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1. Introduction

One of the cornerstones of analysis is the Hadamard inequality, if [a,b] (a < b)
is a real interval and f : [a,b] — R a convex function, then

(1.1) f(a;b)Sbia/abf(l,)dng(a);f(b)

Over the last decade this has been extended in a number of ways. An important
question is the estimating the difference between the middle and rightmost term
in the (1.1). The following identity is a useful building block.
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For several results which generalize, improve and extend the inequalities (1.1),
we refer the interested reader to [1,2], [10-16].

We recall that the notion of quasi-convex functions generalized the notion of
convex functions. More precisely, a function f : [a,b] — R is said to be quasi-
convex on [a, b] if

fQz+ (1 =Ny) <max{f(z),f(y)}, Va,y€]lab].

Any convex function is a quasi-convex function but the reverse are not true,
because there exist quasi-convex functions which are not convex, (see, e.g., [2]).

Recently, D.A. Ion [3] obtained two inequalities of the right hand side of
Hermite-Hadamard’s type functions whose derivatives in absolute values are quasi-
convex functions, as follows:

Theorem 1. Let f : I° C R — R be a differentiable function on I°, a,b € I°,
with a < b, and, if |f'| is quasi-convex on [a, b], then the following inequality holds:

b
MO IO L gl < S5 mas 15 @17 0]

Theorem 2. Let f: I° C R — R be a differentiable function on I°, a,b € I°,
with a < b, and, if |f’]p/(p_1) is quasi-convex on [a, b], then the following inequality

holds:

b
OE UM / f(x)da
- ﬁ (maX {| f,(a>|p/(p—1>+,f/(b)|p/<p—1>}>

(»—1)/p

Alomari, Darus and Dragomir in [4] introduced the following theorems for
twice differentiable quasi-convex functions:

Theorem 3. Let f : I° C R — R be a twice differentiable function on I°,
a,b € I° with a < b, and, if |f"| is quasi-convex on [a,b], then the following
inequality holds:

TP IO L [ pwas] < S was 17 @15 0]

Theorem 4. Let f : I C R — R be a twice differentiable function on I°
a,b € I° with a < b, and, if |f”|p/(p_1) is quasi-convex on [a, b, then the following
inequality holds:
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2

(b—a)2 ﬁ Y F(l—i—p) v 7 q " a\\1/4
< 3 (7> <m> (max{]f (@)[" + [f" ()] }) :

f@) i) 1
s [ 1@

Theorem 5. Let f : I C R — R be a twice differentiable function on I°
a,b € I° with a < b, and, if |f"|* is quasi-convex on [a,b], ¢ > 1, then the
following inequality holds:

f(a);f(b)—bia/f(l')dx < (b;2a> (maX{’fﬂ(&)r],|f//(b)‘q})1/q.

This paper is in the direction of the results discussed in [5] but here we use
¢-convex, log ¢-convex and quasi-¢-convex functions instead of s-convex function.
After this introduction, in section 2 we found some new integral inequalities of
the type of Hermite Hadamard’s for generalized convex functions.

2. Main results

To establish our principal results, we first obtain the following definitions.

Let K be a closed set R" and let f,¢ : K — Rand ¢ : K x K — R be
continuous functions . we recall the following results, which are due to Noor [6],
[7], Noor [8], [9] as follows:

Definition 2.1. Let x € K. Then the set K is said to be ¢-convex at z with
respect to ¢, if

r+ X (y—x) € K, Yo,y K, A€ [0,1].

Observation 2.2. We would like to mention that the Definition 2.1 of a ¢-convex
set has a clear geometric interpretation. This definition essentially says that there
is a path starting from a point z which is contained in K. We don’t require that
the point y should be one of the end points of the path. This observation plays
an important role in our analysis. Note that, if we demand that y should be an
end point of the path for every pair of points, z,y € K, then € (y —x) =y —x
if and only if ¢ = 0, and consequently ¢—convexity reduces to convexity. Thus,
it is true that every convex set is also an ¢—convex set, but the converse is not
necessarily true.

Definition 2.3. The function f on the ¢—convex set Kis said to be ¢-convex
with respect to ¢, if

flz+Xe(y—2) <+Q—=Nf(2)+Af(y), Yo,y € K, A€ [0,1].
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The function f is said to be ¢-concave if and only if — f is ¢-convex.

It is to be noted that every convex function is ¢-convex function, but the
converse is not true.

Definition 2.4. The function f on the quasi ¢p—convex set Kis said to be quasi
¢-convex with respect to ¢, if

fz+ 2 (y—z)) <max{f(z),f(y)}.

Definition 2.5. The function f on the quasi ¢—convex set Kis said to be loga-
rithmic ¢-convex with respect to ¢, if

Fla+re(y—2) <(f @) (f@), zye K, Ael0,1],
where f(-) >0

From the above definitions, we have

(F (@) (F )
(=) f (@) + A (1)
max {f (v), f (1)}

Lemma 2.6. Suppose [ : K = [a,a+ ¢ (b—a)] — (0,00) be a ¢-convex func-
tion on the interval of real numbers K° (the interior of K) and a,b € K° with
a<a+e?(b—a)and0 < ¢ < 5+ Then the following inequality holds:

f (a: + Xt (y — a:))

VARVANIVAY

. a+e'®(b—a) ;
[@tf(ate *(b—a) _ s [ fla)de - M [f' (a+ € (b—a)) — f(a)]

a

L) (1) (26— D (a4 v (b — a) dv)

0

A simple proof of this inequality can be done by integrating by parts on the
right hand side. The details are left to the interested reader. The next theorem
gives a new result of the Hermite-Hadamard inequality for¢—convex function.

Theorem 2.7. Let K C R be an open interval, a,a + ¢ (b—a) € K with
a < a+e?(b—a). Suppose f : K = [a,a+¢€?(b—a)] — (0,00) be a three
times differentiable mapping such that f" is integrable and 0 < ¢ < Z. If | f"| is
¢-conver function on [a, a+ e (b— a)], then following inequality holds:

fla)£f(ate’® (b—a)) | eree-a) 20a) [ g )
2 ~ W (b=a) [ fl)de - =5 Lf' (a+ € (b—a)) — f'(a)]

< o) e (|7 (@), 1 ()]}
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Proof. From Lemma 2.6 and using the ¢-convexity of ||, we get

_ a+e'®(b—a)
a atei®(b—a e'®(b—a 7
F@)+i( ; b b [ f(a)de — LD [f (ate (b—a)) — ' (a)]

< ( d>(b a) ( w—1)|fm(a+1/1€i¢(b—a)d¢)

< ) fw (=) |20 — DI (1= &) |/ (@)] + | (B)]] di

S %W”’( )|+ [ O],

which completes the proof. .

Observation 2.8. If we take ¢ (b — a) = b — a in Theorem 2.7, then inequality
reduces to the [Corollary 3.1.1(2), 5].

Theorem 2.9. Suppose f : K = [a,a+ ¢ (b—a)] — (0,00) be a three times

differentiable mapping on K° and ™ is integrable on [a, a+e?(b— a)} . Assume

p € Rwithp > 1. If ]f”’]p/(p_l) is ¢p-convex function on the interval of real numbers

K° (the interior of K) and a,b € K° with a < a+€?(b—a) and 0 < ¢ < %
Then following inequality holds:

) a+e'?®(b—a)
a a+te'®(b—a e (b—a i
p—1
< (ei¢(b—a))3 (L)I/P (f///(a)p%f_;'_'flu(b)p%f) P
— 96 p+1 2 '

Proof. Suppose that a,a+ ¢ (b — a) € K. By assumption, Holder’s inequality,
then we have

a+e'?(b—a)

— s [ f@)dr— D[ (a+ € (b—-a)) —f' (a)]

a

f(a)+f(a+e' (b—a))
2

w(b a) 3 : "
{¢ 2¢—1|‘f (a+ e’ b—a)‘dqﬁ
m(b a) ; ; " =1 o
(Opr 20— 1) |dw) (bf!f (a+ e (b— a)| 7 d¢)
i a) 1
(e20-a)” (Of¢ 20— 1) |dw)
(f (=) 17 @[T+ |77 (b l}dz/;)*

_ (0o-a)’ <L>1/p ('f”'<a>|p T () >
96 p+1 )

1
where we use the fact that [ ¢? (1 — )" |2¢ — 1| dyp = i which completes
0

22p+1 (p+1

the proof. -
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Observation 2.10. If we take €'® (b — a) = b—a in Theorem 2.9, then inequality
reduces to the [Corollary 3.2.1, 5.

Theorem 2.11. Let K C R be an open interval, a,a + € (b—a) € K with
a<a+e?(b—a). Suppose f: K = [a,a+ € (b—a)] — (0,00) be a three times
differentiable mapping such that f" is integrable and 0 < ¢ < T. If | f"| is log
¢@-conver function on [a, a+ e (b— a)} . Then, the following inequality holds:

F(a)+f(atei®(b—a)) , atert-e) it 0-a) [ ,
2 ~ % (b=a) [ flx)de - =5 Lf" (a+ € (b—a)) —f' (a)]

a

< g OV A O @)~ LA B 17" @),

Proof. From Lemma 2.6 and using the log-¢-convexity of | f”|, we get

] a+e'?(b—a)
a a ezd) b—a 7’¢ b a 7
fopflere?boa) _ —d [ fla)de — SEL[f (a + e (b—a)) — f' (a)]

<“’><b a)’

U (1 =) [(2¢ = DI|f” (a + e (b—a))| dv
P

(=) l2e = ] (17" @177 o))

:(ei%*a)) [ U O @D 120" 0= @) }
12| (logl ()| —logI " (a))* ~ (log] f"(6)~log| " (a)])"

e'?(b—a) ’ " " " "
el (g )17 @ — L8 O 17 @D,

< (e w(b a)”

o%Ho%H

which completes the proof. .

Theorem 2.12. Suppose [ : K = [a,a—i— e (b — a)} — (0,00) be a three times
differentiable mapping on K° and f" is integrable on [a, a+e?(b— a)} . Assume
p € R withp > 1. If |f”’|p/(p71) is log ¢-convex function on the interval of real
numbers K° (the interior of K) and a,b € K° with a < a + € (b—a) and
0 < ¢ < 3. Then, the following inequality holds:

) a+e'®(b—a)
a a+e'®(b—a et¢ b a i
fl@)+/( ; (b=a)) _ eM)(ll)fa) [ fla)de— ) [f’ (a + e (h— a)) —f (a)}

-1
3 P

< (20=0) (NP T (@i P
S e : Tosl Ol @l |-

Proof. From Lemma 2.6, and using the well known Holder integral inequality,
we have
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a+e'?(b—a)

a a+et?(b—a e (b—a i !
Ha)+H( -12— (b=0)) - ew(é_a) f f(w)dl' — L) [f/ (Cl +e i (b CL)) —f (a)]

a

’L¢7(b a 3 1 p
f¢ )20 = D" (a+ e (b—a))| dy
0
ooy’ (| v o | N
= (f UP (1= )" [(2¢ — 1)|d¢> (f £ (a+ e (b— a))\p—ld¢>
0 0
/p
'L¢(b a 3 1 !
< (o0-a) (f g7 (1— )P | (20— 1>|dw)
0
p=1
(J1 @ s ) Ndw)
0
_ ) L, o\ Pt
_ (#0-)’ (L)l/p (p;l)pl (f”’(a)p—1+|f"'<b>p—1> v
96 p+1 P log| " (b)|+log| f" ()| ’
where we use the fact that
P( 29 — 1| d —_—
/w PR~ b= s
which completes the proof. u

Theorem 2.13. Suppose [ : K = [a,a+ ¢ (b—a)] — (0,00) be a three times
differentiable mapping on K° and f" is integrable on [a a+e?(b— )] If | 1|
is quasi d-conver function on the interval of real numbers K° (the interior of
K) and a,b € K° with a < a+ ¢ (b—a) and 0 < ¢ < Z. Then, the following
inequality holds:

) a+e'?(b—a)
a a+e'®(b—a el b a i
fla)+f( '12‘ (b=a)) _ ei¢(lly—a) f f(x)dac _ ) [f/ (CL + eid (b CL)) —f (a)]

a

(ei¢(b_a))3 mn "
< gz max {[f" ()], |/ ()]}
Proof. From Lemma 2.6 and using the quasi-¢-convexity of |f”|, we get
a+e'?(b—a)

a a+ei®(b—a “i’ a i
PR ool — iy [ F@)de = =2 [ (a+ ¢ (b-a)) — f (a)

a

ib(p—a))> L
< E00) Fo (1= ) |26 — D) |7 (a + e (b — a)) | dp

0

< D a7 @1 7 O} 60— 0) |26 - Dla

< ) e (I ()] 1 ()]}

which completes the proof. .
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Theorem 2.14. Suppose f : K = [a,a+ € (b —a)] — (0,00) be a three times
differentiable mapping on K° and f" is integrable on [a, a+e?(b— a)} . Assume
p € R with p > 1. If |f”’|p/(p71) is quasi ¢-convexr function on the interval of
real numbers K° (the interior of K) and a,b € K° with a < a + €'* (b—a) and
0 < ¢ < 3. Then, the following inequality holds:

) a+e'?(b—a)
a a+e*®(b—a el b a i
fla)+f( 42‘ (b—a)) _ ew(é—a) f f(a:)da: _ ) [f/ (a + ei® (b _ CL)) —f (a)]

3 p—1

< 0 ()" 1))

Proof. From Lemma 2.6, and using the well known Holder integral inequality,
we have

) a+e'?(b—a)
a a+e?(b—a el b a i
fla)+£( -12- (b—a)) ew(é_a) f f($)dl‘ N ) [f/ (a te ¢>( )) f/( )]

< (o) M (1= ) |20 — DI | (a+ e’ (b— a))| di

p

(¢(ba p=1

< (o)’ (pr (1) |20 - 1)!dw>1/p(bf|f’” (at ge <b—a>)|p’ildw)

Since | f"|? is quasi-¢-convex, we have

/0 ‘f”/ (a—i—lﬂe% (b_a>)‘p%ldw < {max|f”’ <a>|ﬁ ’ |f,,, (b)|ﬁ}

Hence

PG e 2))’ ((pil)); {max | " @[3 |7 ()71}

where we use the fact that
1

1
YL =Y)P 12 = 1| dY = g
(/ 92p+1 (p+1)

which completes the proof. u

Theorem 2.15. Suppose f : K = [a,a+ € (b —a)] — (0,00) be a three times
differentiable mapping on K° and " is integrable on [a, a+e?(b— a)} . Assume
q € Rwithq > 1.If | f"|* is quasi-¢-convex function on the interval of real numbers
K° (the interior of K) and a,b € K° witha < a+¢“(b—a) and 0 < ¢ < %
Then, the following inequality holds

] a+e'®(b—a)
a a 67.(;5 b—a 2¢ b a (3
fla)+£( JQr (b—a)) eiq/’(ll)fa) [ fz)de — _) [f' (a + € (b— a)) —f (a)}

a

() e {7 (@) £ (5))7
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Proof. Suppose that ¢ > 1. From Lemma 2.6 and using the well known power
mean inequality, we have

a+e'®(b—a)

f(a)+f(ate'?(b—a))

: — o [ f@)de = S0 (a+ € (b-a)) = (a)]

a

“7’(12 a) 3

(1 =) [(2¢ = DI f" (a + e (b —a))| dy

1
i
“i’b 1 1-1/q
(0-0) (fwl— 2w—1)|dw)
0
¥)

1/q
(M (1= ) |26 — DI |f" (a + de (b )\de)

IN

@ (116)1 1/q . (116 maX{|f’” (a)|q ’ |f/// (b)|q})1/q
(O max {177 (@)1 ()7

where we use the fact

Jea-vies-vlaw -
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