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1. Introduction

In 2000, Dattoli and Levi [1] discussed general methods for the solution of diffe-
rence equations, arising in physical and biological problems.Their technique play
crucial role in unifying the generalized families of the difference equations. The
present paper deals with the generalization of exponential operators used in [1] to
operators of the type a’\Q("”)%, where base a (a > 0, a # 1) is a real number. In
particular when a = e, the operator reduces to the operators used by Dattoli et
al. [1].

The action of the generalized exponential operator on a generic function f(x)
is defined as

d
G M f(0) = cCm@@ f(0) = F(F(AIn(a) + F(2)).

where F(x) (called the Similarity Factor (SF)) denotes the function
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_ [T dg
Fm/ q(&)’

and F~1(o) is its inverse. For ¢(x) = 1, the SF is given by

(12) Flz) = / d¢ =,

therefore F'~1(x) = z, then operator (1.1) reduces to the ordinary translation or
shift operator as follows:

(1.3) a iz f(z) = f(F'(An(a) + 2)) = f(AIn(a) + 2).

Another example of application of operator (1.1), for ¢(z) = x, the SF is given by
“d

(1.4) Fla) = g ~ In(a),

so that F~1(x) = €®, and hence operator (1.1) reduces to the dilatation operator

(L5) M f(r) = (P (Mn(a) + In(2))) = f(MON) = (o)

The ordinary shift operators and their properties play a central role within the
context of the theory of difference equations [3]. One can, therefore, suspect that
the above generalized exponential operators and the wealth of their properties
can be exploited to develop tools which allow the solution of different forms of
difference equations.

1(a). Particular case: The substitution of a = e, into equations (1.1), (1.3)
and (1.5) reduce to equations (1), (2') and (3) of Dattoli et al. [1].

A simple example of how the exponential operators can help us to solve
difference equations may be illuminating. Let us consider the linear dilatation
difference equation of the type

(1.6) b1 f(a’x) + ba f(ax) + bs f(x) =0,

which, according to equation (1.5), equation (1.6) can be written in the following
form

(1.7) by a* i + bya"is +by| f(x) =0,
Suppose f(z) = R™®) we have
a)\:p%RIn(x) _ eAln(a)IE%Rln(m)’

where ¢(r) = x, so that F((x) = In(x) and F~(z) = ¢® or F~1(AlIn(a) + In(x)) =
eA(@)+n(@) — 0A Therefore,

(18) a[)xx(%Rlnx _ Rln(aca/\) _ Rkln(a)Rlna:‘
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Hence we can associate with equation (1.7) the characteristic equation
(1.9) [ R*™@ 4 py R@ 4 pg] R@ =0, or by R*™®) 4 p R 4y =0,
whose roots R™® and RS allow to write f(z) in terms of the following linear

combination of independent solutions:

2
(1.10) flz) = ClRlln(z) 4 C2R12n(z) _ Z Co R

a=1

The above example indicates that we can extend well-established methods of
solutions of difference equations to other types of equations reducible to ordi-

nary difference equations, after a proper change of variable implicit in equations
(1.1), (1.3).

1(b). Particular case: The replacement of a with e in equations (1.6), (1.7),
(1.8) and (1.9) give raise to equations (5), (6), (7), and (8) of Dattoli et al. [1].

To give a further example of the flexibility of the formalism associated with
exponential operators, let us consider the generalized Heat Equation of the fol-
lowing type

%Q(az,)\ln(a)) = In(a) [q(x)%} Q(z, A 1n(a)),
Q(z,0) = g(x),

which can formally be solved by rewriting equation (1.11) as

(1.11)

S (@) ~ (@ ae) 57| Qe A @) <o,

which can formally be solved by considering this as ordinary linear differential
equation of order one, whose I.F. is determined as

o~ I m@[a@ Z N _ ~m@[a@ 2] Aa@) &)

Y

we can, therefore, find its general solution as

e}

2
Q(z, )\ln(a))a_’\[qu’)%] =C,
where C' in any constant and using the given initial condition, we get

Q(z,0) = g(z) = C,

and, finally, we obtain the solution of the Heat equation (1.11) as

(1.12) Q(z, A\1n(a)) = oM@V ().



18 MOHAMMAD ASIF, ANJU GUPTA

Using the identity

b2 I —£242b¢
el = — e g,
VT )

and replacing b* by Aln(a)[g(z)Z]?, we have

+00
(1.13) An@)la(@) 212 _ o) 212 _ % / ¢~ €7+2y/A (@) g
m —00

Using equation (1.1), finally yields the solution of equation (1.11) in the form of
an integral transform, which can be viewed as a generalized Gauss transform

(1.14) @ g (z) = % /_ o e € g(F1(2¢7/An(a) + F(x)))dE.

or, in other words, we have

(1.14) Q(z,A\n(a)) = % /_+OO e g(F1(26\/Mn(a) + F(x)))de.

It is evident that the formalism associated with generalized exponential operators
can be exploited in many flexible ways in finding the general solution of a large
number of problems. This paper is devoted to the discussion of methods which
provide the solution of the classes of “difference” and generalized “Heat” equations
and we shall see that the techniques we propose offer reliable analytical tools and
efficient numerical algorithms.

1(c). Particular case: To put a = e, in the equations (1.11), (1.12), and (1.14)
give raise the same forms of the equations (10), (11) and (13) respectively of
Dattoli et al. [1].

2. Generalized difference equations

Before discussing the problem in its generality, let us consider the equation of the
following type, as a further example, which reduces to ([1]; p. 655 (14)) when we
consider a = e, we have

(2.1) Z bo f(z cos(aln(a)) + V1 — 22 sin(aIn(a))) = 0,

which belongs to the families of generalized difference equation. This equation can
be obtained by the action of the generalized exponential operator on the function

f().
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Z bo f(sin(sin™ z) cos(aIn(a)) + cos(cos ™' V1 — 22) sin(aIn(a))) = 0,
Z bo f(sin(sin™! z) cos(aIn(a)) + cos(sin™! x) sin(a In(a))) = 0,
Z bef(sin(sin™ ) + aIn(a)) = 0, Z baaamf(x) =0.

According to the discussion of the previous section, the use of the exponential
operator

N
> b A% f(z) =0,
a=0

where

(2.2) A=oV7%
allows to cast (2.1) in the operator form

W(A)f(x) =0,

where

(2.3) T(A) =) b, A

In this case, the SF associated with (2.2) is
(2.4) F(z) = sin ! (z).

Independent solutions of (2.1) can, therefore, be constructed in terms of the func-
tion R*™ '@ which satisfies the identity

(25) A\aRsin’l(z) _ Roaln(a)Rsin’l(ac)7

the general solution of (2.1) can finally be written as

N

(2.6) fla) = coRim '),

a=0
Similarly, if we consider the following example, we have

N

(2.1) > baf(xcos(aln(a)) — V1 = 2?sin(aIn(a))) =0,

a=0
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which belongs to the families of generalized difference equation. According to the
discussion of the previous section, the use of the exponential operator

~

(2.2) A=qg V1"

allows to cast (2.1)" in the operator form (2.3). In this case the SF associated
with (2.2)" is

(2.4) F(z) = cos !(x).

Independent solutions of (2.1)" can be therefore constructed in terms of the func-
tion R @) which satisfies the identity

(2.5)/ A\aRcosfl(z) _ Raln(a)Rcosfl(a:)‘

The general solution of (2.1)" can finally be written as
N

(2.6) fla) = caR®),
a=0

where R (@) are the roots of the characteristic equation

(2.7) U (RM@) =,

From the above discussion it is now clear that, whenever one deals with equations
of the type

N

(2.8) > baf(F ! (aln(a) + F(x))) =0,

a=0

one can associate it with the generalized exponential operator

-~

(2.9) A= 1@z,

which allows to cast (2.8) in the operator form (2.3) and we get the relevant
solution in the form

N o de.
(2.10) fl@)=> coRa ™.
a=0

2(a). Particular case: when we substitute a = e in equations (2.1), (2.2), (2.3),
(2.5), (2.7), (2.8) and (2.9) then these equation lead to equations (14), (15), (16),
(18), (20), (21) and (22) respectively due to Dattoli et al. [1].
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A useful example is given by the equation

(2.11) ibaf (m) —0,

by making use of the shift operator axQ%, which allows to cast (2.11) in the
operator form (2.3), i.e.,

Y 1
> baf <— 1) =0,
o Oéhl( ) -3
N d
D baa® i f(x) = 0,
a=0
N ~
> baA%f(x) =0,
a=0
where
~ -~ N —_—
A=a”d, W(A)f(r) = 0and W(A) =) ba(A).
a=0
1
In this case, the SF associated with (2.11) is F(z) = ——. Its solution can thus
x
be written as
N 1
(2.12) fl@) = caRa®.
a=1

The validity of the above solutions is limited to the case in which R ig not
a multiple root of the characteristic equation; this point will be discussed in the
concluding section.

2(b). Particular case: Replacing a with e in equation (2.11) reduce to Dattoli
et al. ([1]; p.656(24)).

In the tunes of Dattoli et al. ([1]; p. 656(26)), let us introduce the following
operational identities:

Arapl” e = prom@pl” @
(2.13) o e .
Aia(bj W@ p(z)) = b/ m(bln(a)A)iaqb(x).

valid for exponential operators of the form (2.9).
We note that, according to the first of (2.13), the non-homogeneous equation

@ _dt_

(2.14) U(A)f(z) = Cb 7@,
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where C' is a constant and 5™ is not a root of the characteristic equation, admits
the particular solution

o dg
(2.15) fz) = %
In the slightly more complicated case
(2.16) V(A (@) = b (),
the second of (2.13) yields
@ dg
(2.17) flz) = bl i@ mqﬁ(:p).

Further comments shall be discussed in the concluding section.

2(c). Particular case: When a = e, equations (2.14), (2.15), (2.16) and (2.17)
convert into equations (27), (28), (29) and (30) of Dattoli et al. [1].

3. Generalized shift operators and Jackson derivatives

In the previous section, we have considered linear equations involving discrete
power of the generalized exponential operator. Here, we shall discuss examples in
which the exponents are not necessarily integers. The introductory example is

flarz) — f(z)

(3.1) @) 9(),

where f(z) is unknown, A € C, and g(z) is an analytical function. The use of
the dilatation operator allows to cast equation (2.17) in the form of a the Jackson
derivative [4], namely

3.2 @ = e

The operator on the left hand side can formally be inverted and by writing the
differentiation variable in terms of the inverse of the SF we find

(33) flet) = 20 ey

a” —1

The operator on the r.h.s. of (3.3) can be expanded as
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Aln(a) Aln(a)
aie — 1 Aln(a)g + y(An(a) )2 + 5 (An(a) £)° + -
_ 1

n {H L (Mn@) + %(m@%)ﬁ...]

o 1 d 1 d\’ -
=D;" |1+ a)\ln(a)d—5 §<x\ln(a)d—€) +--

o 1 d 1 d\?
:Dfl 1—<§)\ln(a)d—f+g(/\ln(a)d—€> —l—)

d 1 ? i

L] d (1 1 d\* (1 1
= Dy ! _1 - §Aln(a)d—§ + (Z - 6) ()\ ln(a)d—é) — (ﬂ +§> ()\ In(a)
I d 1 d\> 1 A
= D; _1—§Aln(a)d—§+ﬁ()\ln(a)d—€> —E(Aln(a)d—g) +---

B d B d\* B A
:Dgl Bo+1—!1)\ln(a)d—§+2—!2()\ln(a)d—€) +3_!3()\1n(a)d_§) + -
or
Aln(a) i~ Ba n( d\"

(3.4) s 1_D5 ;%m (A1n(a)) ( dg) :
where
3.5 B—lB—lB—lB—l
() 0o— 4 1__57 2—6, 3= —1,...

d
dé

23

)e

are Bernoulli numbers (see [9]; p.300(9)) and D ! is the inverse of the derivative

operator. Since g(z) has a Taylor expansion (g(x) = Z bpx™), we get from
m=0

equations (3.3), (3.4)
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oo

=D %(/\ln(a))” (%) (Z bmemf>

2 3
= D¢’ Bﬁ&ﬂn( )d%+@<ﬂn( )jf) e ()\ln( )d) 4o

— p;! -1——)\1n( )jg ! ()\ln( )jg)z G(Am( )

oo 1 o0
_ —1 mé mé
=D;" |bo+ mZZI b 2)\ In(a) mzzo b, me

bt b (1 B )\h;(a) N ()\lri(Qa))2 B ()\ln6(a))3 ) byt

20In(a)  (2AIn(a))*  (2\In(a))? by o
+(1_ > T 12 T 6 +> 5

+

2! 3!

+byet {1 - (QM;(G) + (2M§!(a))2 +-~->}_1 + -

bies boet
(1 + Aln(a) + (/\ln( )2 T ) + 2[1 + (2)\121;(a) + (2/\11;)1!((1))2 4. )]
Mn(a)b, et Mn(a)byet

+
An(a An(a))? Aln(a))3 An(a An(a))? An(a))3
( 1!()+( 2(! ) +( 3(! ) 4. 2 1!()+2( 2!( ) +(2 3!( )

_b An(a)bie®  An(a)bye®*  NIn(a)bze3®
- Og + eAln(a) _ 1 e2AIn(a) _ 1 e3An(a) _ 1

= byl + byet {1+ ()\ln(a) N (An(a))? +...)]_1

= bo§ +

= b€ +

or



GENERALIZED EXPONENTIAL OPERATORS AND DIFFERENCE EQUATIONS 25

or
(3.6) i bm)\ In(@)e™ .y e
m=1
Going back to the original variable, we get
(3.7) i bmA @2y ).
=1
The series on the right hand side of equation (3.6) provides the solution of our
problem.

m 2m+1

Taking another example, g(x) = sin(z Z Gm I we find
m

m=0
B /\ln d\" = (—1)mem+1ie
)= oy BRG] 5 e

B d B d\?
B0+1—|1)\ln( )d5 +2—!2()\1n(a)d—§>

5 () +
— p; [1 - %)\ln(a)i s ()\ 1n<a)d%)2
6<Mn( )55)3 ;OO:O 2m + 1)
_ [i e () io —“éﬁef—ﬁ”g

(=™ @mt1e L — (D™ e
m — -1 m
(2m+1)(2m+1)!6 2 n(a)Z:O(Zm—i—l)!e

_ -1
_DE

6(Qm—&-l)g

Z 2m+1

m=0

6(2m+1)g

I
iNgE

- )\1 (2m+1)¢
12 n(e Z 2m +1 ‘

=0




26 MOHAMMAD ASIF, ANJU GUPTA

yme(2m+1)E An(a)(2m + 1)
2m + 1)(2m + 1)! 2

OM8

()\ln(a)) (2m + 1)? B (An(a))?(2m + 1)3 N

_|_

12 6
i Jretre T Alm(@@m+1)  (An(@)P@m+1)? -
0 2m+ )(2m + 1)! 2! 3
or
Aln(a) (=)™
o (2m+1)¢
f(e*) = Z a ) 1 (2m + 1)!6
or
B An(a) (=D o
(3.8) f(z) = Z @@t 1 (2m + 1)!x )
It is essentially the series defining g(x), provided that b,, is replaced by
boAlna
aAm —1

If, e.g., we take g(x) = cos(z), we find

An(a) (=)™ ,,,
(38) HORDY aA<2m><—) 1 ((Zm))! v
and for g(z) = €™, we get
(3.9) fla)y=>" %%T + In(2).

m=1

We can, therefore, conclude that the primitive of a Jackson derivative can be
constructed according to the above-quoted recipe.

This method can also be generalized and the concept of Jackson derivative
extended to other forms of exponential operators. In this case we consider equation
of the type

(3.10) f(z) cos(/\ln(a));Lln\(/;)— x?sin(A1n(a)) "

with the assistance of equation (2.2), we write equation (3.10) as follows:

AV () — e VI
3.11) 8 o) o T ) = (o),
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by assuming g(z) is an odd function there taking x = sin ¢, we have

d d da:
& drde cont 7,
(@ 1)

(3.12) f(sin&) = g(sin¢), or

An(a)
fsing) = 22 g(sing),

a’ € —1

let us find out the expansion of the first factor of the r.h.s. of equation (3.12) with
the help of equation (3.4), we have

(3.13) f(sing) = Dy Z (An(a (%) g(sin¢),

since g(z) in an odd and analytic function, then g(sin¢), can be expanded by
Taylor expansion such as g(sin&) = Z bom1(5in €)*™ 1 we have from (3.13),
m=0

o0

B
f(sin§) = D IZ nT (An(a ( > ZmeH sin )

- B _25 2m+-1
_ e Bn d n 00 b . (_Z>2m+1 oo o
- DE ' Zo n! ()\ln( )) (d_§> Z_O 2 +;2m+1 (—e 5)2 +1[1 — 2 5]2 +1
- Bi(An(a)) ( d By(AIn(a))? ( d\* Bs(A\In(a))® [/ d\*
_pt|pg o oiamte) fay  ByAin(a)” fd )\ BsAn{a)” fd
3 o+ 11 df + o df + 3 dg
- bzm+1(—i)2m+1 —i€\2m+1 g 2m—+1 omtls [2(2m1—s)iE
' Z 92m+1 (—e™) Z s (—1) e )
m=0 o—0

Substituting the values of Bernoulli’s numbers from equation (3.5), we have

st 1 () 2 - (.

2m+1 2m+1
.Zb2m+1( it Z (2m+1>(_1)86ﬂ2(ms)+1}5

22m+1 S
m=1 s=0

m 2m—+1
_ Z b2m+1 2 +1D 1 Z—E 2m+1 )s i[2(m—s)+1]¢ <)‘ ln(a)) i
22m+1 9 dé

s=0
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(2L (it , AIn(0)? (7
Z( i >(_1)e[2< )+15+T<d_§)

s=0
2m—+1
) Z <2m—|—1) (_1)sei[2(m—s)+1]§ . ]
S
s=0
b2m+1( Z)Q e -1 g 2m+1 s i[2(m—s)+1]¢
= Zl 22m+1 Df ZO S (_1) €

_ (Aln(a)) 2mz+1 (2m+1> (=1)°*[i{2(m — 5) + 1}&]elPtm—s)+1I

2 S
s=0

+(>\1Ii(2a)) Z (Zm—i—l) (—1)S[i{2(m _ S) + 1}5]261[2(m*3)+1]€ .. ]

S
s=0

bam
o Z : +;2m+1

B (AMn(a)) 25—51 (2m+1> (_1)Sei[2(m*3)+1}5

2m+1

2m—+1 (2m+1> (_1)s€i[2(m—s)+1}§
o\ s ) iR2m—s)+ 1]

S=

2 — s
9 2m+1
+(/\hi(2a)) SZ_(:] (2Tr;+1> (—1)*[i{2(m — s) + 1}€]€i[2(m*6’)+1]£ — .. ]

bom 1 (—i)2mH! 2m+1 Im+1\ (—1)%¢ [2(m—s)+1]¢
= Z 22m+1 [ Z ( s ) [ (m ) ]
(

{1_ (Aln(a ))[ (AIn(a))®

{2(m —5) + 1} + [i{2(m — 5) + 1}

—M[m(m — 1P e}

bom1(—1)*" T RUARIE W |
o Z 22m+1 Z s

s=0

' (_1)sei[2(m s)+1J¢
i[2(m—s)+1] {145 [i{2(m—s)+1} X In(a)]+ 3 [i{2(m—s)+1} X In(a)]>+- - - }

o1 (—1)*m ! RUAR 2m—+1
= Z 22m+1 > (7
s=0

(=1)°A ln(a)(ei§)2(m_8)+1

[i{2(m—s)+ A In(a) |+ 5 [i{2(m—s)+ T A In(a) 2+ L [i{2(m—s)+ 1} A In(a) P+

— Z bam1(—1)*"H! rmzﬂ (2m+1> (=1)*Aln(a)(cos § + isin§)2(ms)+1]

22m+1 pour S eil2(m=s)+1]Aln(a) _ q
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or
. > bgm 1)\111(@) \2m,
f(SlIlf) = Z ;2m+1 (_Z)z A
m=1
2m~+1
! (=1)*(y/1 — sin €2 + i sin &) 2m==)+1
Z eil2(m—s)+1]AIn(a) _ q
s=0 s
Finally,
by AIn(a)
o) = 30 b o
m=1
(3.15) om-+1

2§1 (—1)* (V1 = 22 4 iz ) 2m=s)+1

qil2(m=s)+1]x _ 1
It is interesting to note that, in this case too, the criterion to evaluate the primitive
of the Jackson derivative, associated with the operator (2.2), can easily be inferred.

Let us note that the procedure we have discussed can also be extended to the
cases involving the generalized Gauss transform. In fact the solution of

aea)?

N (@) = 9() (3.16)
or in other words, we have
Aln(a) B
mg(x) = f(z), (3.17)

let us suppose = = ef, then
d d dx d d
_ —_= e = 65 = .
d¢  dx d€ dx dx
Now, from equation (3.17), we have

An(a)

3.18
( ) a)\(d%)z _1

() = f(e9).

Further, after following the steps as we followed in getting the result (3.4), we
obtain the expansion of first factor of L.h.s. as

An(a ) d\*>"
(3.19) _DE Z —(AIn(a (d_g) .

YESt
a e n=0
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Now by the virtue of the analyticity of g(x), we expand g(x), by Taylor series,

ie.,
2n 00
D Z —(An(a < ) mee

n=0

proceeding of the steps as proceeded in finding the result (3.7), we obtain

= 1
Zb At €™ + ot

— eAlnam_l

or in other words, if we take by = 0, then

Further comments on the results of this section will be discussed in the forth-
coming concluding section.

3(a). Particular case: If we substitute a = e, in equations (3.1), (3.2), (3.3),
(3.4), (3.7), (3.8), (3.9), (3.10), (3.15), (3.16) and (3.20), then we obtain the equa-
tions (31), (32), (33), (34), (36), (37), (38), (39), (40), (41) and (42) on page
numbers 657-658 due to Dattoli et al. [1].

4. Remarks

In the previous section we have considered linear difference equations, a (trivial)
non-linear example, similar to “Riccati” equation, is given blow

(4.1) flaz) — f(z) + 0@ f(az) f(x) = 0,
: : . : 1 :
which can be solved using the auxiliary function g(z) = @) and thus getting
1 1
— = + @ =0, or
f(x)  flax)

(4.2)
g(az) — g(z) = b"®
From operator (1.5), we have

d

(4.3) i g(x) — g(z) = B,
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or, in other words, we write the above equation (4.3) as

bln(:c)
€T = —
9(@) a®d — 1
[1 a dz] 1b1n(:1:)
[1 +q¥ds 4 ¥ 4 ¢S 4 - ]phe)
= b a*dxz bln(;v) a?af) dz bln(x) a3x a5 bln(a:)
[bln bln a)bln T b21n a bln x) + b31n a)bln @) 4. ]
-l

1+ bln a b21n a) 4 b3ln(a) 4. ]bln(:r)
1

[ = pln(x)

- [1 — pin(a) ]b
bln(:p)

~ pnle) _ 1

thus finding as a particular solution

1 bln(a) -1

Moreover, in general, equations of the type

(4.5) Zb F(F~aln(a) + F(x))) = e[f(2)]",

standard perturbation methods can be used. At the lowest order in e(f = fo+efi),
we find

(4.6) Zb fo(FY(aln(a) + F(z))) =0

and
(4.7) Zb A(FYaln(a) + F(z))) = R™ @

where R™(@ is one of the roots of the characteristic equation associated with (4.5).
The first-order contribution f; can therefore be evaluated by using equation (2.15),
which should be modified as follows:

- v d _
B ([ %)bf a® !
flz) = 3/ (pn(a)) ’

(4.8)

!/ n(a d nla
W) = )]
R=b

if b™(@) is a simple root of the characteristic equation.
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4(a). Particular case: The replacement of a with e in the equations (4.1), (4.4)
and (4.8) reduce to the equations (43), (45) and (49) of Dattoli et al. [1].

Let us now go back to the problem of treating exponential operators of the type

(4.9) A =g a@E)™,

We have seen that, for m = 2 and A > 0, they can be viewed as generalized Gauss
transform. Before discussing the problem more deeply, we recall the following
important relation [2]:

4.10 n

rl(n —mr)!

which holds for negative or positive A and HY™ (z,\In(a)) are Kampé de Feriét
polynomials, and satisfy the identity

(4.11) %Hém)(x, Aln(a)) = In(a) (%) H™ (z, An(a)).

According to equation (4.8) we also find

a’\(%)mg(a:) = ak(%)manx"

(4.12) L

= ) b, H" (2, An(a)).
n=0

Therefore, it is easy to realize that
(4.13) Apx = f: o H™ (F(x), Nn(a)),
n=0
where we have assumed that the function F~! can be expanded in power series
N FIQ) =3 6.C"
n=0
It is clear that equation (4.12) can be further handled to extend the action

of operators (4.8) to any function g(x). It is worth considering the possibility of
extending the definition of operators (4.8) to the case of not necessarily integer

1
m. In the case of m = 2 equation (4.9) should be replaced by

a’\(%)%x” = H,(L%)(x, Aln(a)),
(415) L 2n
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It is evident that in this case H,(f)(x,)\ln(a)) is a relation analogous to (4.10)
holds, namely

(4.16) %Hﬁ(x,mn(a)) — (In(a))? (%) A (2, An(a)).

or involving semi derivatives [§]

0

(4.16)' %Hﬁ)(x, Mn(a)) = In(a) (%> 1P (2, A n(a)).

This definition can be extended to any m = — (p, integer).
p

4(b). Particular case: Equations (4.9), (4.10), (4.11), (4.12), (4.13), (4.15)
and (4.16) lead to Dattoli’s et al. [1] equations (50), (51), (52), (53), (54), (56)
and (57).

Concluding remark. It is hope that for the values other than e some more use
of the generalized exponential operators can be obtained.

References

[1] DaTToLl, G., LEVI, D., Exponential Oprators and Generalized Difference
Equations, Riv. Nuovo Cimento, B, 115 (2000), 653-662.

2] DaTToL1, G., OTrTAaviaNi, P.L., TORRE, A., VAZQUEZ, L., Evolution
operators equations: Integration with algebraic and finite difference methods.

Applications to physical problems in classical and quantum field theory, Riv.
Nuovo Cimento, 20 (1997), 1-133.

[3] JORDAN, CH., Calculus of Finite Differences, Rotting and Romwalter, So-
pron, Hungary, 1939.

[4] Jackson, F.H., Q.J. Math. Oxford Ser., 2 (1951).

[5] KHAN, M.A., Asir, M., Generalized Operational Methods, Fractional Ope-
rators and Special Polynomials, Math. Sci. Res. J., 15 (7) (2011), 196-217.

6] KHAN, M.A., Asir, M., Shift Operators On the Base a(a > 0,# 1,) and
Pseudo-Polynomials of Fractional Order, Int. J. of Math. Analysis, 5 (3)
(2011), 105-117.



34 MOHAMMAD ASIF, ANJU GUPTA

(7] Kuan, M.A., Asir, M., Shift Operators On the Base a(a > 0,# 1,) and
Monomial Type Functions, Int. Trans. in Math. Sci. and Comp., 2 (2)
(2009), 453-462.

8] OLVER, P.J., Applications of Lie Group to Differential Equations, Springer-
Verlag, New York, 1986.

9] RAINVILLE, E.D., Special Functions, Macmillan, New York, 1960.

Accepted: 04.01.2010



