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Abstract. It is a well-known fact that characters of a finite group can give important
information of the group’s structure. Also it was proved by chen [1] that a finite simple
group can be uniquely determined by its character table. In this paper, the authors
attempt to investigate how to characterize a finite almost simple group by using less
information of its character table, and successfully characterize the simpletic group Sg(2)
by its order and at most two irreducible character degrees of its character table.
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1. Introduction

In this paper, G represents a finite group. We use Irr(G) to denote the set of
all irreducible complex characters of G, and cd(G) = {v(1)|v € Irr(G)} the set
of all irreducible character degrees of G. Moreover, cd*(G) denotes the Multi-set
of degrees of irreducible characters, i.e., each element of the set c¢d*(G) can occur
many times upon the number of characters of the same degree. In particular,
lcd*(G)| = |Irr(G)|. Syl,(G) denotes the set of all Sylow p-subgroups of G,
where p € 7(G), and G, denotes a Sylow p-subgroup of G. H - M denotes the
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non-split extension of H by M and H : M the split extension of H by M. For any
finite group G, L;(G) denotes the ith largest irreducible character degree of G.
Particularly, L,(G) and Lo(G) are the largest and the second largest irreducible
character degree of GG, respectively. All further unexplained symbols and notations
are standard and can be found, for instance, in [2].

A finite group is called a K,,-group if |7(G)| = n, where n is a positive integer.
K3-simple groups were classified many years ago, which are As, Ag, L2(7), Lo(8),
Lo(17), L3(3), Us(3) and Uy(2) (cf. [3]). Classifying finite groups by the properties
of their characters is an interesting and difficult topic in group theory. It is a well-
known fact that characters of a finite group can give important information about
the group’s structure. For example, in [1], Chen proved that a finite simple group
can be uniquely determined by its character table. In 2000, Huppert [4] put
forward the following conjecture.

Huppert’s Conjecture. Let H be any nonabelian simple group, and G a group
such that cd(G) = cd(H), then G = H x A, where A is an abelian group.

Huppert conjectured that each finite non-abelian simple group G is characte-
rized by cd(G), the set of degrees of its complex irreducible characters. In [4, 5, 6],
he confirmed that the conjecture holds for simple groups such as Ls(q) and S,(q).
Moreover, he also proved this conjecture holds for 19 out of 26 sporadic simple
groups, and a few others (cf. [4], [5], [6]). In [7], Daneshkhah showed that the
conjecture holds for another three sporadic simple groups Co;, Coy and Cos.
Xu, et al. attempt to characterize the finite simple groups by less information
of its characters, and for the first time successfully characterize the simple K3-
groups (cf. [8]) and sporadic simple groups by their orders and one or both of its
largest and second largest irreducible character degrees (cf. [9], [10], [11]). For
convenience, we summarize some results of these articles which will be used later
in the following propositions:

Proposition. (cf. [10]) Let G be a finite group and M a non-Abelian simple
group, then the following assertions hold:

(i) If M is one of the simple groups: As, Lo(7), Lao(17), L3(3), Us(2), M1y, Mas,
Ji, J3 and Jy, then G = M if and only if |G| = |M| and L1(G) = Li(M);

(ii) If M is isomorphic to one of the simple groups: simple K3-groups, Mathieu
simple groups and Janko simple groups, then G = M if and only if |G|=| M|,
Ll(G) = Ll(M) and LQ(G) = LQ(M),

(i) If M = Ag, then G is isomorphic to one of the groups: G = Ag, G = S3 X As
and G = Z3 x S5, if and only if |G| = |M| and Li(G) = L1(M);

(iv) If M = Mays, then G = Myy or H x My, where H is a Frobenius group
with elementary kernel of order 8 and a cyclic complement of order 7, if and

07’Lly Zf |G| = |M22| and Ll(G) = Ll(MQQ).
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In the following, we continue this investigation, and show that the simpletic
simple group Sg(2) by its order and at most two irreducible character degrees of
its character tables.

Our main results are the following:

Theorem. Let G be a finite group and |G| = |Ss(2)|, then G = Sg(2) if and only

2. Preliminaries

In this section, we consider some results which will be applied for our further
investigations.

) o

Lemma 2.1. Let G be a finite solvable group of order q7"q5*---q%*, where
Q1, G2, ,qs are distinct primes, and if (kqs + 1) 1 ¢ for each i < s —1 and
k > 0, then the Sylow qs-subgroup is normal in G.

Proof. Let N be a minimal normal subgroup of GG. Since G is solvable, then
we have |[N| = ¢™. If ¢ = g,, by induction on G/N, it is easy to see the Sylow
gs-subgroup is normal in G. Now, assume that ¢ = ¢; for some ¢ < s. By induction
of the factor group G/N, we obtain that the Sylow gs-subgroup @/N of G/N is
normal in G/N. Thus Q <G. Let P be a Sylow gs-subgroup of ). Then Q = NP.
By Sylow’s Theorem, |Q : No(P)| = ¢/(l < m < o;) and ¢,|¢. — 1. But this means
that (kqs + 1)|q°‘i7 and then £ = 0 by assumption. Hence P < ). Since Q) < G,
we have P < G, as required.

Lemma 2.2. Let G be a non-solvable group, then G has a normal series
19 HJIK LG, such that K/H is a direct product of isomorphic non-abelian
simple groups and |G/K|||Out(K/H)|.

Proof. Let G be a non-solvable group and M/N a minimal normal subgroup of
G/N. Then M/N is a direct product of isomorphic non-abelian simple groups.
Hence, Cgn(M/N)(\M/N = Z(M/N) = 1, and so

M/N x Can(M/N) _ G/N
Con(M/N) = Con(M/N)

M/N =

G/N
Con(M/N) % M/N
Let K/N = Cgn(M/N) x M/N and H/N = Cgn(M/N), then G/K <
Out(M/N) and K/H = M/N, and the normal series 1 < H I K <@, as desired.

Thus is a subgroup of Out(M/N).

Lemma 2.3. (cf. [2]) Let S be a finite non-abelian simple group with
7(S) €{2,3,5,7,17}, then S is isomorphic to one of the following simple groups
listed in Table 1. In particular, if |7(Out(S))| # 1, then 7(Out(S)) C {2, 3}.
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Table 1. Finite nonabelian simple groups with 7(S5) C {2,3,5,7,17}

G [€ owt@) | G [€ Out(G)
As 22.3.5 2 Us(5) | 27-3%-53.7 6
La(7) 25.3.7 2 Si(7) | 25-32.52.72 2
A 25.37.5 1 A 26.37.5.7 2
L(8) 25.37.7 3 OF(2) [ 2237527 6
Ly(17) 213717 2 Si(4) | 25375717 4
L,(16) | 2%-3.5.17 1 S6(2) 293757 1
A, 25.37.5-7 2 L(49) | 2735272 4
Us(3) 25.35.7 2 J 2735527 2
He [200.35.52.75.17| 2 At 27 37527 2
O;(2) | 22-37.5-7-17 2 L,(31)| 2°-3-5-31 2
Ly(4) | 223752717 1 U.(3) 273557 8
As 26.37.5.7 2 U4(2) 26375 2
L5(4) 26.37.5.7 12 Ss(2) |20-3°.52.7-17| 1

3. Proof of Theorem
In this section, we will prove the following theorem:

Theorem. Let G be a finite group and |G| = |Ss(2)|, then G = Sg(2) if and only

Proof. By hypothesis, we have that |G| = 2'6-35.52.7.17, L1(G) = 2-3*-5%-17
and Ly(G) = 26, Let x, 3 € Irr(G) such that x(1) = Li(G) =2-3*-5%- 17 and
B(1) = Ly(G) = 216,

We first prove that GG is nonsolvable. Otherwise, GG is a solvable group. Let
T be a Hall-subgroup of G with order |T'| = 2% .35.52.17. Considering the
permutation representation of GG on the right cosets of T with kernel T¢;, we have
that G/Tg < S7. Since orders of solvable subgroups of S; divided by 7 are 7,
14 and 21, then |Tg| can be equal to one of 2'6-3%.5%. 17, 215.3%.52.17 and
216.31.52.17.

If |Tg| = 2% -3%.5%-17, let A € Irr(Tg) such that [Brg, A] # 0, then we
have 3(1)/A(1)||G : Tg| = 7, and so A(1) = 2'%. Let Q € Irr(Tg) such that
[X7s, Q] # 0, then x(1)/Q(1)||G : Tg| = 7. Thus Q(1) =2-3%-5%-17. Let Q be a
minimal normal subgroup of Tg, then we assert that |Q| = 3.

If |Q| = 2, then A(1)||Tg : Q] =2 - 3%+ 5%- 717, a contradiction.

Similarly, we can prove that |Q| # 2¢, where 2 < i < 16.

If |Q| = 32, then Q(1)||T : Q] =2'¢-3%-52-7-17, a contradiction.

By the similar arguments as above, we can prove that |Q| # 3™, 5, 52 or 17,
where 3 < m < 5. Hence, we have that || = 3, and so the assertion holds. Let
A € Irr(Q) such that [Ag, A] # 0. Set e = [Ag, A], t = |T : I7,(N)|, we have
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A(1) = etA(1). Since @ is abelian and Aut(Q) = Zs, we have that A\(1) = 1, and
hence t < 2. Thus e > 2. But [Ag, Ag] = €*t > 23! > T : Q] = 2'6-3%.5%. 17,
a contradiction to [13, 2.29].

If |[Tg| = 2% -3%.5%-17, let 6 € Irr(Tg) such that [xr.,0] # 0, then
x(1)/6(1)||G : Tg| = 14, and so 6(1) = 2- 3" - 5% - 17. Hence 6(1)* > |Tg], a
contradiction.

If |Tg| = 2'6-3%.52.17, let ¥ € Irr(Tg) such that [Br.,9] # 0, then
B(1)/9(1)||G : Te| = 21. Hence 9(1) = 2'. But 9(1)? > |Tg|, a contradiction.

Therefore, G is nonsolvable. By Lemma 2.2, G has a normal series 1 < H <
K <G such that K/H is a direct product of isomorphic non-abelian simple groups
and |G/K|{|Out(K/H)|. Since |G| = 2'6.3%.52.7-17, then by Table 1 we have
that K/H can be isomorphic to one of the groups: As, Ag, Us(2), La(7), L2(8),
Us(3), Az, L3(4), Ag, Ag, Jo, Ajo, Ss(2), Og (2), La(17), Lo(16), S4(4), Og (2),
L4(4), A5 X A5, A6 X Aﬁ and Sg<2)

Case 1. K/H = A;

By Lemma 2.2, we have |G : K| = 1 or 2. We will only discuss the case |G : K| =1
since by the same reason we can prove that |G : K| # 2.

If |G: K| =1, then |H| =2"-3".5.7-17. If H is solvable, then H has a
Hall-subgroup D with index 7. Considering the permutation representation of H
on the right cosets of D with kernel Dy, we have that H/Dy < S;. Since orders of
solvable subgroups of S; divided by 7 are 7, 14 and 21. Hence |Dy| = 2'4.3%.5-17,
213.34.5.17 and 214 -33 -5 - 17.

If |Dg| = 21¥.3%.5.17, let a € Irr(Dg) such that [8p,,a] # 0, then
B(1)/a()||G : Dy| =2 -3-5-7, and so a(l) = 2. But a(1)? > |Dyl, a
contradiction.

Similarly, we can prove that |Dg| # 2.3 5. 17 or 21 .3%.5.17.

Therefore, H is nonsolvable. By Lemma 2.2, H has a normal series 1 I N <
M < H such that M /N is a direct product of isomorphic non-abelian simple groups
and |H/M|||Out(M/N)|. Since |H| = 2"-3%.5.7-17, then by Table 1 M/N
can be isomorphic to one of As, Ag, Us(2), La(7), L2(8), Us(3), A7, L3(4), As, Ay,
S6(2), Lo(17), Lo(16) and Og (2).

Subcase 1.1. M/N = A;

By Table 1, we have |H/M|||Out(As)| = 2. Hence |H : M| =1 or 2.

If |[H: M| =1, then |[N| = 2'2.3%.7.17. Let A € Irr(N) such that
[Bn, A] # 0, we have that 3(1)/A(1)||G : N| = 2*-3%- 52 Therefore, A(1) = 2'%.
But A(1)? > |N|, a contradiction.

If |[H: M|=2, then |[N| =2".33.7.17. By the same reason as above, N is
nonsolvable. By Lemma 2.2, N has a normal series: 1<<B<JA<N such that A/B is
a direct product of isomorphic non-abelian simple groups and |N/A|||Out(A/B)|.
Since |[N| = 212-33.7-17, then we have that A/B = Ly(7), L(8), Us(3) or Ly(17).

If A/B = Ly(7), then [N : A| =1 or 2. Assume that |B| =2 -3%- 17, where
8 < v <9. Let Q € Irr(B) such that [8p,Q] # 0, we have 5(1)/Q(1)||G : B| =
216=v. 33. 52. 7. Hence (1) = 2. But Q(1)? > |B|, a contradiction.
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Similarly, we can prove that A/B 2 Ly(8), Us(3) or Lo(17).
By the same reason as Subcase 1.1, M/N cannot be isomorphic to As, Ag or

Uy(2).

Subcase 1.2. M/N = Ly(7)

In this case, |H/M|||Out(Ls(7))| = 2. Hence |H : M| =1 or 2. Since the method
of proof for |H : M| = 2 is the same as |H : M| = 1, we only discuss the case
|H : M| =1.

If |[H: M| =1, we have [N| =2'9.3%.5.17. If N is solvable, then N has a
Hall-subgroup R with index 5. Considering the permutation representation of N
on the right cosets of R with kernel Ry, we have that N/Ry < Ss. Since orders
of solvable subgroups of S5 divided by 5 are 5, 10 and 20, then |Ry| can be equal
to one of 219.33.17,2%.33.17 and 2% - 33 . 17.

If |[Ry| = 2'-3%.17, let A € Irr(Ry) such that [8r,,A] # 0, one has that
B(1)/A)||G : Ry| = 26-32-52- 7, and then 2'°|A(1). But A(1)? > |Ry], a
contradiction. Similarly, we can prove that |Ry| # 2% - 3% - 17.

If |Ry| =28-3%-17, let U be a minimal normal subgroup of G and U < Ry.
We assert that |U| = 3.

If U] = 2, then 3(1)||G : U] = 2'-3°-52.7-17, a contradiction. Similarly, we
have [U] # 2', where 2 < < 10. If [U| = 3%, then x(1)||G : U| = 2'%.3%.5%.7-17,
a contradiction. Also, we can prove that |U| # 3% or 17. Therefore, |U| = 3, and
so the assertion holds. In this case, |Ry/U| = 28-32-17. Since Ry is solvable, then

there exists a Hall-subgroup V' of Ry with index 9. Let Vry = [\,cg, V* < V.
Then Ry/Vgr, S So. Since orders of solvable subgroups of Sy divided by 9 are 9,

18, 36, 72, 144, 288, 576 and 1152, then we have that the order of Vg, may be
one of 28-3-17,27.3.17,26.3.17,2°-3-17, 24 .3.17, 2*-3-17, 22 -3 - 17 and
2-3-17.

If [Vgy| = 2°-3-17, let 0 € Irr(Vg,) such that [By, ,0] # 0, then
B1)/6(1)||G : Vgy| = 28-3"-52-7, and so 6(1) = 25 But 6(1)? > |Vg,|, a
contradiction. Similarly, we have that |Vg,| # 27-3-17,2%-.3-17,2%2.3-17 or
2-3-17.

If [Vg,| = 2° - 317, Considering the permutation representation of Vx, on
the right cosets of P with kernel Py, , where |Vg, : P| = 3, we have that
VRN/PVRN < S3. Hence |PVRN| =2°.17 or 2% - 17.

If |Py, | = 2°-17, let p € Irr(Py, ) such that [ﬁPVRN’M] # 0, then
B)/u()||G : Py, | = 234527, and so u(1) = 2°. Thus u(1)* > | Py, |, which
is a contradiction. If [Py, | =2*-17,1let F € Ir7(Py,, ) such that [XPVRN JF] #0,
then x(1)/F (1)||G : Py, | =2"-3%-5%-7, and hence f (1) = 17. In the case that
F (1) > [Py, |, a contradiction.

Therefore, N is nonsolvable, and so the assertion is true. By Lemma 2.2,
N has a normal series 1 < B < A < N such that A/B is a direct product of
isomorphic non-abelian simple groups and |N/A|||[Out(A/B)|. By Table 1, we
have A/B = A5, Ag, Lo(17) or Ly(16).

If A/B = As, then [N : A|=1or 2. If [N : A| = 1, we have |B| = 2%-3%-17.
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Let ¢ € Irr(B) such that [85,¢] # 0, then 3(1)/¢(1)||G : B] = 28-3%-5%.7,
and hence (1) = 2%. But ((1)® > |B|, a contradiction. If |[N : A| = 2, we have
|B| = 27-3%.17. By Lemma 2.1, the Sylow-17 subgroup Bi7 is normal in B, and so
By7, char, B. Since H <1 <G, then By; <. Hence X(l)HG : Bi7| =216.3%.52.7,
a contradicion.

Similarly, we can prove that A/B 2% Ag, Lo(17) or Lo(16).

By the similar arguments as Subcase 1.2, we can prove that M /N cannot be
isomorphic to one of Ly(8), Us(3), A7, L3(4), As, Ag, S6(2), La(17) and Ly(16).

Subcase 1.3. M/N = Og (2)
In this case, we have |H/M|||Out(Og (2))| = 2. Thus |[H : M| =1 or 2.

If |H : M| =1, then we have |[N| = 4, and so N < Z(H). In this case,
H/N = Og (2). Therefore, H is a central extension of N by Og (2). Since the
Shur Multiplier is 1, then H is a splitting central extension of N by Og (2), and so
H = 7,x0g(2). Let ® € Irr(H) such that [y, ®] # 0. Then 5(1)/P(1)||G : H|
=2%2.3.5, and we have ®(1) = 2. However, by the structure of H, we see that
H has no irreducible character of degree 24, which leads to a contradiction.

If |H : M| = 2, then |[N| = 2, and hence N < Z(H). In this case, M is
a splitting central extension of N by Og (2), and so M = Z, x Og (2). By [13,
Clifford 6.2], M has an irreducible character of degree 23, a contradiction to the
structure of M.

By the same reason as Case 1, we can prove that K/H cannot be isomorphic
to one of the groups: Ag, Us(2), La(7), La(8), Us(3), A7, L3(4), As, Se(2), Lo(17),
Og (2), A5 x As and Ag x As.

Case 2. K/H = A;

In this case, |G : K| = 1 or 2. We suppose that |H| = 2%-3%-5-17, where 12 <
a < 13. Let Q € Irr(H) such that [By, €] # 0, then we have 3(1)/Q(1)||G : H]
=21670.32.5.7 and so (1) = 2% But Q(1)? > |H|, a contradiction.

Similarly, we can show that K/H % Ag, Jo, Ao, Of (2), L2(16), Si(4) or
Ly(4).

Case 3. K/H = 55(2)

In this case, by order comparison we have H = 1. Therefore, G = Sg(2). Thus
we complete the proof of Theorem. .
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