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Abstract. It is a well-known fact that characters of a finite group can give important
information of the group’s structure. Also it was proved by chen [1] that a finite simple
group can be uniquely determined by its character table. In this paper, the authors
attempt to investigate how to characterize a finite almost simple group by using less
information of its character table, and successfully characterize the simpletic group S8(2)
by its order and at most two irreducible character degrees of its character table.
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1. Introduction

In this paper, G represents a finite group. We use Irr(G) to denote the set of
all irreducible complex characters of G, and cd(G) = {ν(1)|ν ∈ Irr(G)} the set
of all irreducible character degrees of G. Moreover, cd∗(G) denotes the Multi-set
of degrees of irreducible characters, i.e., each element of the set cd∗(G) can occur
many times upon the number of characters of the same degree. In particular,
|cd∗(G)| = |Irr(G)|. Sylp(G) denotes the set of all Sylow p-subgroups of G,
where p ∈ π(G), and Gp denotes a Sylow p-subgroup of G. H · M denotes the
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non-split extension of H by M and H : M the split extension of H by M . For any
finite group G, Li(G) denotes the ith largest irreducible character degree of G.
Particularly, L1(G) and L2(G) are the largest and the second largest irreducible
character degree of G, respectively. All further unexplained symbols and notations
are standard and can be found, for instance, in [2].

A finite group is called a Kn-group if |π(G)| = n, where n is a positive integer.
K3-simple groups were classified many years ago, which are A5, A6, L2(7), L2(8),
L2(17), L3(3), U3(3) and U4(2) (cf. [3]). Classifying finite groups by the properties
of their characters is an interesting and difficult topic in group theory. It is a well-
known fact that characters of a finite group can give important information about
the group’s structure. For example, in [1], Chen proved that a finite simple group
can be uniquely determined by its character table. In 2000, Huppert [4] put
forward the following conjecture.

Huppert’s Conjecture. Let H be any nonabelian simple group, and G a group
such that cd(G) = cd(H), then G ∼= H × A, where A is an abelian group.

Huppert conjectured that each finite non-abelian simple group G is characte-
rized by cd(G), the set of degrees of its complex irreducible characters. In [4, 5, 6],
he confirmed that the conjecture holds for simple groups such as L2(q) and Sz(q).
Moreover, he also proved this conjecture holds for 19 out of 26 sporadic simple
groups, and a few others (cf. [4], [5], [6]). In [7], Daneshkhah showed that the
conjecture holds for another three sporadic simple groups Co1, Co2 and Co3.
Xu, et al. attempt to characterize the finite simple groups by less information
of its characters, and for the first time successfully characterize the simple K3-
groups (cf. [8]) and sporadic simple groups by their orders and one or both of its
largest and second largest irreducible character degrees (cf. [9], [10], [11]). For
convenience, we summarize some results of these articles which will be used later
in the following propositions:

Proposition. (cf. [10]) Let G be a finite group and M a non-Abelian simple
group, then the following assertions hold:

(i) If M is one of the simple groups: A5, L2(7), L2(17), L3(3), U4(2), M11, M23,
J1, J3 and J4, then G ∼= M if and only if |G| = |M | and L1(G) = L1(M);

(ii) If M is isomorphic to one of the simple groups: simple K3-groups, Mathieu
simple groups and Janko simple groups, then G ∼= M if and only if |G|=|M |,
L1(G) = L1(M) and L2(G) = L2(M);

(iii) If M = A6, then G is isomorphic to one of the groups: G ∼= A6, G ∼= S3×A5

and G ∼= Z3 o S5, if and only if |G| = |M | and L1(G) = L1(M);

(iv) If M = M22, then G ∼= M22 or H × M11, where H is a Frobenius group
with elementary kernel of order 8 and a cyclic complement of order 7, if and
only if |G| = |M22| and L1(G) = L1(M22).
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In the following, we continue this investigation, and show that the simpletic
simple group S8(2) by its order and at most two irreducible character degrees of
its character tables.

Our main results are the following:

Theorem. Let G be a finite group and |G| = |S8(2)|, then G ∼= S8(2) if and only
if L1(G) = L1(S8(2)) and L2(G) = L2(S8(2)).

2. Preliminaries

In this section, we consider some results which will be applied for our further
investigations.

Lemma 2.1. Let G be a finite solvable group of order qα1
1 qα2

2 · · · qαs
s , where

q1, q2, · · · , qs are distinct primes, and if (kqs + 1) - qαi
i for each i ≤ s − 1 and

k > 0, then the Sylow qs-subgroup is normal in G.

Proof. Let N be a minimal normal subgroup of G. Since G is solvable, then
we have |N | = qm. If q = qs, by induction on G/N , it is easy to see the Sylow
qs-subgroup is normal in G. Now, assume that q = qi for some i < s. By induction
of the factor group G/N, we obtain that the Sylow qs-subgroup Q/N of G/N is
normal in G/N . Thus QEG. Let P be a Sylow qs-subgroup of Q. Then Q = NP .
By Sylow’s Theorem, |Q : NQ(P )| = ql

i(l ≤ m ≤ αi) and qs

∣∣ql
i−1. But this means

that (kqs + 1)
∣∣qαi , and then k = 0 by assumption. Hence P E Q. Since Q E G,

we have P E G, as required.

Lemma 2.2. Let G be a non-solvable group, then G has a normal series
1 E H E K E G, such that K/H is a direct product of isomorphic non-abelian
simple groups and |G/K|

∣∣|Out(K/H)|.

Proof. Let G be a non-solvable group and M/N a minimal normal subgroup of
G/N . Then M/N is a direct product of isomorphic non-abelian simple groups.
Hence, CG/N(M/N)

⋂
M/N = Z(M/N) = 1, and so

M/N ∼= M/N × CG/N(M/N)

CG/N(M/N)
≤ G/N

CG/N(M/N)
.

Thus
G/N

CG/N(M/N)×M/N
is a subgroup of Out(M/N).

Let K/N = CG/N(M/N) × M/N and H/N = CG/N(M/N), then G/K ≤
Out(M/N) and K/H ∼= M/N , and the normal series 1 E H E K E G, as desired.

Lemma 2.3. (cf. [2]) Let S be a finite non-abelian simple group with
π(S) ⊆ {2, 3, 5, 7, 17}, then S is isomorphic to one of the following simple groups
listed in Table 1. In particular, if |π(Out(S))| 6= 1, then π(Out(S)) ⊆ {2, 3}.
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Table 1. Finite nonabelian simple groups with π(S) ⊆ {2, 3, 5, 7, 17}

G |G| Out(G) G |G| Out(G)
A5 22 · 3 · 5 2 U3(5) 24 · 32 · 53 · 7 6

L2(7) 23 · 3 · 7 2 S4(7) 28 · 32 · 52 · 74 2
A6 23 · 32 · 5 4 A9 26 · 34 · 5 · 7 2

L2(8) 23 · 32 · 7 3 O+
8 (2) 212 · 35 · 52 · 7 6

L2(17) 24 · 32 · 17 2 S4(4) 28 · 32 · 52 · 17 4
L2(16) 24 · 3 · 5 · 17 4 S6(2) 29 · 34 · 5 · 7 1

A7 23 · 32 · 5 · 7 2 L2(49) 24 · 3 · 52 · 72 4
U3(3) 25 · 33 · 7 2 J2 27 · 33 · 52 · 7 2
He 210 · 33 · 52 · 73 · 17 2 A10 27 · 34 · 52 · 7 2

O−
8 (2) 212 · 34 · 5 · 7 · 17 2 L2(31) 25 · 3 · 5 · 31 2

L4(4) 212 · 34 · 52 · 7 · 17 4 U4(3) 27 · 36 · 5 · 7 8
A8 26 · 32 · 5 · 7 2 U4(2) 26 · 34 · 5 2

L3(4) 26 · 32 · 5 · 7 12 S8(2) 216 · 35 · 52 · 7 · 17 1

3. Proof of Theorem

In this section, we will prove the following theorem:

Theorem. Let G be a finite group and |G| = |S8(2)|, then G ∼= S8(2) if and only
if L1(G) = L1(S8(2)) and L2(G) = L2(S8(2)).

Proof. By hypothesis, we have that |G| = 216 · 35 · 52 · 7 · 17, L1(G) = 2 · 34 · 52 · 17
and L2(G) = 216. Let χ, β ∈ Irr(G) such that χ(1) = L1(G) = 2 · 34 · 52 · 17 and
β(1) = L2(G) = 216.

We first prove that G is nonsolvable. Otherwise, G is a solvable group. Let
T be a Hall-subgroup of G with order |T | = 216 · 35 · 52 · 17. Considering the
permutation representation of G on the right cosets of T with kernel TG, we have
that G/TG . S7. Since orders of solvable subgroups of S7 divided by 7 are 7,
14 and 21, then |TG| can be equal to one of 216 · 35 · 52 · 17, 215 · 35 · 52 · 17 and
216 · 34 · 52 · 17.

If |TG| = 216 · 35 · 52 · 17, let ∆ ∈ Irr(TG) such that [βTG
, ∆] 6= 0, then we

have β(1)/∆(1)
∣∣|G : TG| = 7, and so ∆(1) = 216. Let Ω ∈ Irr(TG) such that

[χTG
, Ω] 6= 0, then χ(1)/Ω(1)

∣∣|G : TG| = 7. Thus Ω(1) = 2 · 34 · 52 · 17. Let Q be a
minimal normal subgroup of TG, then we assert that |Q| = 3.

If |Q| = 2, then ∆(1)
∣∣|TG : Q| = 215 · 35 · 52 · 7 · 17, a contradiction.

Similarly, we can prove that |Q| 6= 2i, where 2 ≤ i ≤ 16.
If |Q| = 32, then Ω(1)

∣∣|TG : Q| = 216 · 33 · 52 · 7 · 17, a contradiction.
By the similar arguments as above, we can prove that |Q| 6= 3m, 5, 52 or 17,

where 3 ≤ m ≤ 5. Hence, we have that |Q| = 3, and so the assertion holds. Let
λ ∈ Irr(Q) such that [∆Q, λ] 6= 0. Set e = [∆Q, λ], t = |TG : ITG

(λ)|, we have
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∆(1) = etλ(1). Since Q is abelian and Aut(Q) ∼= Z2, we have that λ(1) = 1, and
hence t ≤ 2. Thus e ≥ 215. But [∆Q, ∆Q] = e2t ≥ 231 > |TG : Q| = 216 · 34 · 52 · 17,
a contradiction to [13, 2.29].

If |TG| = 215 · 35 · 52 · 17, let θ ∈ Irr(TG) such that [χTG
, θ] 6= 0, then

χ(1)/θ(1)
∣∣|G : TG| = 14, and so θ(1) = 2 · 34 · 52 · 17. Hence θ(1)2 > |TG|, a

contradiction.
If |TG| = 216 · 34 · 52 · 17, let ϑ ∈ Irr(TG) such that [βTG

, ϑ] 6= 0, then
β(1)/ϑ(1)

∣∣|G : TG| = 21. Hence ϑ(1) = 216. But ϑ(1)2 > |TG|, a contradiction.
Therefore, G is nonsolvable. By Lemma 2.2, G has a normal series 1 E H E

K EG such that K/H is a direct product of isomorphic non-abelian simple groups
and |G/K|

∣∣|Out(K/H)|. Since |G| = 216 · 35 · 52 · 7 · 17, then by Table 1 we have
that K/H can be isomorphic to one of the groups: A5, A6, U4(2), L2(7), L2(8),
U3(3), A7, L3(4), A8, A9, J2, A10, S6(2), O+

8 (2), L2(17), L2(16), S4(4), O−
8 (2),

L4(4), A5 × A5, A6 × A6 and S8(2).

Case 1. K/H ∼= A5

By Lemma 2.2, we have |G : K| = 1 or 2. We will only discuss the case |G : K| = 1
since by the same reason we can prove that |G : K| 6= 2.

If |G : K| = 1, then |H| = 214 · 34 · 5 · 7 · 17. If H is solvable, then H has a
Hall-subgroup D with index 7. Considering the permutation representation of H
on the right cosets of D with kernel DH , we have that H/DH . S7. Since orders of
solvable subgroups of S7 divided by 7 are 7, 14 and 21. Hence |DH | = 214 ·34 ·5·17,
213 · 34 · 5 · 17 and 214 · 33 · 5 · 17.

If |DH | = 213 · 34 · 5 · 17, let α ∈ Irr(DH) such that [βDH
, α] 6= 0, then

β(1)/α(1)
∣∣|G : DH | = 213 · 3 · 5 · 7, and so α(1) = 213. But α(1)2 > |DH |, a

contradiction.
Similarly, we can prove that |DH | 6= 214 · 34 · 5 · 17 or 214 · 33 · 5 · 17.
Therefore, H is nonsolvable. By Lemma 2.2, H has a normal series 1 E N E

MEH such that M/N is a direct product of isomorphic non-abelian simple groups
and |H/M |

∣∣|Out(M/N)|. Since |H| = 214 · 34 · 5 · 7 · 17, then by Table 1 M/N
can be isomorphic to one of A5, A6, U4(2), L2(7), L2(8), U3(3), A7, L3(4), A8, A9,
S6(2), L2(17), L2(16) and O−

8 (2).

Subcase 1.1. M/N ∼= A5

By Table 1, we have |H/M |
∣∣|Out(A5)| = 2. Hence |H : M | = 1 or 2.

If |H : M | = 1, then |N | = 212 · 33 · 7 · 17. Let ∆ ∈ Irr(N) such that
[βN , ∆] 6= 0, we have that β(1)/∆(1)

∣∣|G : N | = 24 · 32 · 52. Therefore, ∆(1) = 212.
But ∆(1)2 > |N |, a contradiction.

If |H : M | = 2, then |N | = 211 · 33 · 7 · 17. By the same reason as above, N is
nonsolvable. By Lemma 2.2, N has a normal series: 1EBEAEN such that A/B is
a direct product of isomorphic non-abelian simple groups and |N/A|∣∣|Out(A/B)|.
Since |N | = 212 ·33 ·7 ·17, then we have that A/B ∼= L2(7), L2(8), U3(3) or L2(17).

If A/B ∼= L2(7), then |N : A| = 1 or 2. Assume that |B| = 2v · 32 · 17, where
8 ≤ v ≤ 9. Let Ω ∈ Irr(B) such that [βB, Ω] 6= 0, we have β(1)/Ω(1)

∣∣|G : B| =
216−v · 33 · 52 · 7. Hence Ω(1) = 2v. But Ω(1)2 > |B|, a contradiction.
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Similarly, we can prove that A/B 6∼= L2(8), U3(3) or L2(17).
By the same reason as Subcase 1.1, M/N cannot be isomorphic to A5, A6 or

U4(2).

Subcase 1.2. M/N ∼= L2(7)

In this case, |H/M |
∣∣|Out(L2(7))| = 2. Hence |H : M | = 1 or 2. Since the method

of proof for |H : M | = 2 is the same as |H : M | = 1, we only discuss the case
|H : M | = 1.

If |H : M | = 1, we have |N | = 210 · 33 · 5 · 17. If N is solvable, then N has a
Hall-subgroup R with index 5. Considering the permutation representation of N
on the right cosets of R with kernel RN , we have that N/RN . S5. Since orders
of solvable subgroups of S5 divided by 5 are 5, 10 and 20, then |RN | can be equal
to one of 210 · 33 · 17, 29 · 33 · 17 and 28 · 33 · 17.

If |RN | = 210 · 33 · 17, let Λ ∈ Irr(RN) such that [βRN
, Λ] 6= 0, one has that

β(1)/Λ(1)
∣∣|G : RN | = 26 · 32 · 52 · 7, and then 210

∣∣Λ(1). But Λ(1)2 > |RN |, a
contradiction. Similarly, we can prove that |RN | 6= 29 · 33 · 17.

If |RN | = 28 · 33 · 17, let U be a minimal normal subgroup of G and U ≤ RN .
We assert that |U | = 3.

If |U | = 2, then β(1)
∣∣|G : U | = 215 ·35 ·52 ·7 ·17, a contradiction. Similarly, we

have |U | 6= 2i, where 2 ≤ i ≤ 10. If |U | = 32, then χ(1)
∣∣|G : U | = 216 ·33 ·52 ·7 ·17,

a contradiction. Also, we can prove that |U | 6= 33 or 17. Therefore, |U | = 3, and
so the assertion holds. In this case, |RN/U | = 28 ·32 ·17. Since RN is solvable, then
there exists a Hall-subgroup V of RN with index 9. Let VRN

=
⋂

x∈RN
V x ≤ V .

Then RN/VRN
. S9. Since orders of solvable subgroups of S9 divided by 9 are 9,

18, 36, 72, 144, 288, 576 and 1152, then we have that the order of VRN
may be

one of 28 · 3 · 17, 27 · 3 · 17, 26 · 3 · 17, 25 · 3 · 17, 24 · 3 · 17, 23 · 3 · 17, 22 · 3 · 17 and
2 · 3 · 17.

If |VRN
| = 28 · 3 · 17, let θ ∈ Irr(VRN

) such that [βVRN
, θ] 6= 0, then

β(1)/θ(1)
∣∣|G : VRN

| = 28 · 34 · 52 · 7, and so θ(1) = 28. But θ(1)2 > |VRN
|, a

contradiction. Similarly, we have that |VRN
| 6= 27 · 3 · 17, 26 · 3 · 17, 22 · 3 · 17 or

2 · 3 · 17.
If |VRN

| = 25 · 3 · 17, Considering the permutation representation of VRN
on

the right cosets of P with kernel PVRN
, where |VRN

: P | = 3 , we have that

VRN
/PVRN

. S3. Hence |PVRN
| = 25 · 17 or 24 · 17.

If |PVRN
| = 25 · 17, let µ ∈ Irr(PVRN

) such that [βPVRN
, µ] 6= 0, then

β(1)/µ(1)
∣∣|G : PVRN

| = 211 ·34 ·52 ·7, and so µ(1) = 25. Thus µ(1)2 > |PVRN
|, which

is a contradiction. If |PVRN
| = 24 ·17, let z ∈ Irr(PVRN

) such that [χPVRN
,z] 6= 0,

then χ(1)/z(1)
∣∣|G : PVRN

| = 212 · 34 · 52 · 7, and hence z(1) = 17. In the case that

z(1)2 > |PVRN
|, a contradiction.

Therefore, N is nonsolvable, and so the assertion is true. By Lemma 2.2,
N has a normal series 1 E B E A E N such that A/B is a direct product of
isomorphic non-abelian simple groups and |N/A|

∣∣|Out(A/B)|. By Table 1, we
have A/B ∼= A5, A6, L2(17) or L2(16).

If A/B ∼= A5, then |N : A| = 1 or 2. If |N : A| = 1, we have |B| = 28 · 32 · 17.
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Let ζ ∈ Irr(B) such that [βB, ζ] 6= 0, then β(1)/ζ(1)
∣∣|G : B| = 28 · 33 · 52 · 7,

and hence ζ(1) = 28. But ζ(1)2 > |B|, a contradiction. If |N : A| = 2, we have
|B| = 27 ·32 ·17. By Lemma 2.1, the Sylow-17 subgroup B17 is normal in B, and so
B17, char, B. Since H CCG, then B17 EG. Hence χ(1)

∣∣|G : B17| = 216 · 35 · 52 · 7,
a contradicion.

Similarly, we can prove that A/B 6∼= A6, L2(17) or L2(16).
By the similar arguments as Subcase 1.2, we can prove that M/N cannot be

isomorphic to one of L2(8), U3(3), A7, L3(4), A8, A9, S6(2), L2(17) and L2(16).

Subcase 1.3. M/N ∼= O−
8 (2)

In this case, we have |H/M |
∣∣|Out(O−

8 (2))| = 2. Thus |H : M | = 1 or 2.
If |H : M | = 1, then we have |N | = 4, and so N ≤ Z(H). In this case,

H/N ∼= O−
8 (2). Therefore, H is a central extension of N by O−

8 (2). Since the
Shur Multiplier is 1, then H is a splitting central extension of N by O−

8 (2), and so
H ∼= Z4×O−

8 (2). Let Φ ∈ Irr(H) such that [βH , Φ] 6= 0. Then β(1)/Φ(1)
∣∣|G : H|

= 22 · 3 · 5, and we have Φ(1) = 214. However, by the structure of H, we see that
H has no irreducible character of degree 214, which leads to a contradiction.

If |H : M | = 2, then |N | = 2, and hence N ≤ Z(H). In this case, M is
a splitting central extension of N by O−

8 (2), and so M ∼= Z4 × O−
8 (2). By [13,

Clifford 6.2], M has an irreducible character of degree 213, a contradiction to the
structure of M .

By the same reason as Case 1, we can prove that K/H cannot be isomorphic
to one of the groups: A6, U4(2), L2(7), L2(8), U3(3), A7, L3(4), A8, S6(2), L2(17),
O−

8 (2), A5 × A5 and A6 × A6.

Case 2. K/H ∼= A7

In this case, |G : K| = 1 or 2. We suppose that |H| = 2a · 33 · 5 · 17, where 12 ≤
a ≤ 13. Let Ω ∈ Irr(H) such that [βH , Ω] 6= 0, then we have β(1)/Ω(1)

∣∣|G : H|
= 216−a · 32 · 5 · 7, and so Ω(1) = 2a. But Ω(1)2 > |H|, a contradiction.

Similarly, we can show that K/H 6∼= A9, J2, A10, O+
8 (2), L2(16), S4(4) or

L4(4).

Case 3. K/H ∼= S8(2)

In this case, by order comparison we have H = 1. Therefore, G ∼= S8(2). Thus
we complete the proof of Theorem.
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