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1. Introduction

Ever since the introduction of fuzzy sets by L.A. Zadeh [10], the fuzzy concept
has invaded almost all branches of mathematics. The concept of fuzzy topological
spaces was introduced and developed by C.L. Chang [2]. Atanassov [1] introduced
the notion of intuitionistic fuzzy sets, Coker [3] introduced the intuitionistic fuzzy
topological spaces. In this paper, we have introduced the concept of intuitionistic
fuzzy a-irresolute functions and studied their properties. Also, we have given
characterizations of intuitionistic fuzzy a-irresolute functions. We also study the
relationship between this function with other existing functions.

2. Preliminaries

Definition 2.1. [1] Let X be a nonempty fixed set and I the closed interval [0, 1].
An intuitionistic fuzzy set (IFS) A is an object of the following form

A= {(z,pa(z),valz)) |z € X},
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where the mappings 4 : X — [and v4 : X — I denote the degree of membership
(namely) p4(z) and the degree of nonmembership (namely) v 4(x) for each element
x € X to the set A respectively, and 0 < pia(z) +va(z) < 1 for each z € X.

Definition 2.2. [1] Let A and B are IFSs of the form A = {(z, pa(x),va(x))
|z € X} and B = {{(x, up(z),vp(x)) | x € X}. Then

(i) AC Bif and only if pa(x) < pp(z) and va(z) > vp(z);
(i) A= {(z,valz), pa(2)) |z € X}
(ili) AN B = {(z,pa(z) A pp(z),va(z) Vrp(r)) [z € X}
(iv) AU B = {(z, pa(z) V pp(z),va(z) Avp(z)) |z € X}

We will use the notation A = {(x, pa,va4) | x € X} instead of A = {(z, pa(z),va(x))
|z e X}

Definition 2.3. [3] 0_ = {(2,0,1) |z € X} and 1_ = {(z,1,0) | z € X}.

Let o, 3 € [0, 1] such that a+ 3 < 1. An intuitionistic fuzzy point (IFP) pa,j)
is an intuitionistic fuzzy set defined by

() (0, 8) if z =p,
Pl = (0,1)  otherwise.

Let X and Y are two non-empty sets and f : (X,7) — (Y, 0) be a function.
If B={({y,n5(y),vs(y)) |y € Y} is an IFS in Y, then the pre-image of B
under f is denoted and defined by

FHB) ={(@. [ (up(2)), f(vp(2))) |2 € X}
Since pp, vp are fuzzy sets, we explain that f~!(ug(z)) = ps(f(z)).

Definition 2.4. [3] An intuitionistic fuzzy topology(IFT) in Coker’s sense on
a nonempty set X is a family 7 of intuitionistic fuzzy sets in X satisfying the
following axioms:

(i) 0_,1_ €T;

~

(ii) G1 NGy € 7, for any G1,Gs € T
(iii) UG; € 7 for any arbitrary family {G; | i € J} C 7.

In this paper, by (X, 7) or, simply, by X we will denote the intuitionistic fuzzy
topological space (IFTS). Each IFS which belongs to 7 is called an intuitionistic
fuzzy open set (IFOS) in X. The complement A of an IFOS A in X is called an
intuitionistic fuzzy closed set(IFCS) in X.
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Definition 2.5. [3] Let (X, 7) be an IFTS and A = {(z, pa(z),va(x)) | x € X}
be an IFS in X. Then, the intuitionistic fuzzy closure and intuitionistic fuzzy
interior of A are defined by

(i) cl(A) =n{C : Cisan IFCSin X and C D A};
(i) int(A) =U{D : D is an IFOS in X and D C A}.

It can be also shown that cl(A) is an IFCS, int(A) is an IFOS in X and A is an
IFCS in X if and only if cl(A) = A; A is an IFOS in X if and only if int(A) = A.

Proposition 2.1. [3] Let (X,7) be an IFTS and A, B be IFSs in X. Then, the
following properties hold:

(i) clA = (int(A)),int(A) = (cl(A));
(i) int(4) C A C cl(A).

Definition 2.6. [5] An IFS A in an IFTS X is called an intuitionistic fuzzy pre
open set (IFPOS) if A C int(cl A). The complement of an IFPOS A in IFTS X is
called an intuitionistic fuzzy preclosed (IFPCS) in X.

Definition 2.7. [5] An IFS A in an IFTS X is called an intuitionistic fuzzy a-
open set (IFaOS) if and only if A C int(cl(int A)). The complement of an IFaOS
A in X is called intuitionistic fuzzy a-closed (IFaCS) in X.

Definition 2.8. [5] An IFS A in an IFTS X is called an intuitionistic fuzzy semi
open set (IFSOS) if and only if A C cl(int(A)). The complement of an IFSOS A
in X is called intuitionistic fuzzy semi closed(IFSCS) in X.

Definition 2.9. Let f be a mapping from an IFTS X into an IFTS Y. The
mapping f is called:

(i) intuitionistic fuzzy continuous if and only if f~'(B) is an IFOS in X, for
each IFOS B in Y [5];

(ii) intuitionistic fuzzy a-continuous if and only if f~*(B) is an IFaOS in X,
for each IFOS B in Y [5];

(iii) intuitionistic fuzzy pre continuous if and only if f~'(B) is an IFPOS in X,
for each IFOS B in Y [5];

(iv) intuitionistic fuzzy semi continuous if and only if f~!(B) is an IFSOS in X,

for each IFOS B in Y [5].

Definition 2.10. [9] Let (X, 7) be an IFTS and A = {(z, pa(x),va(z)) | z € X}
be an IFS in X. Then the intuitionistic fuzzy a-closure and intuitionistic fuzzy
a-interior of A are defined by

(i) acl(A) =N{C : Cisan IFaCS in X and C D A};
(i) aint(A) = J{D : D is an [FaOS in X and D C A}.
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Definition 2.11. Let f be a mapping from an IFTS of X into an IFTS of Y.
The mapping f is called intuitionistic fuzzy strongly a-continuous if and only if
f~YB) is an IFaOS in X, for each IFSOS B in Y.

3. Intuitionistic fuzzy a-irresolute functions

Definition 3.1. A function f : (X,7) — (Y, 0) from an intuitionistic fuzzy topo-
logical space (X,7) to another intuitionistic fuzzy topological space (Y ,0) is said
to be intuitionistic fuzzy a-irresolute(IF a-irresolute) if f~1(B) is an IFaOS in
(X,7) for each IFaOS B in (Y,0).

IF strongly a-continuous —— IF a-continuous

N\ /
IF a-irresolute
/ N\
IF semi continuous IF pre continuous

Proposition 3.1. Fvery intuitionistic fuzzy a-irresolute is an intuitionistic fuzzy
pre continuous.

Proof. Follows from the definitions. "

However, the converse of the above Proposition 3.1 need not to be true, as
shown by the following example.

Example 3.1. Let X = {a,b}, Y = {c,d}, 7 = {0

()
= (o (i)

A}, o = {0_,1_, B},

~ N?

Define an intuitionistic fuzzy mapping f : (X,7) — (Y, 0) by f(a) = d, f(b) =
Bisan IFOSin (Y,0). f74(B) = {(z, (& o5) (&% o%));: = € X} is an IFPOS
in (X,7), since int(cl(f~*(B))) = 1_, and f~}(B) C int(cl(f~(B))). Hence, f

) and int(cl(int(f~*(B)))) = 0._,
is not IFaOS in (X, 7) which

is an IF pre continuous. B is an IFaOS in (Y,

fY(B) € int(cl(int(f~*(B)))). Hence, f~'(B

implies f is not IF a-irresolute function.

Proposition 3.2. Fvery intuitionistic fuzzy a-irresolute is an intuitionistic fuzzy
a-continuous.

Proof. Follows from the definitions. "

However, the converse of the above Proposition 3.2 need not to be true, as
shown by the following example.



INTUITIONISTIC FUZZY &-IRRESOLUTE FUNCTIONS 75

Example 3.2. Let X = {a,b,c} = Y, 7 = {0_,AB,AU B,AnN B,1_},
o=40_,1_,C}, where

e
» - i
<

o

0.5°04 0.6

Define an intuitionistic fuzzy mapping f : ( 7') — (Y,0) by f(a) =a, f(b) =0,
f(e) = ¢ Cis an IFOS in (Y,0). f7(C) = {{z, (Oi L) (& & 5))s
r € X} and int(cl(intf~*(C))) = AU B. Thus f~(C) C int(cl(intf~1(C))).
Hence f~'(C) is IFaOS in X, which implies f is IF a-continuous. D is an
I[FSin Y and D C int(cl(int D)) = 1_.. Hence, D is IFaOS in Y. f~}(D) =
{z, (&, b 55) (5%, 55)); v € X} and 1nt(cl(1ntf 1(D))) = AU B. Thus,
f74(D) ¢ int(cl(int f~*(D))). Hence, f~(D) is not IFaOS in X. So, f is not IF

a-1rresolute function.

Proposition 3.3. Every intuitionistic fuzzy a-continuous is an intuitionistic fuzzy
pre continuous.

Proof. Follows from the definitions. n

However, the converse of the above Proposition 3.3 need not to be true, as
shown by the following example.

Example 3.3. Let X = {a,b}, Y = {c,d}, 7 = {0_,1_,A}, 0 = {0

~ 7 ~ )
where

= A (Goos) (dran))r e}
p = (o (5z01) (550s) ) ver)

Define an intuitionistic fuzzy mapping f:(X,71) = (Y,o) by f(a) = d,
f(b) = c. Bis an IFOS in (Y,0). f~ = {{z, (&, &) (&, &
is an IFPOS in X since int(cl(f~ (B))) =1_,and f7YB) C int(cl(ffl(B))).
Hence, f is an IF pre continuous. f~'(B) is not IFaOS in X since f~}(B) ¢
int(cl(int(f~*(B)))) = 0_. Hence, f is not IFa-continuous function.

B},

~ ~7

Proposition 3.4. Every intuitionistic fuzzy a-irresolute is an intuitionistic fuzzy
semi continuous.
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Proof. Follows from the definitions. "

However, the converse of the above Proposition 3.4 need not to be true, as
shown by the following example.

Example 3.4. Let X = {a,b}, Y = {c,d}, 7 = {0_,1_,A}, 0 = {0_,1_, B},
where
a b a b
4 = = (6500) (Foras) oo}
c d c d
B = B D v
{<%<0405) (0505)> v e }
Define an intuitionistic fuzzy mapping f : (X Y,o) by f(a) =
f(b) =c. Bis an IFOS in (Y,0). f71(B) = {(z, (& ),(0 ,L)> x € X}

an IFSOS in (X, 7) since cl(int(f~*(B))) = A. Hence f~'(B) C cl(int(f~*(B))),
which implies f is an IF Semi continuous. B is an IFOS Y and B is an [FaOS
in Y since B C int(cl(int(B))) = B. f~H(B) = {(z, (&.54) (&, 5%)); z € X}

int(cl(int(f~1(B)))) = Aand f~1(B) ¢ int(cl(int(f~'(B)))) which implies f~!(B)

is not IFaOS in Y. Hence f is not IF a-irresolute function.

Proposition 3.5. Every intuitionistic fuzzy strongly a-continuous is an intuitio-
nistic fuzzy a-irresolute.

Proof. Follows from the definitions. "

However, the converse of the above Proposition 3.5 is need not be true, in
general as shown by the following example.

Example 3.5. Let X = {a,b}, Y = {¢,d}, 7 = {0_,1_,A}, 0 = {0_,1_,B}

where

a b
4= (G

c d
B = - =
{<y’<04’02

c d
¢ {<y’ (o?@)’

Define an intuitionistic fuzzy mapping f : (X,7) — (Y,0) by f(a) =d, f(b) = c.
B is an IFOS in (Y,0) and int(cl(int(B))) = B. Hence B C int(cl(int(B))). Thus
Bisan IFaOSin (Y,0). f71(B) = {{z, (%, o5) (5. o5) ) ;@ € X } is an IFaOS
n (X,7) since int(cl(int(f~*(B)))) = A. Hence f~1(B) C int(cl(int(f~(B))))
which implies f is an IF a-irresolute. C is an IFS in Y. Also C is an IFSOS
in Y since C C cl(int(C)) = B. f7! = {{z,(%. %) (&% 05)); v€ X}

int(cl(int(f~1(C)))) = Aand f~1(C) ¢ mt(cl(lnt(f 1(©)))) which implies f~1(C)

is not IFaOS in Y. Hence f is not IF strongly a-continuous.
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Proposition 3.6. Fvery intuitionistic fuzzy strongly a-continuous is an intuitio-
nistic fuzzy a-continuous.

Proof. Follows from the definitions. "

However the converse of the above Proposition 3.6 is need not be true, as
shown by the following example.

Example 3.6. Let X = {a,b}, Y = {c,d}, 7 = {0_,1_,A}, 0 = {0

T e )
- (i

o & Never).
© = {<y (0.4’0.3) ( iz

’oz)>’ vevy

Define an intuitionistic fuzzy mapping f : (X,7) — (Y, 0) by f(a) =d, f(b) =

B is an IFOS in (Y,0). f7(B) = {(z, (5%, %) (o5 0—b4 >, € X}isan IFaOS
n (X,7) since int(cl(int(f~(B)))) = A. Hence f~1(B) C int(cl(int(f~*(B))))
which implies f is an [Fa-continuous. C’ is an IF S in Y. Also C is an IFSOS
in Y since C C cl(int(C)) = B. f! = {(z, (Oi 2 (& 0y); v € X}
int(cl(int(f~1(C)))) = Aand f71(C) ¢ mt(cl(mt( 1(()))) whi hlmphes (e
is not IFaOS in Y. Hence f is not IF strongly a-continuous.

B},

~ ~7

K

Theorem 3.1. If f : (X, 7) — (Y, 0) be a mapping from an IFTS X into an IFTS
Y. Then the following are equivalent.

(a) fis IF a-irresolute.

(b) f~YB) is IFaCS in X for each IFaCS B in Y.
(c) flaclA) C acl f(A) for each IFS A in X.

(d) ac f7Y(B) C f~Y(aclB) for each IFS B in Y.
(e) f~(aint B) C aint f~Y(B) for each IFS B in Y.

Proof. (a)=-(b): It can be proved by using the complement and the definition
of IFa-irresolute. Let B be IFaCS in Y, then 1-B is IFaOS in Y. Since f is [Fa-
irresolute, f~*(1 — B) = 1-f~1(B) is IFaOS in X. Hence f~*(B) is IFaCS in X.
Thus (a)=>(b) is proved.

(b)=(c): Let A be IFS in X. Then AC f~(f(A)) C f~H(aclf(A)).
aclf(A) is IFaCS in Y, by (b) f~'(aclf(A)) is an IFaCS in X.
acl{A) C f(aclf(4)) and f(acl(4)) € f(f~(aclf(A))) = aclf(A).
Thus f(acl(A)) C aclf(A). Hence (b)=(c) is proved.
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(¢)=(d): Forany IFSBin Y, let f~1(B) = A; by (c), f(aclf~H(B)) C aclf(f~(B))
C acl(B) and (aclf1(B)) C f~Y(f(aclf71(B))) C f~YaclB). Thus (aclf~(B))
C f~Y(aclB). Hence (c)=-(d) is proved.

(d)=(e): We know that aint(B) = acl(B)
[~ (aintB) = f~}(acl(B)) = (f~Y(acl(B))) € (acl(f~1(B)) = aint(f~1(B)) C
aint(f~1(B)) Hence (d)=-(e) is proved.
(e)=(a):Let B be any IFaOS in Y. Then B = aint(B).

[ HaintB)= f~1(B) C aint(f~(B)).

By definition, /~(B) 2 aint(f~!(B)). So £~ (B) = aint(f~!(B)). Thus £~ (B)
is an [FaOS in X which implies f is IF a-irresolute. Thus (e)=-(a) is proved. =

4. Properties of intuitionistic fuzzy a-irresolute functions

Lemma 4.1. [3] Let f:X—Y be a mapping, and A, be a family of IF sets of Y.
Then

(a) f7HUAL) = Uf ™ (Aq)
(b) f7H(NA) =Nf"(Aq).

Lemma 4.2. [6] Let f: X; — Y, be a mapping and A,B are IFS’s of Y1 and Y,
respectively then (f1 X fo) 1 (A x B) = f171(A) x fo71(B).

Lemma 4.3. [6] Let g : X — X XY be a graph of a mapping f: (X, 7

) — (Y, 0)
If A and B are IFS’s of X and Y respectively, then g~1(1_ x B) = (1_N f~Y(B))

Lemma 4.4. [6] Let X and Y be intuitionistic fuzzy topological spaces, then (X, )
is product related to (Y, U) if for any IFS Cin X, D in Y whenever A 2 C, B 2D

implies Ax 1_U1_x B D C x D there exists A; € T, By € ¢ such that A, O C
and By 2D and Ay x1_Ul_xB,=Ax1_Ul_xB.

Lemma 4.5. Let X and Y be intuitionistic fuzzy topological spaces such that X is
product related to Y. Then the product Ax B of an [FaOS A in X and an [FaOS
B in Y is an [FaOS in fuzzy product spaces Xx'Y.

Theorem 4.1. Let f : X — Y be a function and assume that X is product related
to Y. If the graph g : X — X XY of fis IF a-irresolute then so s f.

Proof. Let B be IFaOS in Y. Then by Lemma 4.3 f7'(B)=1_nN f*(B) = ¢!
(1. x B). Now, 1_ x B is IFaOS in X x Y. Since g is IF a-irresolute, g~!(1_ x B)
is IFeOS in X. Hence f~!(B) is IFaOS in X. Thus f is IF a-irresolute function.

Theorem 4.2. If a function f : X — 11Y; is IF a-irresolute, then P;of : X —Y;
1s IF a-irresolute, where P; is the projection of 11Y; onto Y.
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Proof. Let B; be any IFaOS of Y;. Since P; is IF continuous and IFOS; it
is [IFaOS. Now P;: IIY,—Y,; ; P, (B;) is IFaOS in II Y,;. Therefore, P; is
IF a-irresolute function. Now (P; of)™%(B;) = f~! (P;,7'(B;)), since f is IF a-
irresolute and P;~'(B;) is [FaOS, f~! (P *1(Bi)) is IFaOS. Hence (P; of) is IF

a-1rresolute.

Theorem 4.3. If f;: X; = Y, (i = 1,2) are IF a-irresolute and X is product
related to Xo, then f1 X fo: X1 X X9 — Y| x Yy is IF a-irresolute.

Proof. Let C = U(A; x B;) where A; and B;, i = 1,2 are [Fa-open sets of Y
and Yy respectively. Since Y is product related to Y, by Lemma 4.5, that C
= U(4; x B;) is [Fa-open of Y| x Y,. Using Lemmas 4.1 and 4.2 we obtain

(f1 x f2)7HC) = (f1 x f2)71 U(A;i x By) = U (f1'(A) x f2'(By)). Since fy
and fy are IF a-irresolute, we conclude that (f; x fo)~'(C) is an [FaOS in X,
X X9 and hence fy x f5 is IF a-irresolute function. "

Theorem 4.4. A mapping f : X — Y from an IFTS X into an IFTS Y is IF
a-irresolute if and only if for each IFP p ) in X and IFaOS B in Y such that
f(pias) € B, there exists an [FaOS A in X such that p ., € A and f(A) C B.

Proof. Let f be any IF a-irresolute mapping, Pay) be an IFP in X and B be
any IFaOS in Y such that f(p(a’ﬁ))e B. Then P, € fYB) = aintf~}(B).
Let A = aintf~!(B). Then A is an IFaOS in X which containing [FP Plary) and
f(A) = flaintf~1(B)) € f(f~1(B)) = B.

Conversely, let B be an [FaOS in Y and Pla,y) be IFP in X such that Play €
/7Y(B). According to assumption there exists IFaOS A in X such that Play) €A
and f(A) C B. Hence Pay €A C f~1(B) and Play € A = aintA C aintf~1(B).
Since p,, , be an arbitrary IFP and f~1(B) is union of all IFP containing in f~!(B)
we obtain that f~'(B) = aintf~!(B). So, f is an IF a-irresolute mapping. -
Definition 4.1. [4] Let (X,7) be an IFTS and let A be any IFS in X. Then
A is called IFdense set if clA = 1_ and A is called nowhere IFdense set if
int(cl(A))=0_.

Theorem 4.5. If a function f : (X,7) — (Y,0) is IF a-irresolute, then f~1(A)
is IFa-closed in X for any nowhere IFdense set A of Y.

Proof. Let A be any nowhere IF dense set in Y. Then int(clA)= 0_. Now,
1-int(clA) =

= cl(1-cl(A)) = 1_ which implies cl(int(1-A)) = 1_. Since intl = 1_,
int(cl(int(1-A))) = int1_ = 1_. Hence 1-A C int(cl(int(1-A))) = 1_. Then 1-A is
[FaOS in Y. Since f is IF a-irresolute, f~!(1-A) is IFeOS in X. Hence f~!(A) is
[FaCS in X. ]

Theorem 4.6. The following hold for functions f : X —Y and g:Y — Z.

(i) If f is IF a-irresolute and g is IF a-irresolute g of is IF a-irresolute.
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(ii) If f is IF a-irresolute and g is IF strongly a-continuous then g of is IF
strongly a-continuous.

(i) If fis IF a-irresolute and g is [Fa-continuous then g of is IF a-irresolute.
Proof. (i) Let B be an IFaOS in Z. Since g is IF a-irresolute, g~!(B) is an [FaOS
in Y. Now (go f)"%(B) = f~'(¢g7'(B)). Since f is IF a-irresolute, f~!(¢g~!(B)) is
[FaOS in X. Hence g o f is IF a-irresolute.

(ii) Let B be an IFSOS in Z. Since g is IF strongly a-continuous, g~!(B) is
an [FaOS in Y. Now (go f)™"(B) = f~'(¢7'(B)). Since f is IF a-irresolute,
g Y(B)) is IFaOS in X. Hence g o f is IF strongly a-continuous.

(iii) Let B be an IFOS in Z. Since g is IFa-continuous, g~*(B) is an IFaOS
in Y. Now, (go f)"Y(B) =f"'(¢g7'(B)). Since f is IF a-irresolute, f~!(g~!(B)) is
[FaOS in X. Hence g o f is IF a-irresolute. u
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