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Abstract. In this paper, we give explicit expressions of (P + Q)4 of two matrices P
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1. Introduction

Recently, the representations of the Drazin inverse of matrices have been widely

investigated (see, for example, [2], [10], [11], [15], [16], [17] and the literature men-

tioned below). In [12], Meyer and Rose presented a representation for the Drazin
B

inverse of 0 D in terms of sub-blocks A, B, D and their Drazin inverses.
And in [1] later, Campbell and Meyer suggested to find an explicit representation
for the Drazin inverse of a 2 x 2 block matrix in relation to its sub-blocks. Since

then, a lot of special cases of this problem have been studied (see, for example, [3],

LCorresponding authors e-mails: xiaojiliu72@126.com (X. Liu, Tel. +86-0771-3264782),
Liangxu@126.com (L. Xu), yaoming.yu@monash.edu (Y. Yu).
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[4], [5], [6], [7], [8], [13] and references therein). But no one can solve the general
problem up to the present.

These investigations motivate us to deal with a representation for the Drazin
inverse of a 2 x 2 block matrix by exploiting an explicit expression of the Drazin
inverse of sums of two matrices. The paper is organized as follows. In this section,
we will introduce some notions and lemmas. In Section 2, we will present these
explicit expressions of differences and sums of two matrices P and () under the
conditions PQ = P2 In Section 3, we will deduce an explicit representation

for the Drazin inverse of the 2 x 2 block matrix { } under the conditions

C D
AB =0 and D? = %C’B in terms of its sub-blocks and A, and Dj.

Throughout this paper the symbol C"™*" stands for the set of m x n complex
matrices and I € C™*" stands for the unit matrix. Let A € C"*", the Drazin
inverse, denoted by Ay, of matrix A is defined as the unique matrix satisfying

AT A, = AR AJAA, = Ay, AA; = A A

where k = Ind(A) is the index of A. In particular, if Ind(A) = 1, then Ay is
called the group inverse, denoted by A,, of A (see [1], [9], [14]). Apparently, if
A is nonsingular, then Ind(A) = 0, otherwise Ind(A) > 1, especially Ind(0) = 1.
If A is nilpotent, then A; = 0. If X is nonsingular and B = XAX~!, then
B; = X A;X !, For convenience, we write A™ = I — AA, and

A B ]

(1.1) M = {C b

where A € C"*", B e C™™ C € C™™ and D € C™*™.

Also, we need two functions: the ceiling function [z], the smallest integer
greater than or equal to z, and the floor function |z |, the largest integer less than
or equal to x.

Now, we list and deduce some lemmas.

Lemma 1.1 [12, Theorem 3.2] Let M be given by (1.1) with C = 0, t = Ind(A)
and | = Ind(D). Then

e[ 5)

0 Dy

where

t—1 -1
S=A"Y A"BDy™+Y  AyPBD"D" — A;BD,.
n=0 n=0
Lemma 1.2 [8, Theorem 3.1] Let M be given by (1.1) with D = 0, t = Ind(A)
and r =Ind(BC). If AB =0, then

e[ 5
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where

r—1 (%1_1
X = (BC)" (BC)'AT">+ > (BC); A A™,

n=0 n=0

Lemma 1.3 Let P,Q € C"" with s = Ind(P) and h = Ind(Q). If PQ = 0, then
(i) for any positive integer n > 2,

n—1

(1.2) (P+Q"=P"+Q"+> QP
i=1
(ii)[10, Theorem 2.1]
s—1 h—1
(P—i— Q)d — ZQZJranPw + Qﬂ-ZQnP;LJrl_
n=0 n=0

Proof. (i) When n = 2, obviously, (P+ Q)? = P>+ Q?+ QP holds. Assume that
k-1

(1.2) holds for k > 2, namely, (P + Q)* = P*+ Q¥+ > Q'P*~* k > 2. Then for
i=1

k1,

k—1

k
(P + Q)kJrl _ (Pk + Qk + ZQszfz)(P + Q) _ Pk+1 + Qk+1 + Z QiPkJrlfi‘
=1

i=1
Hence, by induction, (1.2) holds for any positive integer n.
Remark 1: If P" =0 in Lemma 1.3(ii), then (P + Q)4 = TS Qutipn, .
The following lemma generalizes [1, Theorem 7.8.4(iii)7]l.: '
Lemma 1.4 Let P € C™™ Q € C™ " then (PQ)q = P(QP)3Q.
Lemma 1.5 Let P,Q € C™". If PQ = P2, then for any positive integer n,
(1.3) @-P)" = Q" HQ-P).

Proof. When n = 1, obviously, (1.3) holds. Assume that (1.3) holds for k,
namely, (Q — P)* = Q*"}(Q — P). Then for k + 1,

(Q—-P)"'=Q"(Q-P)Q-P)=Q"Q~P).

Hence, by induction, (1.3) holds for any positive integer n. u

2. The Drazin inverse of differences and sums of two matrices

In this section, we will investigate how to express [I —Q+ (W P)¥], for any positive
integer k, and (P + @), under some conditions. We begin with the following
theorem.
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Theorem 2.1 Let P,QQ € C"*" with Ind(P) = s. If PQ = P and Q is idempo-
tent, then
(i)

131-1

— kn pm k . .
21) (I-Q+Phy= (7 Q>ZP PT+QP;, if k<s;

n=0
(I —Q)P™+ QP if k> s.
(i)
(2.2) I-Q+(@P)a = I-Q+QFy.

Proof. (i) Since Q = Q?* h = Ind(I — Q) = 1. From PQ = P, we have
P*(I — Q) = 0 for any positive integer k, and (P¥)™ = P™. Thus, by Lemma
1.3(ii), we get

so—1

(2.3) I-Q+Py=(I-Q)) PP +QP;

n=0
where s; = Ind P*.

Note that n > [7] implies kn > s and that when kn > s, PpP™ = 0. So
(2.3) becomes

-1

[
I-Q+Py=(1I-0Q) P"™P™ + QPY.

w
—

i
o

Consequently, (2.1) holds.
(ii) Replacing P with QP in the proof of (i) yields

-1

20 -Q+(@P)la=(I-Q) Y (QP)" —(QP)"HQP)d + Q(QP),

—

3
I
o

where [ = Ind(QP)*.
Since PQ) = P, by Lemma 1.4,

(QP)a=Q(PQ)3P = QP;P = QPy.
In general, by induction, we can easily show that for any positive integer k,
(2.5) (QP)i = QF;.
By the above equation and Lemma 1.4,
Py = (PQ)a = P(QP);Q = PQP;Q = PQ.

Since (I — Q)(QP)" = 0 for any positive integer i, by (2.4) and (2.5), we reach
(2.2). .
Now, we present the expression of (P 4+ Q).
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Theorem 2.2 Let P,Q € C*" with Ind(P) = s > 1 and Ind(Q) = r. If
PQ=P? and h=Ind(P—Q) > 1, then h <r +1 and

2.6) (P—Q)a=QiP — Qa=Qi(P - Q).

2.7) (P=Q)(P—Q)a=QuQ— P).

(2.8) (P + Q)d = —Qd + Z A 1@3"'1P”P7r + Q" Z 9—(n+2) ann—i-l
+9- h+1)Q7TQh 1Ph

In particular, when h =1r + 1,
1 s—1 r—1
(2.9) (P + Q)d = éQd 4 Z 2n—1QZ+1PnPw +Qr Z 2—(n+2)QnP£+1'
n=0 n=0

Proof. Since Ind(P) = s > 1, there exists a nonsingular matrix W; such that

PO

(2.10) Ple[ 0 P

1
} Wit oand Py=W, { PO 8 } Wt

where Pj is nonsingular and P, is nilpotent with P = 0. Partitioning W, 'QW,
conformably with W, ' PW;, we have

_ Ql Q4 —1
Q_Wl[Qa @JWI'

Since PQ = P?, we can deduce P; = Q1, Q, = 0 and P,Q, = P}. Thus

0 0 -1 _ Pfl 0 —1
Q3 P — Qs } Wi and Qo =1 [ H (QQ)d:|W1

where H is some matrix obtained by using Lemma 1.1.
Since P,Q5 ™' = PF =0,k > max{s, 2}, we have

(Q§P2)2 = Q;(Png)Pz = 0,
Py(Q2)a = PQR3(Q2)5T = 0,
(Q5P)q = 0.

By (1.3) and Remark 1, therefore, we have

(Py— Q)5 = (1)°(Q5P— Q5 )a = (—1)°[—(Q2)5 + (Q2)57°P)]

(2PL) Q = W, {
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and then, by Lemma 1.5,

(P = Qa)a = (Po— Q)3 (P2~ Qo)°
= (=D (Q)7 + Q)i RJ(Q5 P — Q3)
= (Q2)iP — (Qa)a,

(Pr—Q2)7 = [(Q)3P ] (Q2)7P2(Q2)a — (Q2)a(Q2)3 P2 + (Q2)7
= (Q2)7 — (Q2)3P.

By Lemma 1.1, we get that

[ 0 0 B
(P=Qla = Wil _(p,—Q,)20; (Pz—cb)d]Wll

- 0 0
= Wil —[(Q)3P — (Q)alQs (Q2)3P (%>]

—1

(2.12)
= (Q4P — Qa)P™ — (QF — Q3P)P"QPP,
= QiP — Qq— (Q3P — Qu)PP; — (QF — Q3P)(QPP; — P4PQPF)
= QiP —Quq— (Q3P — Qq)PPy — Q5(QPP; — P*Py)
= QiP—Q4 = QiP-Q).

Since Ind(Q) = r, Q,Q"™ = Q". By (1.3) and (2.12),

(P _ Q)d(P _ Q)r+2 — Q?I(P _ Q)r+3 — (_1)r+2Q3Qr+2(P _ Q)
= ((VQ@P-Q = (P-Q

Hence Ind(P — Q) = Ind(Q — P) <r+ 1.
(ii) By (i) and Lemma 1.5,

(P=Q)(P=Q)a=(P—Q)aP—Q)=QiP—Q)*=Qa(Q— P).
(iii) By (i) and (ii),
(Q - P)g=Q3(Q—P)Q—Pla=QyQ - P).
Generally, for any positive integer n, by induction,
(2.13) @Q-P)i = Q;'(Q-P).

From PQ = P2, it follows easily that P(P — Q) = 0 and PQ* = P! for
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k > 1. Thus, by Lemma 1.2 and (1.3), (2.7) and (2.13), we have
(P+Q)a=[2P+(Q— P

>

-1

=3 (@ PR PP+ (@— P S (Q - PYeP)

S
I
o

h—1

s—1
1 —(n n— n
=2 _2'Qi*(Q = P)P"P"T+(Q + QuP) |5 Pa+ ) 27" VQ N Q - PP
n=0 n=1
s—1 1
= > 2(QiT P = QP PT 4 S(Q7 + QuP) Py
n=0
h—1
+Q7r Z 2—(n+1)Qn—1<Q . P)P;-H
n=1
s—1 s—1 1
o T nyn+1 pn pr n—1yn+1 pn pw T
= QuP +n2::12 Qutpnp —;2 QiT P"PT + S(Q7 + QuP) Py

h—1 h—2
+Q7r Z 2—(n+1)QnPC7lL+1 _ QT( Z 2—(n+2)QnPC7lH—1 _ 2—2Q7rPd
n=1 n=1

s—1

1 1
= _( ) _Q? Pﬂ' E 2n—1 Qn—HPnPﬂ—

h—2
+2—hQ7rQh—1P£z + QT( Z 2—(n+2)QnPC’;z+1 + 2—2Q7rPd

n=1
1 s—1 h—1
=5Qu+ Y 2T PIPT QT Y 2 RQ R 4 27 QR TRy,
n=0 n=0

When h =1+ 1, (2.9) follows from (2.8). .

Remark 2. If h = 0 in Theorem 2.2, then P — () is nonsingular and therefore
P = 0 since PQ)Q = P2. Similarly, if s = 0, then P is nonsingular and so P = Q.
Thus Theorem 2.2 is trivial for the two special cases.

If P is idempotent in Theorem 2.2, then P*P™ = 0,k > 0. So we have the
following result.

Corollary 2.1 Let P,Q) € C™" with r = Ind(Q) and h = Ind(P — Q) > 1. If
PQ = P and P 1is idempotent, then h <r + 1 and

h—1
1 ) o
(P+Q)d:Qd_§QdP+Q7r22*(n+2)QnP—|—2 (h+1)Q Qh 1p
n=0

In particular, when h =r + 1,

r—1
(P+@Qu=Qu— 3QuP +@ Y 272Q"P
n=0



52 XIAOJI LIU, LIANG XU, YAOMING YU

If P and @) are both idempotent in Theorem 2.2, then

1 3
(P+Q)d:Q+ZP— ZQP'
Since . .
(PHQIP+Qu=(P+Q) (3P Q- 50r) =P+,
we have the result below.

Corollary 2.2 Let P,QQ € C"™" be idempotent. If PQQ = P, then

1

(P-Q)g=QP—-Q and <P+Q)9:Q+ZP—2QP-

Theorem 2.3 Let P,Q € C™". If PQ = P? and QP = Q?, then

(P+Qu=3(Pit Q) and (P—Qu=0.

Proof. Premultiplying QP = Q? by Q2 yields Q4P = QQq and then Q,PP; =
QQaFy. So, by Lemma 1.4, we get

QP; = QPP} = Q*(PQ)a = Q°P(QP)7Q = Q*Q1Q = QQq = Q4P
and then QyQP; = Q4. Thus for n > 1,

(2.14) QaP" ' (I — PP)) = (Qu— QuPP)P" ! =
(2.15) (I -QQu)Q"Ps = (I-QQu)Q"'QuP =

Since PQ = P?, by Theorem 2.2(iii), we have (2.8) and put (2.14) and (2.15) in
(2.8). As a result,

0,
0.

(P+Q)a= %Qd + %(I — Q4Q) Py = %Qd + E(Pd —Qq) = %(Pd + Qa).

Since (P—Q)*=P>-PQ—-QP+Q*=0,(P—-Q)s=0. .

3. The Drazin inverse of 2 x 2 block matrices

In this section, we turn our attention to the representation for the Drazin inverse
of a 2-by-2 block matrix M given by (1.1), in terms of its sub-blocks and A4 and
Dy, by Theorem 2.2.

1
Theorem 3.1 Let M be given by (1.1) with t = Ind(A), s = Ind <[ é 2OB ]) :

1
q:Ind<[8 25}),]1211&(1({2, _OD}) and r = Ind(BC). [fDQZ%CB
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and AB =0, then h < s+ 1 and
1 L BD2 oot [ LBK(n,r)Ag 0
Ma = 51 2k, r) + S0) }JFZQ { n+1,r) 0

1 h 1 h
_— — _l—E-‘ — = — _I.EJ —(Tl 2)
3(1 4 )G(0,1) 6(1 4 )G(1,t) + E 2 G(n,n)

(3.1) +2-MG(h —1,h — 1) — G(h — 1,1)].

In particular, when h = s+ 1,

1 L BD2 oot [ LBK(n,r)Ag 0
Ma =51 arq,r) + 50 }“LZQ { K(n+1,r) 0}
1 s 1 s
L Ry —(n+2)
(3.2) S(L= 4G 1) — - (1 -4 )G(l,t)+;2 G(n,n)

where i = 0 whenever m < k and
n==k
1
(3.3) L= (21 - BDCQIC')Ad + BK(1,r —1)As + BDZS(t)A — §BDdS(t),

[31-1

(34)  S(n)= ) D}?CA* A",

k=0
%BD?IS(m)A 0 ) .
DdS(m)A 0 5 n 1S evel,;
LBD3S(m —2)A2 0 _
2 d
{ D[215<m _ 2)A2 BE nis Odd,
m—1
(3.6) K(n,m)= D" Z Dn+2kfICAg+2k+1'
k=0
Proof. Assume that
_ | Yo n Yo 0 0o v
W_|:}/2 O] {() 0}_’_[}/2 0}-—W1+W2

where YyY; = 0. So, for £ > 1,

ko [ Yy O o _ | (NMYa)* 0
Wl - |: O O 9 W2 - O (}/23/1>k )
Py 2k-1 0 (V1Y2)" 1Yy
2 (Y2Y'1)k71}/2 0 .
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and then
. YL Y- kyank 0
W2kWn-2% [(12)00 0}7
0 0
2k—115/n—2k+1 __
W2 Wl - |: (Y'Qy'l)k—lyéybn—Qk—‘rl 0 } )
(3.7) HWJWE = 0, forj>1,

where H = [ 8 I } partitioned conformably to W. For n > 2, by Lemma 1.3(i)
and (3.7),

n—1 L%J
HW™ = HWP+ W5+ WiWp—) = HWy + Y HWEwp-2+
i=1 k=1
3]

n 0 0
(38) - HW2 +ZH |: (Y2Y'1)k—1yzyn—2k+1 0 :| .
k=1 0
Rewrite M as

_[A 3B 0 381 _
=48]0 ] mrre

From the conditions that 2D? = OB and AB = 0, it follows PQ = Q?, namely
QTPT = (Q7)? where the symbol FT stands for the transpose of a matrix F.
Note that Ind ({ :3; 14(1)2
by [12, Theorem 2.1]. So ¢ > 1. If A is nonsingular, then B = 0 since AB = 0.
Thus D? = 0 and then D is singular. So h > 1. Therefore, applying Theorem 2.2
to MT, we have h = Ind(P — Q) <Ind(P) +1 = s+ 1 and

}) > 1 whenever square matrix A; or A, is singular

1 q—1 h—1
(3 9) M, = §Pd + er Z 2n71QnPC1ll+l + Z 2f(n+2) Z—i—anPﬂ'
’ n=0 n=0

+ 2_(h+1)Q2Ph_1PW'

Obviously, for n > 1,

n— n+1
Qn_{o sBD 1]’ QZ—{O 1BDnt ] Qﬁ_[z —%BDdl_

0 Do 0 Do 0 DT
By Lemma 1.4,
1 1 271 1 )
310) C(=BC) = C|(=BC) (=BC) = (=CB) ¢ = DC,
d
2 . 27 ) \2 277 ),
(311) C(BC).B — %DﬁCB — DD,

(3.12) D4C(BC)" = DuC(I —(BC)4BC) = D,C — D>DC = 0
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So, by Lemma 1.2 and (3.11),

Py = {)C(;? (BCO)dB ] pr_ { (BC)™ — XA* 0 ]

—CXA D7
where
1 T r—1 1 m (%]71 1 m-+1
X =|=BC ~BC| A"+ ~BC AP AT
2 2 2 J
m=0 m=0
and AX = Ay.
: A0 0 iB
Now, taking W = P, we have W = { 0 0 } and Wy = [ C 20 }, and,
accordingly, Yo = A,Y; = 1B, and Y; = C. Thus,
1 k—1
(}/‘2}/‘1)1671 —_ (503) — D2k72.
Taking H = Q" in (3.8) for n > 2 yields
[0 1BDI 0 0
n+lpnpr  _ n-+1 n pm 2 d L
Qd P"P Qd W2 P + ; I 0 D:ll+1 :| [ D2k—2CAn—2k+1 0 } P
SR —2k+4 —2k
=BD" CAH(BO)™ — X A?] 0
— n+1 n pmw 2 d
(3'13) Qd W2 PT + Z Dg_2k+3CAn_2k+1[(BC)7r _ XA2] 0

k=1 *-

|3

-1

L
= QTWEPTE Y|
k=0

lBDn72k+2CAn—2k:—1A7r 0
|: Dgii2k+lcfAn—2k—1A7r 0 :| :

since A[(BC)™ — X A?] = AA™ and k < n/2.
In order to continue conveniently the above computation, we write
l3]-1
V(n) _ Z D(rizkaJrlCAankflAﬂ-’ n > 27

k=0
and consider it in terms of the parity of n as follows. If n = 2w + 1,w > 1, then
since

[2-1

w—1
S(Ru+1)=2)= ) DFPCA*AT =) DFPCA*AT,

k=0 k=0
we have
w—1 w—1
VRw+1) = Zpgw—2k+20A2w—2kA7r _ ZD§i+4OA2i+2A7r
k=0 i=0

= D3S((2w+1) —2)A%
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If n =2w,w > 1, then

wol w—1
V(2U}) = ZDZwiszrlCAZwiQkilAﬂ- = Z D§i+3OA2i+1A7r
k=0 P
Hence,
DaS(n)A, n is even;
Vin) = |
D3S(n —2)A%, nis odd

and then for n > 2,

(3.14) G(n,n) = [ 1BD;V(n) 0 } _ [ LB Di2+20 An=2k-1 g7 ) }

V(n) 0 D372k+1CAn—2k:—1A7r 0

We also need to deal with QZ“WQ"P”. Likewise, we consider it in terms of
the parity of n as follows. When n = 2k,

. 0 iBD%*+2 1BCY 0 BC)Y" —XA%2 0
Zk+1W22kP _ [ 2 d } {(2 ) } [( ) }

0 D 0 D* ~-CXA D™
[ —-iBDiCXA 0
- -D,CXA 0

and when n = 2k — 1, by (3.12),

QW1 pr — { 0 %BDj’““} [ 0 (%BC)’“‘lB} [(BC’)”—XA2 0 }

0 D D*-2( 0 —CXA D"
[ -iBD3CXA? 0
- | IDiCxAr 0

By (3.10) and (3.12),

[31-1 k+1 [£1-1
1
D,CXA = D,C Z (§BC> AL AT — D Z D20 A AT
k=0 d k=0
= Dy4S(t)A,
[£1-1 [t1-2
D?iCXAQ = Dc2l Z DCQ/H-QCA?’C-I—?AW — Dg Z D§k+2CA2k+2A7r
k=0 k=0
[4521-1
— Dg Z D3k+QCA2k+2A7r _ D;S(t . 2)A2

k=0

Thus

(3.15) QW PT = —G(n,t).
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Hence, putting (3.14) and (3.15) in (3.13) yields
(3.16) QUIP"PT = G(n,n)—G(n,t)

where n > 2. Especially,

(3.17) Qi pPPT = G(h—1,h—1)—G(h—1,1).
By (3.12),
1o ol o . 1[0 iBD3|[(BO)"—XA% 0
@l +gQaPPT = g { 0 D, “cxA  Dr
170 4BD}][A B[ (BC)"—XA% 0
8|10 D2 C 0 ~CXA DT
_1[ —iBD}CXA 0] 1[ —3BDiCXA? 0
T 4| —-DCXA 0 8| —-D3CXA? 0
(3.18) = —272G(0,t) — 27°G(1,1).

Hence, we can obtain, by (3.16) and (3.18),

h—1 h—1
1
D2 IQEPIPT = QuPT + QdPP” + Z 2~ (G (n,n) — G(n, t)]
n=0
h—1 h—1
(3.19) = ) 270G (n,n) =Y 2@
n=2 n=0
h—1
In particular, when h < 3, the first sum Z =01in (3.19).
=
Note that by (3.5), G(1,t) = G(3, t) =G(2k—1,t)=--- and G(0,t) =
G(2,t) =---=G(2k,t) =---. Thus
h—1 [41-1 51—t
20 IG(n,t) = Y 2GRk 1) + Y 27 HIG(2k +1,1)
n=0 k=0 k=0
L L1 g1l
(3.20) = J1—4E)G0.0) + (1 -4 E)G(L ).
. ~ [ XA 0 [ o (BC)B
Next, taking W = P;, we have W = 0 0 and Wy = ox 0 ],

and, accordingly, Yy = X A,Y; = (BC)yB, and Yo = CX. Thus
(XA) = X(AX)'A = XATA, fori>1,

and, by AB =0 and Lemma 1.4,

Y,Y; = CX(BC)yB = C (%BC) (BC)yB = <%CB> = D2.
d

d
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Note that

oron — |1 =3BDa ][0 3BD™N) [0 3BD™ID"
0 I—DDy 0 D 0 DrD™

Therefore, taking H = Q" in (3.8) for n > 1 yields

QﬂQnP5L+1 — QWQnWQn+1

H;IJ

N LZ 0 iBD" D" 0 0
(3.21) p 0 DrDT l)gk_2(7)(()(14)"_2k+2 0

LBD"=1DTCOX2AA T 0
_ TN n+1 2 d
= QTR { D"DTCX2AA; 0 1 |

Consider Q™Q"W3! as follows. When n = 2k,

Qﬂ' Qn W22k+1

0 iBD"'D~ 0 MY)™i| _
0 D"DT DY, 0 -

And when n =2k — 1,

. 0 LBD D7 ViYa)® 0
oowy = [ PO ] =0
Hence
(3.22) QTQ"Wytt = 0.

By (3.10) and (3.11),

r—1 [%W‘l
1 1 1
_ T A2 T 2k—2 2k+2 m—+2 g2k A
X = (BOYA}+(BC) Y SBD*PCATY 4 3~ D BO(5BO);+ A A
k=1 k=0
[$1-1

r—1

1 1

= (BC)"A%+ §BD”§ DFTECAFT + 0B Y DFHCATAT
k=1 k=0

r—1
1 1
= (BO)"A3+ 5B > DFECAYT 5BD§S(zt)
k=1

and then
r—1
CX = D'CAj+D'D*Y D*?CA}*™ + D*DjS(1)
k=1
(3.23) r-1
= D") D*CAF* +5(t)

k=0

= K(1,r)+ S(t),
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(3.24) D"CX = K(1,r),

XA = (BO)"Ay+ iBD™ Y~ D*-2C A% 4 1BD2S(1) A
(3.25) = (I-1BD3C)As+iBD" Y 2 D*CAZ + 1BD2S(1)A
= (I —$BD3C) Aa+ 3BK (1,7 — 1)Aq + $ BD3S(t) A,
(3.26) D"CX?A = K(1,r)XA = K(1,r)A,.
By Lemma 1.4, (3.23) and (3.24),

0P, — (1 —$BDs | [ XA (BC).B
i = g pr CX 0
[ XA-1BD,CX (BC)4B
(3.27) - D CX 0
1 1 2
_ | XA-}BDsS(t) BD;
i K(1,r) 0

and, by (3.21), (3.22) and (3.26)
iBK(n,m)Aq 0

2

IBD" 1K (1,7)AgA%Y 0
(328) QWQnPZlH-l _ 2 d ] .

DK (1,7)A4A 0 Kn+1,r) 0
Consequently, by (3.27), (3.28),(3.23) and (3.25),
1 !
§Pd + Qﬂ' Z 2n—1QnPC?+1
n=0
1 1 1,
1| XA éBDd N 1| XA- §BDdS(t) §BDd
2l ox o 2 K(1,7) 0
(3.29) X 1
< ~BK(n,r)A; 0
+22n—1 2 (n7r) d
n=1 Kn+1,r) 0
1 L BD? Zl 1BK(n,r)Ag 0
2| 2K(1,r)+S(t) 0 — Kn+1,7r) 0
where

L= (2] — BD2C)Aq+ BK(1,r — 1)Ay + BD2S(t)A — %BDdS(t).

q—1
Especially, when ¢ = 1, the sum > =0 in (3.29).

n=1
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Putting (3.17), (3.19), (3.20), (3.22) and (3.29) in (3.9) yields (3.1).
If h = s+ 1, then (3.9) becomes

1 7Tq_1 n— n VA S_l —(n n mn s
My =5Pi+Q > onlQrpptt 4y o guiiprpT,

So, putting (3.19), (3.20), (3.22) and (3.29) in the above equation yields (3.2). =
Adding some restrictions to D, we have the following results.

Corollary 3.3 Let M be given by (1.1). If D> = CB =0 and AB = 0, then

Aq+ BCA3+ BDCA; 0

(3:30) Ma= CA2 + DCA} 0

Proof. Assume that indices of matrices mentioned are the same as those in
Theorem 3.1. Since D? = 0, then Dy = 0. Putting Dy = 0 in (3.3) ~ (3.6), we
have

S(n) = 0, K(1,m) = CA%
G(n,m) = 0, K(2,m) = DCA3,
L = 2A;,+BCA3  K(n,m) = 0(n>3).
Substituting the above equations in (3.1) yields (3.30). n
iB
Corollary 3.4 Let M be given by (1.1) with t = Ind(A),s = ([ 20 } ,
B 0 3B B A 0 2 g
qInd([O D]) andhlnd([c —D])' If D = 5CB and

AB =0, then h <s+1 and

1 H BD

Ma=35 {2(1 — D)CAZ+S(t) 0

1+ 2~ MG —1,h —1) — G(h — 1,1)]
1 _I‘ﬁ" 1 _ J ( +2
(3831) —g(1—47BDGO,1) - (1 -4 l2)G(1,1) +Zz "2 G (n,n)

In particular, when h = s+ 1,

1 H BD 1 .
_ =t _2(1 — 4[5
Ma = 2| 2(I = D)CA2+S(t) 0 ] 3(1 472)G0,4)
s—1
(3.32) —éu 4G )+ 3 2 G, n)

n=2
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where
1
H = (21 — BDC)Ay+ qB(I — D)C A3+ BS(t)A — §BS(t),

[21-1
S(n) = Y DCA*A",
k=0

([ 1BS(m)A 0 _
, n is even;
| S(m)A 0
G(n,m) =9
sBS(m—2)A* 0 .
, nis odd.
S(m — 2)A?

\

Proof. Since D = D? then Ind(D) = 1 and D; = D and then K(n,m) = 0,
n > 2, and K(1,m) = (I — D)CA2%. Clearly,

[31-1

(3.33) S(n)= > DCA™A,
iBS(m)A 0 1BS(m—2)A? 0
(3.34) G(2k,m) =  G(2k —1,m) = ,
S(m)A 0 S(m—2)A% 0
(3.35) L= (2 — BDC)A;+ B(I — D)CA3 + BS(t)A — %BS(t).

By [12, Theorem 2.1}, 1 < ¢ < 2. Thus when ¢ = 2,

q—1
E 2n71
n=1

1BK(n,1)As 0 1B(I - D)CA3 0

Kn+1,r) 0 0 0
q—1
However when ¢ = 1, > = 0. Therefore, Define
n=1
H = L+ (¢q—1)B(I—-D)CA3
1
(3.36) = (21 — BDC)A;+qB(I — D)CA3 + BS(t)A — §BS(t).

Putting (3.33) ~ (3.36) in (3.1) and (3.2), respectively, yields (3.31) and (3.32). =
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