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Abstract. In this paper, we introduce the notion of hyper pseudo MV -algebra as a
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1. Introduction

MV -algebras were introduced by C.C. Chang [2] in 1958, as an algebraic model of
infinite valued logic. In [10], Mundici showed that any MV -algebra is an interval
of an Abelian lattice ordered group with a strong unit. Georgescu and lorgulescu
[4] introduced a new non-commutative algebraic structures, which were called
pseudo MV-algebras. It can be obtained by dropping commutative axioms in
MV -algebras, which are a generalization of MV -algebras.

The hyper algebraic structure theory was introduced in 1934 [9] by Marty
at 8th Congress of Scandinavian Mathematicians. Recently in [6], Sh. Ghorbani
et al. applied the hyper structure to MV -algebras and introduced the concept
of hyper MV-algebra which is a generalization of MV -algebra and investigated
some related results. Since then many researchers have worked on this structure
(see [5], [7], 8], [11]).

In this paper, the concept of hyper pseudo MV -algebra was introduced. We
show that any pseudo MV-algebra (hyper MV -algebra) is a hyper pseudo MV -
algebra and verify some of the properties of this algebra as mentioned in the
abstract.

LCorresponding author
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2. Preliminaries

Definition 2.1. [4] A Pseudo MV -algebra is an algebra (M, +, —, ~,0,1) of type
(2,1,1,0,0) such that the following axioms hold for all z,y,z € M,
(Al) 2+ (y+2) = (x +y) + 2,

(A2) 2 +0=0+2z =z,

(A3 z+1=14z=1,

(Ad) 1~ =1~ =0,

(A5) (&~ +y )~ =@~ +y~)",

(A6) z+ (z~y) =y + (y~o) = (xy ) +y = (yo7) +x,
(A7) z.(z7 +y) = (@ +y7)y,

(A8) (z7 )~ ==

Definition 2.2. [1] A lattice-ordered group (I-group) is an algebra (G, V, A, +, —,0)
such that (G, V, A) is a lattice, (G, +, —,0) is a group and + is an order preserving
map. If (G,V,A,+,—,0) is a lattice-ordered group, then we use [0,u] to denote
{z € G|0 <z <wu}, for any 0 < w.

Proposition 2.3. [}/ Let (G,V,A\,+,—,0) be an l-group and 0 < u, for some
u € G. Definexxy = (x+y)A\u, x~ =u—=x and 2~ = —x+u, for any z,y € G.
Then ([0, u], *, —, ~,0,u) is a pseudo MV -algebra.

Definition 2.4. [6] A hyper MV -algebra is a non-empty set M endowed with a
binary hyper operation &, a unary operation x and a constant 0 satisfying the
following conditions: for all z,y,z € M

(RMV1) 2@ (y®2) = (B y) ® z,

MMvmx@y—y®m

(hMV3) (z )

(hMV4) (z* ) @y—(y Sz) ®z

(hMV5) 0* € x @ 0%,

(hMV6) 0" € x @ x*
(hMVT) if v <« y and y < x, then © = y, where 2 < y is defined by
0ex*Py.
For every A, B C M, we define A < B if and only if there exist a € A and b € B
such that a < band A® B =U{a @ bla € A,b € B}. Also, we define 0* =1 and
A" ={a*|a € A}.

3. Hyper pseudo MV -algebras

Definition 3.1. A hyper pseudo MV -algebra is a non-empty set M with a binary
hyperoperation +, two unary operations ', ~ and two constants 0, 1 satisfying the
following conditions: for all z,y,z € M,

(HSMV1)z+ (y+2) = (x+y) + 2,

(HSMV2)1 e (x+1)Nn(1+ ),
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(HSMV3) 1~ =1' =0,

(HSMV4) (2 +y)~ = (2~ +y~),

(HSMV3)z+ (2~ 0y)=y+ (Y 0z)=(x0y)+y=(yo2) +=,
(HSMV6) z 0 (2 +y) = (x+y~) Oy,

(HSMVT) (2')~ = x,

(HSMVS8) 1€ (z+27)N (2 + x),

(HSMV9) 1€ (2 +y)N(y + x) implies z =y,

(

where y © x = (¢ + )™, A" = {d'|la € A}, A~ = {a~]a € A}, A® B =
U{a®bla € A,b € B} and A+ B =U{a+bla € A,b € B}, for any A,B C M.
A hyper pseudo MV-algebra M is called proper if there exists a,b € M such that
2 < la+bl. Let (M,+,,~,0,1) be a hyper pseudo MV-algebra, which is not
proper. Then for any x,y € M, there exists a,, € M such that v +y = {a,,}.
Define the operation * : M — M by z *y = a,,. It can be easily obtained
that (M, *,,~,0,1) is a pseudo MV-algebra and we say that (M, +,,~,0,1) is
a pseudo MV -algebra.

Example 3.2. Let (M, +,—,~,0,1) be a pseudo MV-algebra. For any =,y € M,
we define x @y = {x+y}. Then (M,P, —, ~,0,1) is a hyper pseudo MV -algebra.

Example 3.3. Let (M, @, *,0,1) be a hyper MV-algebra. Then (M, @, *, x,0,0*)
is a hyper pseudo MV -algebra.

Example 3.4. (i) Let M = {0,a,b,c,1}. Consider the following tables:

Table 1 Table 2
+ 0 a b ¢ 1
0| {0} {0,a} {0,b} {0} M 0 2 b o 1
a | {0,a} {0,a} {ap} M M B N ——
b | {b0} M {0b} {cb} M 1T o a b 0
¢ | {c,0} {ca} M {0} M
1 M M M M M
Then we get
Table 3
©l0 a b c 1
0O M M M M M
a | M {la} M {ac} {la}
b | M {ab} {1,b} M {l,b}
c | M M {be} {lc} {lc}
1 M {a1} {b,1} {c1} {1}

It is not difficult to show that (M,+,,~,0,1) is a hyper pseudo MV-algebra.
Moreover, + is not commutative and so M is not a hyper MV -algebra.
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(ii) Let N = {0,a,b,¢,d,1} and M = {0,a,b,c,1}. Consider the following
tables:

Table 4 Table 5

+ 0 a b c d 1

0| {0} {0,a} {0} {0} {0d} M

a | {0,a} {0,a} {ab} M {0,ad} M 0 a b c d 1
b | {b0} M {0b} {cb} {0bd} M 11 b ¢ a d 0
¢ | {c,0} {ca} M {0c} {0,cd} M ~|1 ¢ a b d 0
d | {d,0} {d,a} {d,b} {d,} N N

1 M M M M N M

Easy calculations show that (N,+,",~,0,1) is a hyper pseudo MV -algebra.
Remark 3.5.

(i) It is easy, to show that if (M,+,,~,0,1) is a hyper pseudo MV -algebra
such that z +y = y + 2 and 2’ = x~, for any x,y € M, then (M,+,,0) is
a hyper MV -algebra.

(ii) Let (M,+,,~,0,1) be a hyper pseudo MV-algebra. Define a relation < on
M by z <y if and only if 1 € 2/ +y, for any =,y € M. Then by (HSMVS)
and (HSMV9), we conclude that < is a reflexive and antisymmetric relation
on M.

Proposition 3.6. For any integer 5 < m, there is at least one proper hyper
pseudo MV -algebra of order m.

Proof. Let 5 <m, n=m—2, M ={ay,as,...,a,} and N = M U{0,1}, where
0,1 ¢ M. Define a; = a;;1 and aj = a;_, for any i,j € {1,2,...,n}, where
ag = a, and a,; = a;. Consider the following hyper operation on M.

({0} ife=y=0,
{0,y} ifr=0,y=a,0ory=0, v =a,,
N ifr=1ory=1,
S {0,a;}  ifz=y=ua,
N ite=a;, y=a;, j=1-1,

| {ai,a;} otherwise.

It is easy to show that (N, +,",~,0,1) is a proper hyper pseudo MV-algebra of
order m. -

From now on, in this paper, (M, +,,~,0,1) or simply M will denote a hyper
pseudo MV-algebra, unless otherwise stated. If A/B C M, A < B (A < B)
means that a < b, for some a € A and b € B (for any a € A, there exists b € B
such that a < b). Moreover, if A = {a}, then we write a < B instead of A < B.
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Proposition 3.7. Suppose that (G,V,A,+,—,0) is a l-group and 0 < wu, for
someu € G. Let | A={x € [0,ullxr <a, foralla € A} and T A = {z € [0,u]|
a <z, foralae€ A}, for any A C G. Definex ®y =| {x +y,u} =| {z*y},
= =u—x and x~ = —x 4+ u, for any x,y € G, where x is the operation which
is defined in Proposition 2.3. Then ([0,u],®,,~,0,u) is a hyper pseudo MYV -

algebra.

Proof. Let z,y, 2z € [0,u]. By Proposition 2.3, the operations " and ~ are one to
one and onto maps. Moreover, x <y <y <2’ <y~ <z~ for all z,y € [0, ul.

(1) Let € [0,u]. Then 0 < x and so u = 0 +u < x + u. Hence u €]
{z+u,u} = r@®u. By the similar way, u € u@x. Therefore, u € (x@u)N(udx).

(2) By Proposition 2.3, v’ = u~ = 0 and (2/)~ = z, for all = € [0, u].

(3) Let @ € [0,u]. Then 0 <a<wandsoO0=a—a<u—a=u, —a<0.
Hence u — a < u+ 0 = u. Therefore, ' € [0,u]. By the similar way, we can
show that a™ € [0,u]. On the other hand, let &' € [0,u], for some b € G. Then
O0<u—b<wu,s0b=0+b< (u—b)+b=wand —b=—-u+(u—>) < —u+u=0.
Hence 0 < b. Therefore, b € [0, u] if and only if &’ € [0, u|, for any b € G. Similarly,
we can show that b € [0, u] if and only if b~ € [0, u]. Hence

@Wey)y = (o~ elulla<a +y.ac0.u])
= {a”]a € [0,u], (2" +y)~ <a~}
{a~|a € 0,u], (z~ +y™~) < a™}, by Proposition 2.3

= {a”[(a™) €[0,u], (2™ +y7) < a”}
= {t|t € [O,U],(l‘ +y~ ) St}

= {t' € 0,ul,t” < (2™ +y7)}

= {t|t' € [0,u],t” € (z” D y™)}

= {t|t €[0,u],t € (z~Dy™)}

= {tlt€[0,u],t € (x™ @ y™)'}

= (@Tey).

(4) By Proposition 2.3, z + 2~ = v = 2’ + x. Hence u €| {x + 2™, u} and
u €] {2’ + x,u}. Therefore, u € (z @ z™) N (2’ & x).

(5) Let u € (¢’ ®y) N (y & x). Then by u € 2/ &y, we get u < 2/ +y and
sou+ (—y) < (2’ +y)+ (—y) = 2’. Similarly, v € ¢’ & = implies 2’ < 3. Hence
2’ =y and so x = .

(6) Since ([0, u],+,",~,0,u) is a pseudo MV-algebra, then we have

ver dysu<rtyesy <irey <ire-—ytuliTesuly+a”
(7) We want to show that 1 ® (y @ 2) = (z D y) @ z.
r®y@z)=UWrdaaecydz} ={te0ult <zxa,acydz}

For any a € y @ z, we have a < y* z, a € [0,u] and so x +a < z + (y * z). Hence
xxa < xx(yxz), it follows that @ (yP z) C| {x*(y=*2z)}. Moreover, y*xz < y*z
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and so | {z*(y*2)} Cax @ (y®z). Therefore, t & (y @ 2) =] {z*(y*z),u}. By
the similar way, (r @ y) ® z =| {(z *xy) * z,u}. Now, by Proposition 2.3, we get
TD(YDdz)=(rDy) O

(8)Let a® b= (b~ @ a™), for all a,b € [0,u]. Then

roy=(y " ®z™) = {dlaec0,ul,acy”®a}
= {d €0, ula <y~ 2™}
= {d € [0,4]|(y™ *27) <
= {te0ull(y™*27) <
= TH{ry}

Now, we prove that, (HSMV5) holds.

}

a
t}, since ' is one to one and onto

r® (@~ 0y)=U{zdaacz™ o0y} ={te(0,ul|lt Lx*xaact {z"y}}

By Proposition 2.3, z~.y € [0,u| and so u €] {z™~.y}. Hence x ® (z™~ ©y) = [0, u).
By the similar way, we can show that y®(y~0z) = (z0y )by = (yoz')dz = [0, u].
Therefore, (HSMV'5) holds.

(9) By definition of @, it is obvious that 0 € 2’ @ y. Hence by Proposition
2.3, we obtain

0,u] =1 {z+x0}=200C2x0z06 (' ®y) C0,u]

By the similar way, we obtain (z & y~) ® y = [0, u]. Therefore, (HSMV6) holds.
From (1)-(9), it follows that ([0, u], ®,", ~, 0, u) is a hyper pseudo MV -algebra.

Lemma 3.8. The following properties hold: for any x,y,z € M.

(i) (™) =2,0"=0=1and 1" =1=(17)".
Moreover, x =y < 2’ =y < ™~ =y~

(i) 0€(z@0)N (0O ),
(i) z0y = (y~ +zv),
(iv) 0 € (z@2)N (2™~ © x),

(V) sty andy <x+vy,

)

)

)

)
(vi) (zOy)0z=20 (1 0z2),
(Vi) s <yelcey"orelecrxoy ©ley+a”,
(viil) zOy<Kzeor<Lz+y” Sy + z,
(ix) (z+y) =y o, (z+y)" =y~ 0z~ andr+y=(y o) =y~ 0z),
(x) oY) =y +a" and (x O y)~ =y~ + 27,

)

(xi) (z~Oy)+y~ =W 0z)+27,
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(xii) 2O (2" +y) =y O (¥ +2),
(xiii) <1 and 0 < z.

Proof. (i) Since 1 € z+2™~, then by (HSMV7),1 € (x+((2~)")™). On the other
hand, 1 € ((z~) 4+ 2~) and so 1 € (z +u~) N (u + z~), where u = (™). Hence
by (HSMV9), x = (™).

The proof of the other parts follows from (HSMV7) and the first part of (i).

(ii) By (HSMV2),1 € 142" and so 1~ € (1 +a')~. Hence by (HSMV3),
0 €  ® 0. By the similar way, we can show that 0 € (0 ® z).

(iii) The proof is Straightforward by (HSMV4).

(iv) By (HSMV8), 1 € (x +2~) N (2" + ), and so by (HSMV7) and (iii),
0€ (x+z~) = (2)"+2~) =2z On the other hand by (i), 0 € (2' + )~ =
(@ + (7)) = a2~ Ow.

(v) By (HSMV?2) and (HSMV8), weget 1 € 14y C (z'+z)+y = o'+ (x+y)
and so 1 € 2’ + ¢, for some ¢ € x +y. Hence z < ¢, so x < x + y. Moreover,
lexz+1Cax+(y+y~)=(r+y)+y~. Hence 1 € d + y~, for some d € = + y.
Therefore, y < d and so y < = + y.

(iv) (oY) oz = (Y +2) 0z
= Wa~Ozlaey +2'}
= W'+ (a™))aey +2'}
= (2 +a)"a ey +2'}, by (i)
= '+ +2)"
= ((Z'+9¢)+2')
= (((z"+y)) +2)~, by (i)
(y©z) +a')~
U{(d +2')~|a €y ® 2}
U{r©ala€ey® 2z}
= 20 (yo2).

(vii) Let z,y € M. Then

(3.1) r<y&elerd4+yesle(@+y)~ <0y o
Moreover, by (HSMV'10), we have
32) led+yeley+ae0e((y) +27) e0ecz0y

By using of (3.1) and (3.2), the proof is completed.
(viii) TOy<KLz & le@oy)+zeley +a)+2
S ley+@+2)ey<a +2
rOyY<Lz & lez+(zoy)~ e lez+ (y~+av)
S le(z+y )+ erLz+y”

(ix) By (HSMV7), (x+y) = (')~ + (¥)~) = ¢ ©2’. Similarly, by using
of (i), we can show that (z +y)~ =y~ © 2.
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(x) By (HSMV7) and (iii), we get (z ©y)~ = ((y~+2~))~ =y~ +2~. The
proof of the other part is similar.
(xi) By (HSMV5), we obtain (z~®(y~)")+y~ = (y~©(2~)")+z~. Therefore,

oy +y” =W 0x)+a”

(xii) zO @ +y) = (@' +y)~"+@)7)
= (YT ox)+a”
= ((z~oy)+y~), by (xi)
= yo @~ oy)
= yo Y +a)

(xiii) Let z € M. By (HSMV2) and (i), 0 < x. Moreover, 1 € 1 + 2~ and so
r < 1. n

Theorem 3.9. Let (M,+,',~,0,1) be a hyper pseudo MV -algebra. Then

(i) (M,®,~,1,0) is a hyper pseudo MV -algebra, too. It is called the dual hyper
pseudo MV -algebra of (M, +,,~,0,1).

(i) Ift+y=y+=x, for any x,y € M, then M is a hyper MV -algebra.

Proof. (i) It follows from Lemma 3.8.

(ii) Suppose that x +y = y + z, for any x,y € M. Let x € M. Then by
(HSMV8) and Lemma 3.8(i), we get 1 € 2/ + 2 = 2’ + (z~) = («7~) + 2/ and
so Lemma 3.8(vii) implies 2z~ < a’. Moreover, by 1 € x + 2~ = (')~ + 2™ =
™~ + (2')~, we conclude that =~ < 2’. Hence, 2’ = 2™, for any x € M. Now, it is
clear that (M,+,,0) is a hyper MV -algebra. .

Proposition 3.10. Let x,y € M. Then the following properties hold:
(i) z<yey <2 ey~ <z,
(ii) x <y impliesx+a<<y+a anda+zx <K a+y, foralla e M,
(iii

)

)

) x <y impliesa®@r<<Ka®y andx®a <<yOa, foralla e M,
(iv) z Oy < z,v,

)

)

—

(v) 0+40={0} and 1 ®1 = {1},

(vi) y €z +0 (y € 0+ z) implies y < x. Moreover, ify € x®1 (y € 1 x),
then x <y,

(vil) x € (0+2) N (z+0),
(viii) z e (10z)N(x e 1),

(ix) 4+ 0=y +0 (0+z=0+y) implies x = y.
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Proof. (i)
y<rdeled+ W) =d+ysr<ysleyt+a™=W")+2~7 <y~ <z~
(ii) Let « <y and a € M. Then we have

(y+a)+(x+a)” = (y+a)+ (a”©z7)
= y+(at(a”O0a7))
y+ (27 4+ (((z™)~ ®a)), by (HSMV5)
= (+27)+ (")~ ©a)
O 14+ ((z™)~ ®a), since z < y.

Hence by (HSMV2),1 € (y+a)+(x+a)” and so 1 € u+v~, for some u € y+a
and v € x 4+ a. Thus, by Lemma 3.8(vii), v < u. It follows that, * + ¢ < y + a.
On the other hand,

(a+z)+(a+y) = (’®d)+ (a+y), by Lemma 3.8(ix)
/

(@ ®d)+a)+y

U

Hence by (HSMV2), 1 € (a+ x) + (a+ y) and so there exists u € a + = and
v € a + y such that 1 € v/ + v, whence u < v. Therefore, a +y < a + y.

(iii) Let z <y and a € M. Then by (i), ¥/ < 2’ and so by (ii), ' +y < o’ +2'.
Hence u < v, for some u € a’ + 2’ and v € a’ + v/, whence by (i), v~ < u™.
Therefore, r @ a = (' + ')~ < (' +y')~ = y ® a. By the similar way, we can
show that a ®© x < a ® .

(iv) By Lemma 3.8(v), we know that 2/, v < a’+%' and so by (i), (2’ +7/)~ <
()™, (y')~. Hence y © z < z,y.

(v) Let b€ 0+ 0. Then by (HSMVS), weget 1 € b+~ C (0+0) +b~ =
0+ (0+0b7) and so 1 € 0+ z, for some x € 0+ b~ = 1"+ b~. Hence by
(HSMV2,3,10), x = 1, and so 1 € 0+ b™~. Therefore, b < 0 and so by Lemma
3.8(xiii) and (HSMV8), b = 0. The proof of the other part follows from Theorem
3.9.

(vi) Let z € M and y € 0+x. Then by (v), 0+2 = (0+0)+2 =0+ (0+z) 2
0+ y and so

1€e04+1C0+w+y)=0+y)+y" CO0+z)+y~" =0+ (x+y")

Hence there exists u € x + y~ such that 1 € 0+ u = 1" + u. Thus v = 1 and
so 1 € x + y~. Therefore, y < x. The proof of other part is similar. Now, let
y€x®1. Then y € (04 2')~ and so y' € 0+ 2. It follows that ¢’ < 2’ and so
by (i), z < y. The proof of the other part is similar.

(vii) Let z € M. Then1 € 041 C 0+ (z+2~) = (0+ x) + 2~ and so
1 € u+ z~, for some u € 0+ x. Hence z < u. Now, by (vi), we get * = wu.
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Therefore, x € x + 0. On the other hand, 1€ 1+0C (2’ +2)+0=2"+ (x +0).
Thus 1 € 2’ + u, for some u € z + 0 and so x < u. Hence by (vi), we get z = u
and so x € x + 0.

(viii) Let x € M. By (vii), 2’ € 0+2/,and soz = (2/)~ € (I'+2')" =20 1.
By the similar way, we can show that x € 1 ® .

(ix) Let x +0 =y + 0, for some =,y € M. Since 1 € 2’ 4+ z, then we get

le(@+z2)+0=2"4+(x+0)=2"+(y+0) = (z' +y) +0.

Hence there exists v € 2’ + 1 such that 1 € u+0 = v+ 1~. By (HSMV2) and
(HSMV9), we get u =1 and so 1 € 2’ +y. By the similar way, we can show that
1 € y + 2/. Therefore, (HSMV?9) implies x = y. The proof of the other part is
similar. .

4. Some hyper operations in hyper pseudo MV-algebra

In this section we define the concept of hyper operations, V, A, / and \ on a
hyper pseudo MV-algebras which we will use for definitions of ideals and filters
in hyper pseudo MV-algebras. Then we obtain some of theirs properties and
relation between <, 4+, ® and these hyper operations.

Proposition 4.1. Consider the hyper operations / and \ on M, were defined by
a/b=a+b~ and a\b=da' +b. Then, for any z,y,z € M, we have:

(i) 2 < z/y and z < x\z,
(i) = <y implies 1)z < y/z and 2\x < 2\y (2/y < z/z and y\z < 2\z),
(i) 2Vy~ < z/y and y' V z < y\z,
(iv) y\z,2z/y C{ulu Oy < 2z} and {ulu ©y < z} < z/y,y\z,
(v) 2\(y/2) = (x\y)/z,
(vi) y\(z\2) = (z © y)\z,
) (z/2)/y==z/(x©y),
) (z+y)/z=x+(y/2),
(ix) z/(2\z) = z/(x\2).

Proof. (i) It follows from Lemma 3.8(v).

(ii) Let 2 < y. Then by Proposition 3.10(ii), we have z + 2~ < y + z~ and
2+ x < 2 +y. By the similar way, we can prove the other part.

(iii) By Proposition 3.10(iv), 2~ ® y~ < y~ and so there exists a € 2™~ © y~
such that a < y~. Now, by 3.10(ii), we get zVy~ =24+ (27 0y~) D z+a K
2z +y~ = z/y. By the similar way, we can prove the other part.

(vii

(viii
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(iv) Let a € z/y. Then ¢ < z/y = z +y~. Hence by Lemma 3.8(viii),
a®y < zand so a € {ulu ®y <K z}. Now, let u € {u|lu ®y < z}. Then
by Lemma 3.8(viii), u < z/y and so u < b, for some b € z/y. Therefore,
{ulu ®y < z} < z/y. The proof of the other part is similar.

(v) 2\(y/2) = 2\(y+27) = 2"+ (y+27) = (&' +y)+27 = (2'+y)/z = (z\y) /2.
(vi) By Lemma 3.8(x), we get

AN@\2) =y\(@' +2) =y + (@' +2) = (Y +2) + 2 = (2 Oy) + 2 = (zOY)\z,

(vil) (z/x)/y = (z4+2™)/y=(z4+2™)+y~ =2+ (@~ +y") =2+ (yOz)” =
z/(y o x).

(vill) (z4+y)/z=(x+y)+2" =2+ (y+27) =+ (y/2).

(ix) z/(2\x)=z/(Z+z) =+ +2)"=z+ '+ @))" =2+ (2~ © 2).
Now, by (HSMV'5), we obtain z/(2\z) = z+(2~0x) = 2+ (2'+2)~ = z/(2'+2) =
z/(x\2). .

Proposition 4.2. Let V and A be two hyper operations on M, were defined by
zVy=z+ (@~ 0y) andx ANy =20 (¢ +y). Then the following hold: for all
x,y,< € M7

i) ze€(zAhz)N(zVr),
(ii) zVy=yVz andz Ny =y Az,
(iii) z € (xA(zVy)N(zV(xAy)),
(iv) x€exzV0,0e€xAN0, x€xANlandx€x V],
(v) z <y impliesx € x ANy and y € x V y,
(Vi) 20y Ay <L z,v,
(vil) z,y <z Vy,
(viil) = <y impliesc ANz << yAz andxV z L yV z,
(ix) 2 Ay = (@' Vy)~ = (@@~ Vy~),
(x) xvy= @' Ay)" = (@@~ Ay),
(xi) 0OV1=0+1and0AN1=100,
(xii) V is associative if and only if A is associative.

Proof. (i) By Lemma 3.8(iv), 0 € 2™~ ® x and so by Proposition 3.10(vii),
r€x+0Cx+ (27 +x)=axVaz On the other hand, by Proposition 3.10(viii)
and (HSMVS), wehavez € 201 C 2O (2 +2) =2 Ax.

(ii) It follows from (HSMV'T7,8).
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(iii)
zA(@Vy)=zN(z+(@"0y) = vo@ +@+@"0y)
= ¢0((@ +2)+ (=" 0y)
r®1, by (HSMVS8) and (HSMV?2)
> x, by Proposition 3.10(viii)

V)

By the similar way, we can show that z € (z V (z A y)).
(iv) By Lemma 3.8(iv) and 3.10(vii), we get

Dex@a’ CazO('+0)=2A0, and
rer+0Cr+ (2~ ©0)=zVO0.

Moreover, by Proposition 3.10(viii) and (HSMV8), we obtain

lez+a2¥Cao+(2z~®1)=2V1, and
rex®1lCzo (@ +1)=aAl

(v) Let < y. Then by Lemma 3.8(vii), 1 € 2’ +y and 0 € y~ ® x. Hence
by Proposition 3.10 (vii) and (viii), we have

yey+0Cy+(yor)=(@0y)ry=aVy,
rerx®lCrxo @ +y)=zAy.

(vi) Since by Lemma 3.8(v), y < 2’ + y, then Proposition 3.10(iii) implies
rOy<Lro (@ +y)=xANy.

Moreover, by Lemma 3.8(iv) and (HSMV6), z ANy < x,y.

(vii) It is straight consequent of Lemma 3.8(v) and (HSMV'5).

(viii) Let <y and z € M. Then by Proposition 3.10(ii),  + 2~ < y + 2~
and so by Proposition 3.10(iii), Az = (z 4+ 27) 02 < (y+27) Oz =y A z.
Similarly, we can show that 2V z < y V 2.

(ix) We will show that Ay = (2’ V ¢/)~. The proof of other part is similar.

(@'Vy)" = (@'+((@")"0y))” = (@'+(z0y))” = (z0y) 0r = (y+27)ox = zAy

(x) By (ix) and Lemma 3.8(i), we get (z~ Ay™) = (((~) VvV (y™))™) =z Vy.
By the similar way, we can show that z Vy = (' A y')™.
(xi) By Proposition 3.10(v), we have 0+0 = {0} and 1®1 = {1}. Therefore,
OV1=0+(0"®1) = 0+(1®1) = 0+1 and 0A1 = 16 (1'+0) = 16 (0+0) = 1&0.
(xii) Let V be a associative hyper operation A be a non-empty subset of M
and z,y,z € M. Then by Lemma 3.8(i), we get {a’ € M|a’ € A} = A and so
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zA(yNz) = UWrzAalaeyAz}
= Wz Aald €y V2 by (iv)
= W@ vd)d ey v}, by (iv)
= W@ Vvd)d ey Vv2}, by (iv)
= U{(z'Va)Tla ey vz}, by (iv)
= (@' Vv v
= (@ Vi)V

By the similar way, we can show that (z Ay) Az = ((z' V')V 2')~. Hence A is
associative. The proof of the converse is similar. .

Remark 4.3. Let z,y € M.
(i) If 2 +y = {0}, then 2 = y = 0 (by Lemma 3.8(v)).
(ii) If x vy = {0}, then z = y = 0 (by Proposition 4.2(vii)).
(iii) f z Ay ={1} (x ®y ={1}), then z = y = 1 (by Proposition 4.2(vi)).
Proposition 4.4. Let x,y € M. Then
(i) z <<z Oy implies 1 € 2’ V y,
(il) y <<z @y implies 1 € z V y~,
(i) z+y < y implies 0 € ™~ Ay,
(iv) x4+ y < x implies 0 € x N y/.
Proof. (i) By Lemma 3.8(i), we get
ledVvyesled+(@Y) oy elerd+u,(Tueroy) cr<roy
(ii) By Proposition 3.5(vii), we obtain
lezVvy le@oW))+y elecvt+y (Tveroy) sy<roy.
(iii) Proposition 3.5(vii) implies
ez~ Ny 0ex”o (@) +y) e 0ex”QuFuer+y) S r<a+y.

iv)0ezAny @0 (z+(Y))oy ©0cvoy(Fverty) cy<KLar+y.

5. Filters on hyper pseudo MV-algebras

In this section, we attempt to verify filter and ideal theories in hyper pseudo M V-
algebras. Then the relation between them was obtained. We show that [ is an
ideal of M if and only if [ is a filter of dual pseudo MV-algebra of M.
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Definition 5.1. Let [ be a non-empty subset of M. Then [ is called
o a weak ideal of M if
(x+y)NI#£0, forall z,y € 1,
ye€land x <yimply x € I, for all x € M.

e an ideal of M if
(y/x) < I and y € I imply = € I, for all z € M,
(x+y) C I, foral x,yel.
Clearly, any ideal of M is a weak ideal. An ideal (a weak ideal) I of M is
called proper, if T ; M. Tt is easy to show that if I is an ideal of M, then [ is

proper if and only if x € I implies 2/, 2~ € M’ — I, for all x € M. Moreover, if I
is an ideal, x <y and y € I, then 0 € z ® ¢’ and so (y/z)’ < I. Hence x € I.

Example 5.2. Consider the hyper pseudo MV-algebra in Example 3.4(i). Then
{0}, {0,a}, {0,b} and {0,c} are ideals of M. Moreover, {0,a,b}, {0,b,¢c} and
{0,a,c} are weak ideals of M. But, they are not ideal.

Definition 5.3. Let F' be a non-empty subset of M. Then F' is called
e a weak filter of M if
rx € Fand x <yimply y € F, for any y € M
(zOy)NF #0, for all z,y € F,

e a filter of M if
F < z\yand x € F imply y € F, for any y € M,
(x®y) CF, foral z,y € F.

Clearly, any filter of M is a weak filter.

Proposition 5.4. Let F' be a non-empty subset of M such that (x ®y) C F, for
all z,y € F. Then

(i) F is a filter if and only if v € F and x <y imply y € F, for any x,y € M.

(ii) F is a filter if and only if FF < y/x and x € F imply y € F, for any
x,y € M.

Proof. (i) Let F be a filter of M, x € F and x < y. Then by 1 € x\y, we have
F < z\y and so by assumption y € F. Conversely, let x € F and F < z\y,
for some y € M. Then there exists a € F such that a < z\y, so 1 € a\(z\y).
Hence by Proposition 4.1(vi), 1 € (x ® a)\y. Since x,y € F, then by assumption
x ®a C F and so there exists u € F such that 1 € u\y. Now, by assumption, we
get y € F. Therefore, F' is a filter of L.

(ii) Suppose that F be a filter of M, F < y/z and z € F, for some y € M.
Then there exists a € F such that « < y+2~ and so 1 € (y/x)/a. By Proposition
4.1(vii), we get 1 € y/(z ® a). Since F is a filter, then x ® a C F and so there
exists b € F such that 1 € y/b. Hence b < y and b € F, whence by (i), y € F.
The proof of the converse is straightforward by (HSMV10) and (i). n
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Example 5.5. Let M be a hyper pseudo MV-algebra in Example 3.4(i). Then
(i) {1,a}, {1,b} and {1,c} are three filters of M.
(ii) {1,a,b} and {1, a,b} are weak filters of M. But, they are not filters.

Proposition 5.6. Let F' be a filter, I be an ideal of M and x,y € F. Then
(xAy)NIT#D, (xVy)NF#0, (xVy)NI#0and (x ANy)NF #0.

Proof. From Lemma 3.8(v) and (vii), it follows that (zx Ay) NI # @ and (z V
y) N F # (). By Proposition 4.2(vi), there exists a € ™~ ® y such that a < y
and so z+a < x+y C1I Hence (xVy)NI=xz+ (x> 0y)NI#(D. On the
other hand, by Proposition 4.2(vi), there exits b € (2’ + y) such that y < a and
o FDx0y<Kr©®a. Hence (x Ay)NF =20 (' +y)NF £ .

By Proposition 3.10(v), in any hyper pseudo MV-algebra, {1} is a filter and
{0} is an ideal.

Theorem 5.7. Let I be a non-empty subset of M. Then the following are equi-
valent:

(i) I is an ideal of M,
(i1) I~ is a filter of M,
(iii) I’ is a filter of M.

Proof. (i) = (ii) Suppose that I is an ideal of M and a,b € I~. Then there
exist x,y € I such that a = 2™ and b = y~. By Lemma 3.8(ix), we get a ©® b =
™ @y~ = (y+x)~. Since [ is an ideal of M and z,y € I, then (y +x)~ C I™.
Now, let I~ < a\b, for some a € I~ and b € M. Then there exist x,y € [
such that a = 2™~ and y~ < 2~\b. By Proposition 3.10(i), we conclude that
(x™\b) <y, s0 = (/b)) = (x+ (V)”) =(x+b) <y. Since z € I and [ is an
ideal of M, then we get &/ € I. Therefore, b € I~ and so I~ is a filter of M.

(ii) = (i) Let I~ be a filter of M and z,y € I. Then z~,y~ € I~ and
(x+y)~ = (y~©@a~) CI~. Hence x+y C I. Now, let (y/z)" < I, for some y € 1
and x € M. Then By Proposition 3.10(i), I~ < y/x =y + 2~ = (y~) + 2~ =
y~\z~ and y~ € I~. Since I™~ is a filter, then we get ™~ € I~ and so = € I.
Therefore, I is an ideal of M.

(i) = (ili) Assume that [ is an ideal of M and z,y € I'. Then z = o’ and
y =V, for some a,b € I. By Lemma 3.8(ix), t Oy =d @V = (b+a) C I
Now, let I' < (z\y), x €  and y € M. Then (2~ /y~) =y~ O (z™) =y~ Oz =
(' +y)~ < I. By x € I, we get y~ € I and so y € I'. Therefore, I’ is a filter
of M.

(iii) = (i) It is easy to show that z +y C I, for all z,y € I. Let (y/x) < I,
for some y € I and z € M. Then by Proposition 3.10(i), I' < (y/z)" = (z®y') =
(v') + 2’ = y'\x'. Since I’ is a filter of M and ¢ € I', then we get 2/ € I’ and so
x = (2')~ € I. Therefore, I is an ideal of M. .
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Corollary 5.8. Let I be a non-empty subset of M such that x +vy C I, for any
x,y € I. Then I is an ideal if and only if y € I and v <y imply x € I, for any
xe M.

Proof. Suppose that y € I and z < y imply x € I, for any z € M. We show
that I~ is a filter. Let z,y € I™. Then 2,3/ € I and so v + 2’ C I. It follows
that t @y C I™. Now, let * < y and z € ™. Then 3y < 2’ and 2’ € I, so by
assumption, vy € I. Hence y € I™, whence by Proposition 5.4, I~ is a filter of
M. Therefore, by Theorem 5.7, I is an ideal of M. The proof of the converse is
clear. n

Definition 5.9. Let (M’ ,+,/,~,0,1) be a hyper pseudo MV-algebra and
f: M — M’ be amap such that f(0) =0 and f(2') = f(x), for all x € M. Then
f is called

(i) a weak homomorphism if f(x +y) C f(x)+ f(y), for all x,y € M,
(ii) a homomorphism if f(x +y) = f(z) + f(y), for all z,y € M.

For any weak homomorphism f : M — M’, we use ker(f) to denote f~1(0) =
{z € M|f(xz) =0}. A homomorphism f : M — M"is called isomorphism if f is a
one to one and onto map. We use M = M’ to denote, there exists a isomorphism
from M to M.

Example 5.10. Let M be a hyper pseudo MV-algebra in Example 3.4(i).
(i) Let M" = {0,a,b,c,d,1}. Consider the following tables:

Table 6 Table 7

+ 0 a b c d 1

0| {0} {0,a} {0} {0} {0d} M’

a | {0,a} {0,a} {ab} M {ad} M’ 0 a b c¢c d1
b [ {b0} M  {0b} {cb} {bd} M 11 b ¢ a d 0
¢ | {c,0} {c,a} M {0c} {cd} M ~|1 ¢ a b d 0
d [{d,0} {da} {db} {dec} M M

1 M’ M’ M’ M’ MM

Easy calculations show that (M’ 4+, ~,0,1) is a hyper pseudo MV-algebra. Let
f: M — M be a map was defined by f(x) =z, for all z € M. Then f is a weak
homomorphism.

(ii) Define f : M — M by f(0) =0, f(1) =1, f(a) = b, f(b) = ¢ and
f(e) = a. It is not difficult to check that f : M — M is a homomorphism.

Theorem 5.11. Let f: M — M’ be a weak homomorphism and I be an ideal of
M'. Then

(i) f(z™) = f(x)~. Moreover, x <y implies f(x) < f(y), for any x,y € M,

(ii) ker(f) is an ideal of M,
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~Y(I) is an ideal of M,

(iii

) f

(iv) If F is a filter of M', then f~(F) is a filter of M,

(iv) If f is a homomorphism, then f is one to one if and only if ker(f) = {0},
)

(v) F is a filter of M if and only if F is an ideal of dual pseudo MV -algebra of
M

)

(vi) If f is onto and I is an ideal of M containing ker(f), then f(I) is an ideal
of M'.

Proof. (i) Let x € M. Then by f(z) = f((z™)") = f(z™), we get f(x)~
(f(x™))~ = f(z™). Now, let x <y. then 1 € 2’ +y andso 1 = f(0) = f(1) €
f(@'+y) = f(@) + f(y). Hence f(z) < f(y).

(ii) Let z,y € ker(f). Then f(z) = f(y) = 0 and so by Proposition 3.10(v),
flz+y) C f(x)+ fly) =0+0=0. Hence x +y C ker(f). Now, let (y/z) <
ker(f) and y € ker(f). Then x ® 3y < a, for some a € ker(f). By Lemma
3.8(viii), we get x < a + y. Since a,y € ker(f), then a +y C ker(f) and so
f(z) = 0. Therefore, ker(f) is an ideal of M.

(iii) Assume that [ is an ideal of M'. If z © ¢ < f~Y(I) and y € f~1(1),
for some z,y € M, then by (i), f(z) ® f(y) < I and f(y) € I. Since I is an
ideal of M’, then we have f(z) € I. Hence z € f~'(I). Now, let a,b € f~(I).
Then f(z), f(y) € I. Hence f(z+vy) C f(z) + f(y) C I and so z+y C f~(I).
Therefore, f~*(I) is an ideal of M.

(iv) Let F be a filter of M’. Then by Theorem 5.7, F” is a filter of M, so by
(iii), f~1(F’) is an ideal of M. It suffices to show that f~Y(F’) = f~Y(F). Let
T € M Hence

refY F)e fr)e Fle fa™)=fla) e Fea~c fYF)erc fY(F)

(iv) Clearly, if f is one to one, then ker(f) = {0}. Suppose that ker(f) = {0}
and f(z) = f(y), for some z,y € M. Then 1 € (f(z) + f(1)) N (f(y) + F(2)).
Since f is a homomorphism, then by (i), we get 0 € f((z' +v)™) N f((y + x)7).
Hence by assumption, 0 € (2’ +y)~” =y~ Oz and 0 € (v +2)~ =2~ ©y. Now,
by Lemma 3.8(vii), we conclude that x = y. Therefore, f is a one to one map.

(v) Straightforward.

(vi) Let I be an ideal of M containing ker(f) and z,y € f(I). Then there
exist a,b € I such that x = f(a) and y = f(b). Hence z +y = f(a) + f(b) =
fla+b) C f(I). Now, let (y/x) < f(I) and y € f(I), for some x,y € M'. Since
f is onto, then there are a € M and b € I such that z = f(a) and y = f(b). By
f((b/a)) = (f(b)/f(a)) < f(I), we get, there are u € I and ¢ € (b/a)" such that
7(e) < fu) and 50 0 € (f(u)/F(©)) = f((u/c)). Hence (ufc) < ker(f) C I.
Since u € I and [ is an ideal of M, then ¢ € I and so (b/a)’ < I. Therefore, a € 1
(since b € I and [ is an ideal) and so « € f(I). That is, f(I) is an ideal of M’. =

Corollary 5.12. If M’ be a hyper pseudo MV -algebra and f : M — M’ be a
homomorphism, then f~(1) is a filter of M.
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Proof. Clearly, f: (M,®,~,,1,0) — (M',®,,1,0) is a homomorphism, where
(M,®,~,,1,0) and (M',®,”,1,0) are dual hyper pseudo MV-algebra of M and
M’ respectively. Hence by Theorem 5.11(ii), f~'(1) = ker(f) is an ideal of
(M, ®,~,,1,0). Therefore, by Theorem 5.11(v), f~'(1) is a filter of M. .

6. Congruence relation on hyper pseudo MV -algebras

Definition 6.1. Let 0 be an equivalence relation on M and A, B be two subsets
of M. Then

o AOB means that afb, for some a € A and b € B,

e AAB means that for any a € A, there exists b € B such that afb and for
any b € B there exists a € A such that bfa. Moreover, if A = {a}, then we
write afB, for A0B,

o AOB means that afb, for any a € A and b € B.

It can be easily obtained that, A0B and BAC imply AOC, for any subset
A, B,C of M.

Definition 6.2. Let # be an equivalence relation on M. Then 6 is called the
congruence relation, if it satisfies the following conditions:

(C1) z6y and afb imply (z + a)f(y + b),for any x,y,a,b € M,

(C2) zfy implies 2’0y’ and x~0y~, for any x,y € M,

(C3) zfy if and only if 16(z’ + y) and 16(y’ + x), for any =,y € M,
(C4) 16(2' +y) if and only if 10(y + z™), for any x,y € M.

We use Con(M) to denote the set of all congruence relations on M.

Note 6.3. Let # be an equivalence relation on M.

(i) If 0 is an equivalence relation on M satisfies on (C1), (C2), then zfy implies
that 1 € 2’ + 202’ +y and 1 € ¥ + y0y' + x.
(i) If [1] = {z € M|z01} = {1}, then by (C3) and (HSMV9) we get
0 ={(z,x)|x € M}.
Example 6.4. Let M = {0,a,b,c,d, e, f,1}. Consider the following tables:

Table 8

+ 0 a b ¢ d e f 1
0| {0} {0,a}  {0b} {0} {0, d} {0} {Of} M
a | {0,a} {0,a} {0,a,b} {0,a,c} {0,a,d} {0,a.e} M M
b | {b,0} {0,a,b} {0,b} {0,b,c} {0b,d} M M M
¢ | {c,0} {0,c,a} M {0,c}  {0,c,d} {0,ce} {0,cf} M
d | {d,0} M M {0,d,c} {d,0} {0.d,e} {0,df} M
e | {e,0} {0,a,e} {0be} {0,ce} M {0,e} {0} M
f | {f0} {0,af} {0b,f} M M {0,fe} {0} M
1 M M M M M M M M
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Table 9

~Y

0
1
1

o|lo|T
oD
QT o

f 1
a 0
c 0

| oL
[oal=NEe)

Then (M, +,,~,0,1) is a hyper pseudo MV -algebra.
Let 0 = {(z,y)|z,y € {0,a,c,e}} U{(z,y)|z,y € {1,b,d, f}}. Easy calcula-
tions show that € is a congruence relation on M.

Proposition 6.5. Let 0 be a congruence relation on M and [z] = {a € M|xz0a},
for any x € M. Then

(1) 0 is a congruence relation on dual hyper pseudo MV -algebra of
(M7 +7, ? N? 0’ ]‘)?

(i) [1] is a filter of M,
(iii) [0] 4s an ideal of M.

(iv) [z] is convex, for any x € M, that is a < b < ¢ and a,b € [z] imply b € [z],
for any a,b,c € M,

(v) If x € M and a,b € [z], then a AbN [z] # 0 and a V b N [z] # D.

Proof. (i) Let M* be the dual hyper pseudo MV-algebra of M. Clearly, (C2)
holds. Let 26y and afb. Then by (C2), 2’0y’ and a’0l’ and so by (C1), we have
a' + 2’0V 4+ ¢/. Hence by (C2), 2 ® afy ® b, whence (C2) hold in M*. Now, let
00(z™~ ® y) and 00(y~ ® z), then 00(y’ + x)~ and so 00a™, for some a € y' + x.
Hence 16a, so 10y’ + x. By the similar way, we can show that 160z’ 4+ y, which
implies that z0y. By Note 6.3(i), (C3), hold. Let z,y € M. Then by (C4), we get

00(z~ Oy) < 00y +2)” < 10y +2) < 10(y +2) < 002 +y)” = (y™ © x)

Therefore, 0 is a congruence relation on M*.

(ii) Let o,y € [1]. Then by Proposition 3.10(v), we get (z ® y)f(1 ® 1) = 1.
Hence x ® y C [1]. Now, let a € [1] and a < b, for some b € M. Then 1 € o’ + .
Moreover, (b 4+ a)f(b' +1) and 1 € b’ + 1, so (V' + a)f1. Tt follows from (C3), afb.
Therefore, by Proposition 5.4, [1] is a filter of M.

(iii) By (i) [0] is a filter of M*. Since [0] = [1)’, then by Theorem 5.7, [0] is
an ideal of M.

(iv) Let b,z € M and a,c € [z] such that a < b < ¢. Then 1 € o + b,
1 € b +c. Since aflc, then (a' +b)0(c +b), so by 1 € a’ + b, we get 16(c’ +b). By
(C3), we conclude that afc. Therefore, [z] is convex.

(v) It is easy to show that, afb and 0y, imply (aVz)d(bVy) and (aAx)d(bAY),
for any z,y,a,b € M. Now, let x € M and a,b € [z]. Then (aVb)d(z V). Hence
by Proposition 4.2(i), (aV b)fx. By the similar way, we can show that (a Ab)fx. m

Theorem 6.6. Let 0 be a congruence relation on M and M/6 be the set of all
congruence classes of M with respect to 0. Then (M/0,®,—, «,[0],[1]) is a hype
pseudo MYV -algebra, where [z] & [y] = [x @ y], [x]” = [2] and [z]* = [27], for any
r,y € X.



220 R.A. BORZOOEI, O. ZAHIRI

Proof. Since 0 is a congruence relation on M, then clearly, @ is a hyper operation
on M/6 and —, x are well define. Moreover, by definition of @, — and x*, it can
be easily obtained that (HSMV1)-(HSMVS8) hold in M/6. Let x,y € M and

1] € ([z]" @ [y]) N ([w]” @ [y]), then [1] € [’ +y] N [y" + 2] and so 16(z" + y),
10(y’ + z). Hence by (C3), z6y. That is [x] = [y]. Moreover, by (C4), we have

ez oyl l]led +y e 102 +y e 10y+2~ < (1] € [y] @ [2]*
Therefore, (M/0,®, —, *, [0],[1]) is a hype pseudo MV-algebra. .

Definition 6.7. A filter F' of M is called normal filter or simply N-filter if the
relation 6 by the following definition

O ={(x,y) e M x M|(2' +y)NF #£0, (v +z)NF #0}

is a congruence relation on M. If F'is a normal filter, the we use M/F to denote
the set of all equivalence relation of M with respect to §. We use NF(M) to
denote the set of all N-filters of M.

Proposition 6.8. Let F' be a normal filter of M. Then x € F if and only if
" € F if and only if (x™)~ € F, for any x € M.

Proof. Let x € M and F be a normal filter of M and %, — be the hyper
operations in Theorem 6.6. Then there exists a congruence relation # on M such
that F' = [1]g. If z € F, then [z] = [1] and so [2"] = ([z]7)” = ([1]7)” = [1].

Hence 2" € F'. Conversely, let 2" € F. Then [2"] = [1] and so [z]7)~ = [1]. Hence
[z] = [1], whence x € F. By the similar way, we can show that = € F' if and only
if 2”7 € F. n

In the next theorem, we try to find relation between N-filters and congruence
relations on M.

Theorem 6.9.

(i) F is a N-filter of M if and only if there exists a congruence relation 6 on
M such that F = [1].

(ii) There is a bijection map between the set of all N-filters of M and the set of
all congruence relations on M.

Proof. (i) Suppose that F is a N-filter of M. Then the relation
O ={(z,y) e M x M|(z' +y) N F #0, (4 +2)NF#0}

is a congruence relation on M. We show that F' = [1]. Let x € F. Then by
Proposition 3.10(vii), and (HSMV?2) we have l € 2’ + 1l and 2 <0+z =1 +=x
and so by (C3), xfrl. Now, let x € [1], then by (C3), I’ + N F # (). Since
by Proposition 3.10(vi), 1’ + 2 < z, then by Proposition 5.4, x € F. Therefore,
F = [1]. Conversely, let there exists a congruence relation ¢ on M such that
F =1], and

6= {(v.y) € M x M|(' +y)NF£0, (4 +2)NF+0}.
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We show that § = ¢. Let zfy, for some z,y € M. Then (2’ +y) N F # () and
(v +2)NF # 0 and so 1¢(2’ +y) and 1¢(y’ + ). Since ¢ is a congruence relation,
then by (C3), x¢y. Now, let z¢y, then by (C3), 1¢(z' +y) and 1¢(y' + ) and so
(@ +y)NF # 0 and (v + )N F # (). Hence z6y. Therefore, 6 is a congruence
relation on M and so F'is a N-filter.

(ii) Define the map f : Con(M) — NF(M) by f(8) = [1]p, for any 0 €
Con(M). It follows from (i), f is an onto map. Moreover, by the proof of (i), we
can show that f is a bijection map. u

Note 6.10. Let F' be a normal filter of M. Then there exists a congruence relation
6 on M such that F' = [1]. In the proof of Theorem 6.9, we shown that 0p = 6.

Theorem 6.11. Let M’ be a hyper pseudo MV -algebra and f : M — M’ be a
homomorphism. Then 6 = {(x,y) € M xM|f(x) = f(y)} is a congruence relation
on M.

Proof. Clearly, 6 is an equivalence relation on M. Since f is a homomorphism,
then (C1) and (C2) hold. Now, let 16(2’ 4+ y) and 16(y' + x), for some z,y € M.
Then 1 = f(1) € f(2' +y) = f(z) + f(y). By the similar way, 1 € f(y) + f(z).
Since M’ is a hyper pseudo MV-algebra, then f(z) = f(y) and so (x,y) € 6.
Hence by Note 6.3(i), (C3) holds. Since M’ is a hyper pseudo MV-algebra, then

(@' +y)0l & 1=f(1)e fl2)+[fly)=1e fly)+ flx)”
< f() e fly+a™) e (y+x™)o1.

Therefore, 6 is a congruence relation on M. u

Corollary 6.12. Let M’ be a hyper pseudo MV -algebra and f : M — M’ be a
homomorphism. Then f~Y(1) is a N-filter of M.

Proof. Since {1} is a filter of M’, then by Theorem 5.11(iv), f~*(1) is a filter of
L. Hence by Theorem 6.9 and 6.11 and f~1(1) = [1], we conclude that f~*(1) is
a N-filter of M. n

Theorem 6.13. Let G be a N-filter of M. Then there is a one to one corre-
sponding between the set of all filters of M /G, that is F(M/G) and the set of all
filters of M containing F', that is F(M, Q).

Proof. Let f: F(M/G) — F(M,G) be a map was defined by f(H) = {x € M |
x € [a], for some [a] € H }. Let H be a filter of M/[F|. Then [1] € H and so
by Theorem 6.9, F' = [1] C f(H). If z,y € F(H), then [z],[y] € H and so
lyox] = (] ®[y]7)* € H. Hence y ©xz C f(H). Now, let z € f(H) and
x <y, for some y € M. Then 1 € 2/ +y, so [1] € [z]” & [y]. Hence [z] < [y] in
hyper pseudo MV-algebra M/F. Since H is a filter of M/[F], then [y] € H and
soy € f(H). Therefore, f(H) is a filter of M containing F. Clearly, f is one to
one. Now, we show that f is onto. Let G be a filter of M containing F. Then
we define H = {[z] € M/[F]|lx € G}. Clearly, [1] € H. Let [z],[y] € H. Then
there exist a,b € G such that [z] = [a] and [y] = [b]. Since G is a filter, then
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(a'+0)~ C Gandso ([z]” @[y )* = ([a]"®[b]7) =[(¢'’+V)~] C H. Let [x] € H
and [z] < [y], for some [y] € M/F. Then there exists a € G such that [z] = [q]
and [1] € []” + [y] = [2' +y]. Hence 16(2’ + y)0(a’ + y), where 6 is a congruence
relation in Definition 6.7. Since [1] C G and 160a’ + y, then we get o’ +y NG # ()
and so by a € G, we conclude that y € G. Hence [y| € H and so H is a filter of

M/[F]. It is easy to show that f(H) = G. Therefore, f is one to one and onto. m

Theorem 6.14. Let M’ be a hyper pseudo MV -algebra, f : M — M’ be a
homomorphism and F = f~*(1). Then M/F is a hyper pseudo MV -algebra and
g: M/F — M, was defined by g([x]) = f(z), for any [x] € M/F is a one to one
homomorphism.

Proof. Since f is a homomorphism, then by Corollary 6.12, F' is a N-filter of
M and so M/F is a hyper pseudo MV-algebra. If  be a congruence relation in
Theorem 6.11, then by Note 6.10, § = 0. Clearly, g is a homomorphism. We
will show that g is one to one. Let g([z]) = g([y]), for some x,y € M. Then by
definition of g, we get f(z) = f(y) and so [z] = [y]. Hence ¢ is one to one. .

From now on in this section, for convenience, we use the same notations for
the hyper operation and operations of M and M /0, for any congruence relation 6
on M.

Theorem 6.15. Let F' and G be two normal filters of M such that F C G. Then

M/F
G/F is a normal filter of M/F and G—//F =~ M/G.
Proof. Since F' and G are normal filters of M, then there exist two congruence
relations ¢ and ¢ on M such that F' = [1], and G = [1]y. Consider the following
relation on M/F.

O = {([2]r, lylr) € M/F x M/F|(z,y) € 0}

Clearly, © is an equivalence relation on M/F. We show that it is a congruence
relation. Let ([z]p, [y]r) € ©. Then (z,y) € 6 and so (2/,y') € 6. It follows
that ([2]r, [V ]F) = ([]% [y]w) € ©. By the similar way, we can show that
([z]%, [y]7) € ©. Let ([a]r,[b]r) € ©. Then (a,b) € 6. Since 0 is a congruence
relation on M, then we get (z 4 a)f(y + b). By definition of ©, we conclude
that ([z]r + [a]r)O([y]r + [a]r). Now, let a,x € M and [1]pO([z]} + [a]r) and
1]rO([a)p+[z]Fr). Then [1]pO[z’ +a|F, so there is u € 2’4 a such that 16u and so
10(2’ +a). By the similar way, 16(a’ + x). Hence by (C3), z0a and so [z]r = [a]F.
Finally, we show that (C4) hold. Let x,y € M such that [1]zO([z]% + [y]F), then
similar to the above arguments 16(z’ + y). Since 6 is a congruence relation, then
by (C4) 10(y + z~) and so [1]pO([y]r + [x]}). Hence O is a congruence relation
on M/F. By the proof of Theorem 6.13, G/F is a filter of M /F. Suppose that
[z]p € M/F. Then, by

[ZL’]F € Hl]p]@ = [l’]p@[l]p Sl & e [1]9 = [1]F<=>I' c(G& [l’]F € G/F,
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we obtain [[1]r] = G/F, and so, by Theorem 6.13(i), G/F is a normal filter of
M/F. Define f: M/F — M/G, by f([1]r) = [1]g, for any x € M. Clearly, f is
an onto homomorphism. Moreover, f~([1]¢) = {[z]r|z € G} = G/F. Therefore,

F
= M/G.
oF = MG .

by Theorem 6.14, we have

Definition 6.16. A congruence relation 6 on M is called strong congruence rela-
tion if we replace (C1) with (C’1) in Definition 6.2.

(C'1) 2By and abb imply (z + a)g(y +b), for any z,y,a,b € M.

Theorem 6.17. If 0 is a strong congruence relation on M, then M /0 is a pseudo
MYV -algebra.

Proof. Let # be a strong congruence relation on M. It suffices to show that [z]+[y]
has only one element, for any =,y € M. Let x,y € M and [al, [b] € [z]+ [y]. Then
by definition of +, there exist u,v € x + y such that afu and bfv. Since 0 is

a strong congruence relation, then (z + y)f(z + y) and so ufv. Hence afb, so
[a] = [b]. Therefore, M/ is a pseudo MV -algebra. .

7. Conclusions

In this paper, we defined the concept of hyper pseudo MV -algebras and investi-
gate some properties of this structure. Then we introduced the concept of ideal
and filter in hyper pseudo MV -algebras and obtained the relation between them.
Finally, we used congruence relation in hyper pseudo MV -algebra and construct
quotient hyper MV-algebras. For future research, we can work on category of
hyper pseudo MV -algebras, relation between this category and category of hyper
MYV -algebras, relation between hyper pseudo MV -algebras and hyper pseudo K-
algebras and fundamental relations on these structures.
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