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Abstract. In this paper, we prove that the reverse super edge-magic strength of some
different festoon trees.
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1. Introduction

Consider a family of finite number of stars. Arrange them in an array and join one
centre of a star to that of the next one. The tree so obtained is called a festoon
tree. In ([9]), we defined a reverse magic labeling of a graph G(V, F) as a bijection
f:VUE —{1,2,3,...,u + €} such that for all edges zy, f(zy) — {f(z) + f(y)}
are the same where v and € denote the order and size of the graph G. A graph
is said to be A reverse edge-magic labeling f is called reverse super edge-magic
it f(V) ={1,2,3,....,} and f(E) = {v+ L,v+2,v+3,...,v+¢€}. A graph
G is called reverse super edge-magic if there exists a reverse super edge-magic
labeling of G. In ([5]), Hugand introduced the concept of reverse super edge-magic
strength of a graph. A reverse edge-magic labeling of a graph G(V, E) is a bijection
f:VUE — {1,2,3,...,u+ €} such that for all edges zy, f(zy) — {f(z) + f(y)} is
a constant which is denoted by ¢(f). The reverse edge-magic strength of a graph
G,rsm(G), is defined as the minimum of all ¢(f) where the minimum is taken
over all reverse edge-magic labelings f of G. A reverse magic labeling of a graph
G(V, E) is called reverse super edge-magic labeling of G if f(V') = {1,2,...,v} and
f(E)={v+1Lv+2 .., v+¢€}
In ([5]), the following results have been proved.
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6. rsm(< Ky, :2>) =2n

7. tsm[(2n+ 1)Py) =n

Note 1. Let f be a reverse super edge-magic labeling of G with the constant
c(f). Then, adding all the constants obtained at each edge, we get

ec(f) =) fle)= Y dw)f(v)

eclk veV

In this paper, we determined the reverse super edge-magic strength of some dif-
ferent festoon trees.

2. Reverse super edge-magic strength of Festoon trees

In this paper, we obtain the reverse super edge-magic strength of festoon tree

T, n + « vertices of the stars Ky ,,n;, > 1, 1 <i < a, an =n.
i=1
e

Theorem 2.1. rsm(T,) =n+a—n; —n3 — ... —Ng_1 — 5 1.

Proof. We prove this theorem by assigning reverse super edge-magic labeling to
T,,a is even.

Let u; be the center and v; be the set of pendent vertices of i*" star. Each
v; has n; vertices, 2 = 1,2,...,a. Thus n; +nas+ng+---+n, =n, v =n+ a,
¢ = n+a—1. Then the following labeling f is a reverse super edge-magic labeling
of T,.

flu) = ny+ns+ nsplusng_1 + 1, i:172737"'7%

«
flugic1) = flug) +ng+ng+ng+---+ noy_o+1, i:1,2,3,...,§
fvaic) = {mi+ns+---+ngg+i,..,n +ng+---+ng_+i—1},

«
, =1.2.3, ..., —
Z ) ) ) 72
flva)) = {f(w) +no+ng+ ... +ngo+i, .., f(u)+ne+nyg

Foe g i — 1), ¢=1,2,3,...,%
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Figure 1:

This labeling of vertices gives f(z) + f(y) for all edges zy € E to vary from
f(ua) +2to f(ug)+n—+a. Thus, for each edge e = zy, if f(z)+ f(y) = f(ua)+1,
i = 2,3,...,n+ a, then f(e) = n+ a+i. By Note 1, if f is a reverse super
edge-magic labeling of T,, with constant ¢(f).

=D fle) =) dw)f(v)

(n+a=1)c(f)=>_f(e) { > f(v)+Zd(ui)f(ui>}

«

=Y fle) - { > F@)+ (4 1) f(w)

eckE i=1,veV;

+ (ne +2)f(ug) + ... + (Na—1 + 2) f(ta-1) + (na + 1)f(ua)}

:Zf(e)—{[ Z f(v)+f(U1)+f(u2)+~-+f(ua)]

eclr i=10eV;

() ) F () 4+ (a4 F o) +1af ()}

=> fle) { Z i+ n1[f (ua) + 1] 4 (ng + 1)(ng + 1)

+ (n3 + 1)[f(ua) +no + 2] + (ng + 1)[ng + n3 + 2]

oot (Ra2+ D[ +ng+ ...+ ng- 3+(§—1)}
+(na_1+1)[f(ua)+n2+n4+...+na_2+§}
—|—na[n1+n3+...+na_1—l—%]}
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(mn+a—-1Dn+a+1+2n+2a—1]

2
_{(n+a—21)(n+a)+f(ua)[n1+n3—l—...+na_1+a7_2]
+n1 4 (n2 + 1) (01 + 1) + (ng + 1)(n2 + 2) + (ng + 1)(ny + ng + 2)

«
—I—(n5—|—1)(n2—|—n4—|—3)—|—...+(na_2+1)[n1+n3+...—|—na_3—|—(5—1)]

0 (6%
+(na_1+1)[n2+n4+...+na_2+§}+na[n1+n3+...+na_1+§]}
(n+a—-1)[3Bn+3a] (m+ta-1)(n+a)

2 2
_{(nl—i—ng—i—...—i—na1+%)(n1+n3+...+na1+a;2)
+n1 4+ (n3+1)(ne +2)+ (ns + 1) (ng +ns +3) + ...
+(na_1+1)[n2+n4+...+na_2+%}
+ e+ D(m+1)+(ny+1D(ni+n3+2)+...

+(na_2+1)[n1+n3—|—...+na_3+(%—1)]

«
—I—na[nl—l—ng—i—...—i-na_l—i——}}

2
o a—2
= (n+a—1)[n+a]—{(n1—|—n3 + ...+ Ng_1+ 5) (n1+n3 + ...+ Ng_1 T+ T)
+ni(ni4+ng+ns+...+n) +nz(ng+ne+ns+...4+n,)+...

« « (0%
+§(n1+n2+n3+...+na)+(§+§—1)(n1+n3—|—...+na_1)

+ @3+ D) F (128 + D 1))

=(n+a-1)n+a
[0
_{(n1+n3+...+na_1+§)(n1+n3+...+na_1+a—1)

T VRS- IR LAk
:(n+a—1)[n+a]—{(n1+n3+...+na_1+%)—|—(n+a—1)}

(n+a—1c(f)=n+a—1)(n+a)
—{(n1+n3+...+na_1+g)+(n+a—1)}

2
Q@
c(f):n+a—(n1+n3+...+na—1+§)
o
.'.Tsm(Ta):n+a—(n1+n3+...+na_1+—) .

2
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Note 2. rsm(T,) can be increased if the number of vertices in a star at any odd
position is less that the no. of vertices in a star at any even position.

For example, we have rsm(7Ts) = 17 in Fig. 2.

: » 2 u 5 3 5 i 2 a 9
5

2 2y w o » M5 g

i 4§ & %45 4 7 B o 27 % %

Figure 2: a =6, n1 =1, no =4, ng =2, ngy =5, nsg =3, ng =6, rsm(Ts) = 17

Note 3. rsm(T,) can also be reduced if the number of vertices in the star at
any odd position is greater than the number of vertices in the star at any even

position. For example, we have rsm(Ts) = 8 in Fig. 3
18 5 u o M 11 - 18
% W e 5/,
b3
. 12
34 T & * i

Figure 3: a =6, ny =4, no =1, ng =5, ng =2, ny =6, ng =3, rsm(Ts) = 8

b |

3
Theorem 2.2. rsm(T,) =n+a—ng—ng — ... —Ng_1 — (oz—2|— )

Proof. We prove this theorem by assigning reverse super edge-magic labeling to
T,,a is odd.
Let u; be the center and v; be the set of pendent vertices of the ¥ star.
Each v; has n; vertices, 1 = 1,2, ..., «. Thus

n+ne+ng+---+ng=n, v=n+a, e=n+a—1.

Then, the following labeling f is a reverse super edge-magic labeling of T,.
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flur) =1
flug) = flua)+ny4ns+mns+ -+ ng_y + 1, z=1,2,3,...<0‘;1>
flugioy) = flur) +ng+ng+ng+--+ngo+i—1, z‘:2,3,...<a;1)
fvoic1) = {f(ua)+n1+ng+--4+ng3+i,..,
Flua) £m 4 ng 4o tng g tio1y,  i—1,23 ., %1
flva) = {f(u) +ne+ng+---+ngo+i,..,
Flur) +no +ng + - 4 gy +1i — 13, i:1,2,3,...,0‘;1

This labeling of vertices gives f(z) + f(y) for all edges zy € E to vary from
flua) +2to f(us) +mn+a. Thus for each edge e = zy if f(x)+ f(y) = f(ua) +1,
i=2,3,...,n+«athen fle)=n+a—1.

For example, the reverse super edge-magic labeling of T,,, &« = 7 is shown in

Fig. 4.
i 2 4% [ o 61 1
£ ' %
4 . 51 s
&
2 $ % 6 67 FXHTD NEAME AR

Figure 4: a=7, n1=1, ny = 2, n3=3, ny=>5, nz=6, ng=>5, rsm(77)=16

By Note 1, if f is a reverse super edge-magic labeling of T,, with constant c(f).

SN

ecE

m+a—1)c Zf

ecE

=> fle)—

eeE

> dv)f(v)

{ EZ S 2: <>ﬂma}
Z F0) + (n + 1) f(ua) + (na +2) f(ua) + ...

-+mw4+2vuw4»+ma+mfwa}

=> fle)

eckE

[ £+ )+ Fus) +

-+ f(ua)]

i=1veV;

+nif(ur) + (ne+ 1) f(uz) + -+ (na—1 + 1) f(ta—1) + naf(ua)}
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n+a—1

=A@ = { Y i)+ DI () a1

+ (n3 + 1)[f(ua) + ng + 1]
+ (na + 1)[f(ua) +n1 +n3+ 2]+ (ns + 1)[f(ur) +no+ng + 2]+ - -

+ (a1 + 1) [f(ua) + 01+ 13+ .+ 100 + (agl)]

a—1
+na[f(u1) +no+ng+ ...+ N1 + ]}

2
n+a—1)(n+a a—3
:Zf(e)—{( 2)( ) ()[n1+n3+...+na+T}
eckE
a—1
+ flua)[n2 +no+ ...+ nat + 5 ]
+ (ne +1)(n1 4+ 1) + (ng+ 1)(n2 + 1)
+(na+1)(ng+n3+2)+ (ns+ 1) (ng+ns+2)+ ...
a—1
+ (Mao1 + 1) [ +n3 4 ...+ naes + ( 5 )]
a—1
+na[n2+n4+...+na,1+T]}
={n+a+)+(n+a+2)+...+(2n+2a—1)}
n—l—a—l )(n+ «) (v —3)
{ + (m+ns+...+n.+ 5 )
a+1 a—1
+(n2—|—n4+ Anaa o) (neF et e+ =)
+ e+ 1)(n+1)+ (ny+1)(ny +n3 +2) +
a—1
+ (Na—1 + 1) [n1+n3+ ...+ ng_s + 5 ]
+(ns+1)(no+1)+(ns+1)(ne+ng+2)+ ...
(a—1)
+na[n2+n4+...+na_1+ 5 ]}
—1
zn++[n+a+1+2n+2a—1]
+a—1)(n+ -3
B (GAE CR A B et
+(matng+...+na1)no+ng+...+n41+ )
a+1, a—1 a—1
+ ( )( )+ ( Y +ns+ ..+ na
2 2 2
a—1 a—3
F(I42434 )+ (12434 + — )}
n+a-—1 a—3
:T[Sn—l—?)a—n—a]—{(n1+n3—|—...—|—na+( 5 ))
+1 +1 -1
—|—(n2—|—n4—|——I—na,l)(n—i-a)—i—(a—)(n—i—a)—i-(az )(a2 )
a+1 a—lylatl a=3\(a=1
o)+ () B
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:%‘H[gn+2a]—{(nl+n3+...+na+(Q;S))
+(ny+ng+ ... +nq_1)(n+a)
T el S e ()
:(n+a)[n+a—1—n2—n4—...—na_1—ag—l]
_{(n1+n3+...+na+(a;3))+
+%[2a2—2—40z2+4a2+a2—1+0z2—404—1—3]}
:(n—{—a)[n+a—1—ng—n4—...—na_1—a;—l
_ [n1+n3+...+na+<a;3)]
:(n—|—a—1)[n—|—a—1—n2—n4—---—”a—1_(a—;l)]
+[n+a—1—n2—n4—...—na_1—(a—;l)}
_ [n1+n3+...+na+<a;3)]
(0= Delf) = (nta=Dn+a—1—m—n ==y = ()]
c(f):n+a—n2—n4—...—na_1—(a_2|_3)
rsm[Ta]:n+oz—n2—n4—...—na1—(a;3) .

Note 4. rsm(T,) is odd, will also be increased if the number of vertices in the
star at any even position is less than the number of vertices in the star at any odd
position as shown in Fig. 5.

.. »
M

57
121 14

Figure 5: a=7, n1=4, ny=1, n3=>5, ny=2, ns=>5, ng=3, ny=>6, rsm(T7)=22
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Note 5. rsm(T,) is odd, will also be decreased if the number of vertices in the
star at any even position is greater than the number of vertices in the star at any
odd position as shown in Fig. 6.

1 a 4 2 gy @ B 1B
H
4 51 |52 5
e o s LAgAn
agld
% 25 15 7 R i 47 R

Figure 6: a=7, n1=1, ny=4, n3=2, ny=>5, ns=3, ng=>, n;=6, rsm(Ts)=14

3. Observation

Theorem 3.1. rsm ((Ky1, K12, K1,)) =1 —2.

Proof. This is obtained by joining centres u,v,w of K; i, K2, and K;, to a
new X. The pendent vertex of the star K ; is denoted by w;; the pendent
vertices of K o are denoted by v;, v2 and the pendent vertices of K, are denoted
by w;y,ws, ..., w,. The reverse super edge-magic labeling f of the graph is given
below: f(ur) = 1, f(v) =2, fwn) =3, f(w) =4, f(u) =5, f(vr) =6, f(x) =T,
flve) =8 and f(w;)) =i+ 7,i=2,3,4,...,r, flwuuy) =r+8, f(ww) =r+9,
flovy) =r+10, f(zv) =r+11, f(vvy) =r+12, f(zw) = r+13, f(zu) = r+ 14,
flww;) = f(w,) +3r +1414, ¢ = 2,3,4,... Thus, f(zu) — {f(z) + f(u)} =
r+14—{7+5}=r+2. .

This observation is illustrated in Fig. 7 for r = 4.

ol

Figure 7:
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