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Abstract. In this paper, we present a new iterative algorithm for finding a common
element of the set of fixed points of a nonexpansive mapping and the set of solutions
of an equilibrium problem, and we prove the strong convergence theorems in Hilbert
spaces. We also apply our results to the convex minimization and variational inequality
problems. Our results extend and improve some recent results of Cai, Tang and Liu
[Cai, Y., Tang, Y. and Liu, L.: Iterative algorithms for minimum-norm fized point of
nonexpansive mapping in Hilbert space. Fixed Point Theory Appl., 2012:49 (2012)] and
others.

1. Introduction

Let C' be a nonempty closed convex subset of a real Hilbert space H. A mapping
T :C — C is called nonexpansive if ||Tz — Ty|| < ||z — y|| for all z,y € C. The
set of fixed points of T is denoted by Fix(T). It is well known that Fix(T') is
closed and convex. Halpern [1] introduced an iterative method for approximation
of fixed points of a nonexpansive mapping as follows: v € C, x; € C and

Tpp1 = apu+ (1 — ay) Ty,
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where {a,} is a sequence in [0,1]. Wittmann [2] proved that {z,} converges
strongly to Ppixryu if {a,,} satisfies the conditions:

nlLHoloan = O,Zozn = oo and Z |1 — o] < 00,
n=1 n=1

where Ppix(r) is the metric projection onto Fix(7"). Especially, letting 0 = u € C,

we see that the sequence {z,} converges strongly to Prixr0, i.e., the minimum-

norm fixed point of T'. Cai, Tang and Liu [3] presented an iterative method for

finding the minimum-norm fixed point of 7.

Let f be a bifunction from C' x C to R, where R is the set of real numbers.
The equilibrium problem for f is to find T € C such that f(Z,y) > 0for ally € C.
The set of such solutions is denoted by EP(f). Numerous problems in physics,
optimization and economics can be reduced to find a solution of the equilibrium
problem (for instance, see [4]). For solving equilibrium problem, we assume that
the bifunction f satisfies the following conditions:

(Al) f(xz,x) =0 for all x € C;
(A2) f is monotone, i.e., f(z,y) + f(y,z) <0 for all z,y € C,

(A3) For every z,y,z € C, limsup f(tz + (1 —t)z,y) < f(z,y);
t10

(A4) f(x,-) is convex and lower semicontinuous for each x € C.

Some methods have been proposed to solve the equilibrium problem (see [4]-[12],
115).

The methods for finding a common element of the set of fixed points of a
nonexpansive mapping and the set of solutions of an equilibrium problem have
received much attention in recent years. Tada and Takahashi [5] introduced an
iterative scheme as follows.

( ro=x € H,
u, € C,

1
such that f(un,y) + —(y — Up, Uy, — x,) > 0 for all y € C,
T

n

wn = (1 — o)y + a0y Tuy,
Cpn={z€ H : [|w, — 2|| < ||zn — 2|},
D,={z€H:{x,—zx—1z,) >0}

Tnt1 = Pcann(%),
\

where {a,} C [a, 1] for some a € (0,1) and {r,} C (0, 00) satisfies lim inf r,, > 0.

n—oo

They proved that the sequence {x,} converges to Prixrnep(s)e. Takahashi and
Takahashi [6] obtained the following iterative scheme
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( r1 € H,
u, € C,

1
such that f(un,y) + —(y — Up, uy, — x,) > 0 for all y € C,
r

n

\ Tnt1 = ang(xn) + (1 - Oén)TU,n,

where g is a contraction on H. Under appropriate conditions they showed that
the sequence {x,} converges strongly to an element of the set Fix(7') N EP(f).

Motivated by the above results, in this paper, we present a new iterative
algorithm for finding a common element of the set of fixed points of a nonexpansive
mapping and the set of solutions of an equilibrium problem, and prove the strong
convergence theorems in Hilbert spaces. Finally, we give the applications to the
convex minimization and variational inequality problems. Our results extend and
improve some recent results of Cai, Tang and Liu [3] and others.

2. Preliminaries

Throughout this paper, let H be a real Hilbert space with inner product (-,-)
and norm || - ||, and let C' be a nonempty closed convex subset of H. We write
x, — z to indicate that the sequence {z,} converges strongly to z. Similarly,
the notation x,, — = means weak convergence. It is well known that H satisfies
Opial’s condition, that is, for any sequence {z,} C H with z,, — x, we have

(2.1) liminf ||z, — z|| < liminf ||z, — y|| for all y # x.
For any x € H, there exists a unique point Pox € C such that
|z — Poz|| < ||z —y||, forall y € C.

P¢ is called the metric projection of H onto C. Note that Pc is a nonexpansive
mapping of H onto C. For x € H and z € C, we have

(2.2) z2=Pex <= (z —y,x — z) >0 for every y € C.

We need the following lemmas.

Lemma 2.1. [4] Let C be a nonempty closed convex subset of H, and let f be
a bifunction from C' x C' to R satisfying (A1) — (A4). If r > 0 and x € H, then
there exists z € C' such that

1
f(z,y)#—;(y—z,z—a:) >0 for ally € C.
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Lemma 2.2. [11] Let C be a nonempty closed convex subset of H, and let f be a
bifunction from C x C to R satisfying (A1) — (A4). Forr > 0, define a mapping
T, : H — 2° as follows:

1
T.(x) ={z€C: f(zv) —|—;(y—z,z—x> >0 for ally € C}.
Then the following hold:
(i) T, is single-valued;

(ii) T, is firmly nonexpansive, i.e., for any x,y € H,

<$ - y:Trx - Try> 2 HTrx - Try“2;

(i) Fix(T;) = EP(f);
(iv) EP(f) is closed and conver.

Lemma 2.3. [12] Suppose that (A1) — (A4) hold. If x,y € H and ri,m3 > 0,

then

Ir: —nl,

| Ty — Tzl < |ly — || + Ty —yll.

Lemma 2.4. [13] Let {z,} and {y,} be bounded sequences in a Banach space X
and let {5,} be a sequence in [0, 1] with

0 < liminf 8, < limsup G, < 1.

n—oo

Suppose x, 11 = (1 — Bn)xn + Buyn for all integers n > 1 and

Hm sup(||Yns1 — Ynll — [[Tng1 — znl]) < 0.
Then
lim [y, — || = 0.

The following lemma is an immediate consequence of the inner product on H.
Lemma 2.5. For all x,y € H, the inequality ||z +y||* < ||x||*> + 2{y, z +y) holds.

Lemma 2.6. [14] Let {a,} be a sequence of nonnegative real numbers satisfying
a1 < (1 — ayp)a, + anf,, where

(i) {an} C(0,1), i1 ay, = 00;

(ii) limsup 5, <0.

n—oo

Then lim a, = 0.
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3. Strong convergence theorems

In this section, we introduce a new iterative algorithm for finding a common
element of the set of fixed points of a nonexpansive mapping and the set of solu-
tions of an equilibrium problem, and we prove the strong convergence theorems
in Hilbert spaces.

Theorem 3.1. Let C' be a nonempty closed convexr subset of a real Hilbert space
H, and let f be a bifunction from C x C to R satisfying (A1) — (A4). Suppose
that T : C' — C' is a nonexpansive mapping such that Fix(T) N EP(f) # 0. For
A€ (0,1) andw € C, let {x,} and {u,} be sequences generated by

(x1 € C' chosen arbitrarily,

u, € C,

3.1 1
(3:1) such that f(u,,y) + —(y — tn, Uy — ) >0 for ally € C,

n

L T = (1 — @) [ATup, + (1 — Nay] + apw,

where the sequences {a,} C (0,1) and {r,} C (0,00) satisfy the following condi-
tions:

(1) lim o, =0 and > a, = oo;

n—00 n—1

(2) liminfr, > 0 and lim |r,1 — 7, =0.

n—oo

Then the sequence {x,} converges strongly to Ppix(r)nep(f)w-

Proof. Note that Fix(7) N EP(f) is a closed convex subset of H since Fix(T")
and EP(f) are closed and convex. For simplicity, we write 2 := Fix(T) N EP(f).
From Lemmas 2.1 and 2.2, we have u,, = T, x,, and for any z € (2,

(32) ||un - Z|| = ||T7’nl’n - Trnz

| < [l — 2.
It follows that
|Tne1 — 2] = (1 — an)[ATup, + (1 — N)ay,] + apw — 2||
< (1= an)[ATun + (1 = Nzn — 2 + anflw — 2|
< (1= an)AMTun — 2l + (1 = MJan = 2[]] + anllw — 2|

(33) (1 = ) Mltm = 2l + (1 = llza — 2/ + anllo — 2|

A

< (1= an)llan — 2] + @l — 2|

< max {||zn — 2|, lw — 2|} .
From a simple inductive process, we get
[2n41 — 2] < max {||z1 — 2|, lw — 2|},

which yields that {x,} is bounded. So is the sequence {u,}.
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Setting
(1= ) ANTuy + apw
Yn = an+ (1 —a)A 7’
one has
||yn+1 - yn||

H (1 — apy1) ) ANTupy1 + appiw (1 — o) ATuy, + apw
ani1 + (1 — apgp)A api1 + (1 — apyp)A

(1 —ap)ATu, + apw (1 — ) ANTuy, + apw H

i1+ (1= i) o+ (1 —an))
< H (i1 — ap)w + (1 — 1) ATup1 — (1 — an)ANTuy,
- Qpp1 + (1 — ang1)A
1 1
+‘ — ‘ 1 — ap)NTu, + apw
a1+ (1 —anp) A an + (1 —ap)A ”( ) H
1

apy1 + (1 — apyp)A [”(O‘nﬂ - Oén)wH

_|_||(1 — an+1))\Tun+1 - (1 - an))‘Tunm

1 1
"“Oén_H + (1 — an—i—l))\ - a, + (1 —_ an))\‘ . ||(1 — Ozn))\Tun—i—aan
1

Qpyq + (1 — an+1>/\ |:H(Oén+1 - Oén>u)H

/(1 = ans1) AT U1 — (1 = g ) AT |
—|—||(1 — app1) AT, — (1 — an))\Tunm
1 1

] \‘
Q1+ (L= i) ap + (1 —ap)A I

1
Qi1+ (1 — apgr)A [H(&nﬂ B ozn)wH +(1- a”“))‘Hunﬂ - U”H

1 — ap)A\Tu, + aan

Flanss = an| M| Tun]

1 1
+| -
i1+ (1= aps) A a4+ (1 —ap)A

‘ . ||(1 — ay) ATy, + aan.

Since liminfr, > 0, without loss of generality, we may assume that there exists

n—oo

a real number ¢ such that r, > ¢ > 0 for all n > 1. According to Lemma 2.3, it
follows that
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[9nt1 = Ynll
1
T a1 + (1 —ape)A

[[|[(ns1 — aw)w]| + [(1 = ang)A + Qga]|[ g1 — wnl|

Flanss = an|A|Tun]]

1 1
- Opt1 + (1 - an+l))\ B Oy + (1 — Oén))\’ ‘ H an)ATun + aan
1

T a1 (1= )X [”(anﬂ - an)wH +[(1 =) A + an+1]<H$n+1 - an

+ ’rn+1 - Tn‘ ”

— l[uns1 = zan]]) + lanss — anlA||Tun]

an)ATu, + aan

1 1
g1 + (I = apgr)A o+ (1— ozn))\‘ . H

1
Opy1 + (1 — an+1)>\ Hl(anJrl - Oén)wH

< |wni1 — || +

n —Tn
+[<1 - OénJrl))‘ =+ anJrl] | + ‘ ||un+1 - anrlH + |&n+1 - Oén|>‘HTunm
4 ! - ] 10 - a7, + 0],
a1+ (1 —api)A a+ (1 —a,
Therefore, we get
Hm sup([|yn1 — ynll = lznsa — zal) <0
It follows from Lemma 2.4 that lim ||y, — z,|| = 0. Thus,
(3.4) lim ||z, — x,|| = lim [a, + (1 — an)A]||yn — || = 0.

For any 2z € 2, we have

Hun - 2||2 = T, 20 — Trnz||2
S < Zaun_z>
1 2 2 2
= ) [”xn - ZH + Hun - ZH - ”xn _UNH ] )

which yields
(3.5) lun = 201 < llzn = 2l = ll2n — uall*.

By (3.1), one has
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1 — 21" = |

1 — ) MNTup + (1 — Nz, + apw — 2|

(
(1 — ap) ATy + (1 — Ny — 2] + an(w — 2)|?

< (1= an)[IATun + (1= N — 2[* + anlw — 2]

< (1= an)[IA(Tun = 2) + (1 = M (@n = 2) | + anlw — 2|
< (1= an)Mun — 21" + (1 = Nl — 2[°] + anlw — 2])*
< (1= aw)Aln = 217 = Mza — al* + (1 = N[l — 2]

+ aplw — 2|
< lzw = 217 = (1 = an)Mlzn — ual® + anlw — 2%,
which implies
(1 = )Mz = unl* < flon = 27 = zns1 — 2[* + anllw — 2|
<z = znpall(lon = 2l + lZns1 — 2[1) + anlw — 2|

Consequently, equality (3.4) and lim «,, = 0 imply

(3.6) nh_)rglo |xn — un|| = 0.
Observe that
[0 — Tz |
< #n = 2nall + 20y — T
< zn = zpll + (1 = an)[ATup + (1 = A)zn] + anw — Ty |
< |lzp — zps1|| + (1 — o) [ATup + (1 = Ny — Ty + ap(w — Ty ||
< [Jan = zpaall + [[(1 = an) [MTup — Tan) + (1 = A) (20 — Tzy)]
+ ap(w—Tz,)||
< #n = znll + (1 = an) Alun — @]l + (1 = an) (1 = AlJan — Tas|
+ ap||w — Tz,
which deduces
[1—= (1= o)1 = N[z — Tz
< lon = zpaall + (1 = an) Alun = 2ol + on[|w = Tz, ||

It follows from (3.4), (3.6) and lim «,, = 0 that

n—oo

(3.7) lim ||z, — Tx,| = 0.
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We shall prove that

lim sup(w — zg, z, — z0) <0,

n—oo
where 2y = Pow. In order to show this inequality, we can choose a subsequence

{zn,} of {x,} such that

(3.8) lim sup(w — 2q, T, — 20) = lim (w — 20, p, — 20)-

n—oo =00

Based on the boundedness of {z,,}, without loss of generality, we assume that
x,, — p. Now we show that p € Q. As {z,} C C and C is a closed convex set,
one has p € C. We firstly prove that p € EP(f). According to (3.1), we have

f(un,y) + %(y — Up, Up, — T,) > 0 for all y € C.
The monotonicity of f yields
Ti@ st — 2n) > f(y, ) for all y € C.
Replacing n by n;, we obtain
(Y — Up,, U"T;gjn> > f(y,uy,) for all y € C.

ng

It follows from (3.6) and (A4) that
fly,p) <0 forall y € C.

For0<t<1,y€C, sety, =ty+ (1—1t)p. Then y, € C and f(y;, p) < 0. Hence

0= f(ye,y:) < tf(ye,y) + (1 =) f(yr,p) <tf(ys, ).

Dividing by ¢, we see that

f(ye,y) > 0.

Letting ¢ | 0, we get
f(p,y) >0forally e C.

That is, p € EP(f).
Now we prove that p € Fix(7T"). Otherwise, assume that p ¢ Fix(7T), that is,
p # Tp. The Opial’s condition and (3.7) imply
liminf ||z, — p|| < liminf ||z,, — Tp||
= liminf ||z,, — Tx,, + Tx,, — Tp||

= liminf ||Tz,, — Tp||

< liminf ||z,, — p||.
1—00
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This is a contradiction. Thus p € Fix(T). By (3.8) and the property of metric
projection, we have

lim sup(w — 2o, T, — 20) = lim (w — 20, Tn, — 20)
(3.9) n—00 e
= (w —20,p — 20) < 0.
Using (3.1) again, we obtain
[2ns1 = 20l* = [[(1 = @) [ATun + (1 = A2 — 20] + an(w — 20) ||
< (1= ) [MTun = 20) + (1 = A)(@n = 20)|I”
+ 2{an(w = 20), Tnt1 — 20)
< (1= ap)l|@n — 20* + 200 (W — 20, Tny1 — 20)-

It follows from (3.9) and Lemma 2.6 that {z,,} converges strongly to zo. .

Remark 1. The iterative algorithm in Theorem 3.1 weakens the conditions in
Theorem 3.1 of Wang et al. [15] and Theorem 3.2 of Takahashi and Takahashi [6]
in the following aspects:

o0
(i) the condition > |an41 — ay| < oo is removed;
n=1

o
(ii) the condition ) |rp4+1 — 7| < 00 is weakened by the condition
n=1

lim |r,11 —ry| =0.
n—oo

We immediately obtain the following corollaries by Theorem 3.1.

Corollary 3.2. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Suppose that T : C — C' is a nonexpansive mapping such that Fix(T) # (.
For A€ (0,1) and w € C, let {x,} be a sequence generated by

x1 € C chosen arbitrarily,
(3.10)

Tpr1 = (1 —an) ATz, + (1 — Nzp] + apw,
where the sequence {a,,} C (0,1) satisfies the following conditions:

(1) lim o, =0;

(2) > a, = .
n=1

Then the sequence {x,} converges strongly to Ppixr)w.
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Proof. Letting f(z,y) =0 for all ,y € C and 7, = 1 in Theorem 3.1, we obtain
the desired result. .

Remark 2. Corollary 3.2 includes, as a special case, Theorem 3.2 of Cai, Tang
and Liu [3].

Corollary 3.3. Let C' be a nonempty closed convex subset of a real Hilbert space
H, and let f be a bifunction from C x C to R satisfying (A1) — (A4) such that
EP(f)#0. For A € (0,1) andw € C, let {x,} and {u,} be sequences generated by

x1 € C chosen arbitrarily,

1
(3.11) un € O, such that f(un,y) + —{(y — Up, up — ) >0 for ally € C,
T'n
Tnt1 = (1 — o) [Aun + (1 = N)zy] + anw,

where the sequences {ay,} C (0,1) and {r,} C (0,00) satisfy the following condi-
tions:

(1) lim o, =0 and > a, = oo;

n—00 n—1

(2) liminfr, > 0 and lim |r,1 — 7, =0.

n—oo

Then the sequence {x,} converges strongly to Pgp(fw.

Proof. Putting 7" = I in Theorem 3.1, we get the result. n

4. Applications

In this section, we apply the results in the preceding section to convex minimiza-
tion problem and variational inequality problem.
Now, we consider the convex minimization problem

{ min ¢(z)

4.1
(4.1) x e,

where ¢(z) is a proper lower semicontinuous convex function of H into (—oo, +o00]
such that C'is included in dom¢ = {z € H : ¢(z) < +00}. We denote by Sol(¢, C')
the set of solutions of (4.1). Let f: C' x C'— R be a bifunction defined by

flx,y) = é(y) — o(x).

It is clear that f(x,y) satisfies (A1) — (A4) and EP(f) = Sol(¢,C). Therefore

the following result is obtained.
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Theorem 4.1. Let ¢(x) be a proper lower semicontinuous convex function of
H into (—o0,+00] and C' a nonempty closed convex subset of H such that C' is
included in dom¢. Suppose that Sol(¢p,C) # 0. For A € (0,1) and w € C, let

{z,} and {u,} be sequences generated by
x1 € C chosen arbitrarily,
: 1 2
(4.2) tn = argmin{@(y) + 5 = lly =z},
Tor1 = (1 — ap)[Muy, + (1= N)ay] + apw,

where the sequences {a,} C (0,1) and {r,} C (0,00) satisfy the following condi-
tions:

(1) lim o, =0 and > a, = oo,
n—oo n=1

(2) liminfr, >0 and lim |r,41 —r,| = 0.

n—oo

Then the sequence {x,} converges strongly to an element of Sol(¢, C).

Proof. Letting f(x,y) = ¢(y) — ¢(z) in Corollary 3.3, we get the conclusion. m

Next, we study the variational inequality problem. Let A : C — C be a
mapping. The variational inequality problem for A is to find z € C such that

(4.3) (Az,y—2) >0, forally € C.

The set of its solutions is denoted by VI(C, A). For A > 0, it is easy to see that a
point z is a solution of variational inequality (4.3) if and only if
z € Fix(Po(I — AA)). Given a positive constant «, a mapping A : ¢ — C'is
said to be a—inverse strongly monotone if

(x —y, Az — Ay) > af|Az — Ay||* for all z,y € C.

Let A: C' — C be a—inverse strongly monotone and 0 < A < 2a. Then mapping
I — A\A is nonexpansive (see [16]). Using Corollary 3.2, we obtain the strong
convergence theorem for variational inequality problem.

Theorem 4.2. Let C' be a nonempty closed convexr subset of a real Hilbert space
H, and let A : C' — C be an a—inverse strongly monotone mapping with o > 0.
Suppose that VI(C, A) # 0. For A € (0,1) with A <2« and w € C, let {x,} be a

sequence generated by

x1 € C chosen arbitrarily,
(4.4)

i1 = (1 — apn)[APe(I — M)z, + (1 — Nz,] + anw,

where the sequence {a,} C (0,1) satisfies the following conditions:
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(1) lim o, =0;

n—od

(2) §1 Q= 00.

Then the sequence {x,} converges strongly to an element of VI(C, A).

Proof. Since 0 < A < 2, the mapping I — A A is nonexpansive. So is Po(I —\A).

Corollary 3.2 yields the result. .
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