class. We
get that a finite p—group G of maximal class is metabelian if G is a CGZ—group.
Furthermore, if p # 3 and |G| > p??, then there is an abelian subgroup of index p
in G.

2. Main results and proofs

Lemma 2.1 Let G be a nonabelian p—group and let H be a nonabelian subgroup
of G. If G i1s a CGZ—group, then H is also a CGZ—group.

Proof. Let H; be a nonabelian subgroup of H. Since Cy(H;) = HNCg(H;) and
Cq(Hy) < Hy, we have Cy(Hy) < Hy. So H is also a CGZ—group. n

Proposition 2.2 Let G be a nonabelian p—group with exp(G) = p,where p > 3.
Then G is a CGZ—group if and only if G is a finite p—group of maximal class,
and there is an abelian subgroup of index p.

Proof. Since GG is nonabelian, there is an element a € Z5(G) — Z(G) and b € G
such that ab # ba. We have that the subgroup H = (a, b) is a nonabelian subgroup
of order p* with |Z(H)| = p. Since Z(G) < Cq(H) = Z(H), then Z(G) has order
p. By [1, Proposition 10.17], G is a p—group of maximal class.

Let N be a normal subgroup of order p? and let K = Cg(N). Then |G : K| < p.
If K is not abelian, by Lemma 2.1, K is also a CGZ—group, similarly, we have
|Z(K)| = p, which contradicts to N < Z(K). So K is an abelian subgroup.

Conversely, if GG is a finite p—group of maximal class, and G has a maximal
abelian subgroup A with |G : A| = p. Then |Z(G)| = p. Let H be a nonabelian
subgroup of G and let Hy = AN H. Then |H : H,| = p and there is an element
r € G — A such that H = (z,H;), G = (A,z). It follows that H; < G and
Z(G) < Hy. We see that

A> Co(H) = Co(z) = Ca(z) = Z(G).

Clearly Cy(x) = Z(H) < Z(G) = Cg(x). Hence we have Co(H) = Z(H) = Z(G)
and G is a CGZ—group. u

Noticing that a p—group G of maximal class with |G| > pP*! has an element
g of order p?, we have by Proposition 2.2, that if a nonabelian p—group G with
exp(G) = p and G is a CGZ—group, then |G| < pP.
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Lemma 2.3 Let G be a nonabelian p—group. If G is a CGZ—group and
M (G)NZ(G) has an elementary abelian subgroup of order > p?, then Qi (G) <
Z(G) and | (G)| = p*.

Proof. Let N = Q;(G) N Z(G). If there is an element = of order p such that
x ¢ Z(G), then there is an element y € Z5(G) — Z(G) of order p. We can get
an element y; € G such that [y,y1] # 1. Let H = (y,y;). Then |Q;(H)| < p?
and y € Q(H). We have that the subgroup N is not contained in H, which
contradicts to N < Cg(H). It follows that Q,(G) < Z(G).

Let K be a minimal nonabelian subgroup of G. Then [Q;(K)| < p®. Since
0 (G) < Cg(K), we have | (G)| = p?. .

For convenience, we give the following two lemmas.

Lemma 2.4 [3, lemma 14.14] Let G be a finite p—group of mazximal class. If
|G| < pP*!, then exp(G') < p.

Lemma 2.5 [4] Let G be a finite p—group of maximal class and order p™, where
p>2, m>p-+1. Then G is irreqular and

(a) Let Gy be a mazximal subgroup of G. Then Gy is either of mazximal class or

reqular with |Gy : U1(Gy)| = pP~ 1.
(b) If N Q@G is of order pP~*, then exp(N) = p.
(©) [Gi, Gipa] < Gigjsa

Proposition 2.6 Let G be a finite p—group of maximal class. If G is a
CGZ-group, then G is abelian.

Proof. If |G| < p°, it is easy to see that G is abelian. If p = 2, by [5], G has a
cyclic subgroup of index 2. By [2, Theorem 6], for a 3—group G of maximal class,
G’ is also abelian. Hence we only need to consider the cases |G| > p® and p > 5.

Suppose that |G| < pP*!. By Lemma 2.4, we have exp(G') = p. Let N be a
normal subgroup of order p?>. Then |G : C4(N)| < p. Note that G is a p—group
of maximal class, we have N < G’ and |Z(G")| > p®. By Proposition 2.2 we get
that G is abelian.

Suppose that |G| > pP*2. Let M be a normal subgroup of order p*. Then
M = G,_3 < G = Gy By Lemma 2.5, [Ga,G,_3] < G, = 1, we have that
M < Z(G"). Tt follows from Lemma 2.5 that [Q,(G")| = p*~!. By Lemma 2.3, we
have that G is abelian. 0

By [3, Theorem 14.11], if GG is a finite p—group of maximal class and of order
p" in which G is abelian, then C(G;/Gy.2) = Cq(G;/G;12) for positive numbers
1 <14,7 <n—2. Hence we have the following corollary.

Corollary 2.7 Let G be a finite p—group of mazimal class of order p". If G
is a CGZ—group, then Cq(Gi/Git2) = Ca(G;/Gjs2) for every positive numbers
1<i,j<n-2.
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Proposition 2.8 Let G be a finite 3—group of maximal class. Then G is a
CGZ—group.

Proof. Suppose |G| < 3. Then G has an abelian subgroup of index 3 in G. It is
easy to get that G is a CGZ—group.

Now, suppose |G| > 3°. Let H < G be a nonabelian subgroup. Then H < M,
where M is a maximal subgroup of G. By Lemma 2.5, M is either of maximal
class or regular with |M : U;(M)| = 32. By [2, Theorem 6], G is metabelian, thus
G’ is abelian and |M : G'| = 3. If M is regular, then M is metacyclic subgroup
since |M : Uy (M)| = 3%. Tt follows that M is a minimal nonabelian subgroup.
Hence H = M, we have that Co(H) = Z(H). Suppose that M is a 3—group of
maximal class. Let H; = H N G'. Then there is an element z € M such that
M = {(z,G') and H = (z, H,), where |H : H;| = 3. We have that

G > Cy(H) = Cy(x) = Z(H).

If Co(H) # Z(H), there is an element y € G — M such that y € C(H). Note
that

G = (y, M) = (z,y,G) = (x,y),

we have that G is abelian, a contradiction. Hence Cq(H) = Z(H) and G is a
CGZ—group. .

Since the finite 2—groups of maximal class are classified and every finite
2—group of maximal class has a cyclic subgroup of index 2 (see [5]). From the
proof of Proposition 2.2, we have that all finite 2—groups of maximal class are
CGZ—groups. Proposition 2.8 shows that all finite 3—group of maximal class are
CGZ—groups too. So we assume in following theorem that p > 5.

Theorem 2.9 Let G be finite p—group of maximal class, where p > 5. If G is a
CGZ—group of order p™ > p*, then G has an abelian subgroup of index p.

Proof. Let M be a normal subgroup of order p®. Note that |G| = p™ > p* and
p > 5. By Lemma 2.5, G has a normal subgroup 7' of order p*~! and exp(T') = p.
It is easy to see that M < T and then M is an elementary abelian subgroup.
Suppose that

M = (x) x (y) x (2),

where x € Z3(G)—2Z2(G),y € Z2(G)—Z(G ) z € Z(G). Then Z(G) = Gy = (2).
Let N = (y) x (2). We have N = Z5(G) <

By Corollary 2.7, Ce(G;/Gitvi) = Cal j/Gj+2) for positive numbers 1 < i,
7 <n—2. It follows that

Ca(M/Z(G)) = Cg(N).

Let Gy = Cg(N), then |G : G1| = p. Hence there are two elements a,b € G such
that G = (a,b) and G, = (b,G"). Since N < Z(G,) is of order > p?, then G is

not of maximal class. By Lemma 2.5, G, is a regular p— subgroup.
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Let H = (x,b). Notice that G; = Cg(M/Z(G)), we have [z,b] € Z(G).
Suppose that [z,b] = 1. Since |G} : G'| = p and G is abelian, one has that
x € Z(Gy), it follows that M < Z(G4). By Lemma 2.3, G is abelian.

Suppose that [z,b] # 1. Now cl(H) = 2. It follows from Cq(M/Z(G)) =
Cq(N) = Gy that [r,b] € Z(G). We have that H = Z(G) has order p. Hence H
is a minimal nonabelian p—subgroup, and we have Z(H) = (b*, z). Assume that
z € (bP), then Z(H) = (I?). But

N < Z(Gy) < Cq,(H) = Z(H),

a contradiction. Hence z ¢ (b?), and then Z(H) = (b*) x (z). Since |G1 : G'| =p
and G is abelian. We have b» € G, and then b € Z(G;). Similarly, (b9)? =
(bP)¢ € Z(Gp) for every element g € G. Since Z(Gy) < Cq,(H) < Z(H), it
follows that (b?)9 € Z(H). Assume that |0P| > p?. Then (b*)9 = (bP)12"2, where
(Ii,p) = 1. It follows that (b7°) = ((b"*)9), so (b*°) < G. By the hypothesis, G is
a p—group of maximal class, surely |Z(G)| = p. Notice that we have proved that
") N Z(G) = 1, we get ¥ = 1. Since Gy = (H)G and G = (|b, a])“, we have
by Lemma 2.5, that Gy is regular and |Q;(G;)| < pP~!. Hence exp(G;) < p? and
|Gy : U1(Gh)| = |21(G1)], consequently Uy(Gy) < §23(Gy). It follows that

|G| = [01(G)[|(G)| < pP72
We have |G| < p?»~!, which contradicts to the hypothesis that |G| > p?P. -

Remark. There exists a finite p—group G of maximal class which is also a
CGZ—group, but G has no abelian subgroup of index p in G and |G| < p?. For
example,

G:<Cl, ba C, d‘ap2:bp:0p:dp:1’ [bv CL]:C, [Ca a]:da [C, b]:ap’ [d7 b]:apa [d7 a]:1>7

where p > 5. We have G is a p—group of maximal class with |G| = p®, and G is
a CGZ—group without any abelian subgroup of index p in G.
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