ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 33-2014 (359—368) 359

ON L-FUZZY TOPOLOGICAL TM-SUBSYSTEM

M. Annalakshmi

Vhnsn College

Virudhunagar — 626001

India

e-mail: mannam_lakshmi@rediffmail.com

M. Chandramouleeswaran'

Saiva Bhanu Kshatriya College
Aruppukottai — 626101

India

e-mail: moulee59@gmail.com

Abstract. Recently, in 2010, Tamilarasi and Megalai introduced a new class of algebras
known as TM-algebras. In this paper, we discuss the notion of an L-fuzzy topological
TM-subsystem.
Keywords: BCK/BCI algebra, TM-algebra, fuzzy set, L-fuzzy set, L-fuzzy TM-algebra,
fuzzy topology.

AMS Classification: 54A40, 03E72, 06F35.

Introduction

To evaluate the modern concept of uncertainty in real physical world, L.A. Zadeh
[8] introduced the notion of fuzzy sets, in which the boundaries are not crisp or
sharp but flexible. In [4], Goguen generalized the notion of fuzzy sets into L-fuzzy
sets where L- can be a complete lattice.

Recently, in 2010, Tamilarasi and Megalai introduced a new class of algebras,
called TM-algebras [6]. In their paper they investigated the relationship between
TM-algebras and other algebras. They claimed that the TM-algebra is a genera-
lization of BCH/BCI/BCK and Q algebras. In [1], the authors, while studying
L-fuzzy structures on TM-algebras, brought out the fact that the TM-algebra is
not a generalization of BCH/BCI/BCK algebras by giving counter examples.

The notion of a fuzzy set provides a natural framework for generalizing many
of the concepts of general topology. The theory of fuzzy topological spaces is
developed by Chang [3], Wong [7], Lowen [5] and others. In our paper [2], we
have studied the notion of Fuzzy Topological subsystem on a TM-algebra. In
this paper, we introduce the notion of an L-fuzzy topological TM-subsystem and
investigate some simple but elegant results.

LCorresponding author.
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2. Preliminaries
In this section we recall some basic definitions that are required in the sequel.

Definition 2.1 Let X be a non-empty set. A mapping p : X — L is called an
L-fuzzy set of X,where L is a complete lattice, with sup 1 and inf 0.

Definition 2.2 Let A and B be any two fuzzy sets in a non-empty set X.

1. The union of A and B, denoted by, AU B is defined to be the L-fuzzy set
(AU B)(z) = pa(x) V up(z) for all x € X.

2. The intersection of A and B, denoted by, AN B is defined to be the L-fuzzy
set (AN B)(z) = pa(x) A up(x) for all z € X.

3. ACB = A(z) < B(x) forall z € X.
4. The complement of A is defined to be A'(z) =1 — A(x) for all x € X.

Definition 2.3 A fuzzy topology is a family T of fuzzy sets in X which satisfies
the following conditions

1. 6, XeT
2. If A, BET then ANBET

3. If A; € T for each i € I then U;A; € T where I is an indexing set.

Remark 2.1 If X is a set with a fuzzy topology T then (X, T) is called a fuzzy
topological space and any element in 7' is called a T-open fuzzy set in X.

Definition 2.4 Let f be a function from X to Y. Let ¢ be a fuzzy set in Y. The
inverse image of o under f is defined as op-1(z) = o(f(x)) Vo € X. Let i be a
fuzzy set in X. The image of p under f is defined as

sup u(z),  f7'(y) is not empty, VyeY.

pily) = =<
0 otherwise,

Definition 2.5 A TM-Algebra (X, *,0) is a non-empty set X with a constant 0
and a binary operation * satisfying the following axioms:

1. Xx0=X
2. (X*Y)x(X*2Z)=2ZxY forall z,y,z € X.

Definition 2.6 L-Fuzzy TM-Subalgebra. Let L be a complete lattice with sup
1 and inf 0. An L-fuzzy subset p of a TM-Algebra (X, x,0) is called an L-fuzzy
TM-Subalgebra of X if, for all 7,y € X, pu(x xy) > ) A py)
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Definition 2.7 Let (X, *) be a TM-algebra. X is said to be an L-fuzzy topologi-
cal TM-system if there is a family (X, L,) of L-fuzzy subsets in X which satisfies
the following conditions

1. ¢, X € L,
2. f AABe L, then ANB € L,

3. If A; € L, for each i € I then U;A; € L, where I is an indexing set.

Remark 2.2 If X is a set with an L-fuzzy topology L, then (X, L,) is called an
L-fuzzy topological TM-system and any element in L. is called an L,.-open fuzzy
set in X.

3. On L-Fuzzy Topological TM-Subsystem

Definition 3.8 Let (X, *) be a TM-Algebra. Let (X, L.) be an L-Fuzzy Topo-
logical TM-System. Let A be an L-fuzzy set in X. Then the induced L-fuzzy
topological TM-system is the intersection of the L-fuzzy set A with L,-open fuzzy
sets of X. The induced L-fuzzy topological TM-system is denoted by L. ,. (A, L)
is called an L-fuzzy topological TM-subsystem.

Example 3.1 Consider the set X = {0,1,2,3,4,5} with the following cayley
table

*x (01123415
0]0(3]4]1(2]5
111]012]|3]5|4
21240513
31315042
4141513(2]0]1
515(2[1]14(3]0

Then (X, %) is a TM-algebra.

Let L be a complete lattice with sup 1 and inf o. Let t,to,t3,t4,t5,t6,t7 € L
such that 0 < t; < ty < t3 <ty < t5 < tg < t; < 1. Let the fuzzy subsets
i X — L1=1,23,4,5,6,7,8,9,10 be given by

1 ifz=0 t; ifz=0
pi(x) =1 ts5 ifax=13 po(x) =< 0 ifz=1234

ty ifx =245 ty ifr=5

1 ifx=0

ty ifzx=05 .

IMS(*T) :{ 03 ifr=1.213.14 FL4($) = 121 if v = 173
&) ts ifz=245

1 ifz=0 1 ifzxz=0

pus(x) = ¢ to ifx=1,234 pe(r) =« tg ifx=12
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1 ifz=0 1 ifz=0
pr(z)=¢ t1 ifrx=1,234 ps(z)=< t; ifx=13

t3 ifxr=5 ty 1fl’=2,4,5

te ifx=0 1 ifz=0
po(x)=¢ 0 ifzx=1,234 molx)=1 t; ifz=13

ty ifxr=>5 ty ifzx=245

Then the collection L‘r: {¢7 X7 M1, (b2, 35 fhgs 55 65 75 9, ,UIO} Is an L'FuZZy To-
pology on X. Hence (X, L) is an L-fuzzy topological TM-system. Choose A=ps.

Then L., = {¢, ju1, pa, p3, fa, fs, o7, s, fo} and A = (s, L., ) is an L-fuzzy topo-
logical TM-subsystem.

Definition 3.9 Let (X, x*), (Y,*) be two TM-Algebras. Let (X, Lr),(Y, Ly) be
two an L-fuzzy topological TM-systems. A mapping f of (X, Ly) into (Y, Ly) is
L-fuzzy continuous iff the inverse image of each Ly-open fuzzy set is an Lp-open
fuzzy set.

Example 3.2 Consider the TM-algebra (X, *) as in the 3.1. Let L be a complete
lattice with sup 1 and inf 0. Let t1,%q,13,%4,t5,t5,t7 € L such that 0 < t; <
ty < tg <ty <t5 < tg <ty < 1. Consider the L-fuzzy subsets p; : X — L,
1=1,2,3,4,5,6,7,8 be given by

1 ifz=0 1 ifz=0
pi(x)=4¢ ts ifz=1,3 po(x) =< ty ifz=1,3
ty ifax=245 ty ifax=245
1 ifz=0 1 ifx=0
ps(x) =<4 ty ifz=1,3 pa(x) =4 te ifzx=1,3
0 ifr=245 t, ifx=245
1 ifz=0 ifex=0
ps(x) =4q ts ifx=1,3 pe(x) =< t1 ifx=1,2
ty ifr=245 0 ifr=234
1 ifz=0 1 ifx=0
pr(x) =« t; ifx=1,3 pus(x) = t3 ifx=1,3
t, ifz=245 0 ifz=245

Then the collection Ly = {¢, X, p1, pio, f13, fta, 5, te, fi7, pis } is an L-Fuzzy Topo-
logy on X. Hence (X, L7) is an L-fuzzy topological TM-system. Consider the set
Y ={0,a,b,¢,d, e} with the following Cayley table

*[0|la|blcld|e
0|0jeld|c|bla
ala|l0leld|c|b
blblal|0le|d]|c
cle|lblal0|el|d
dld|c|blal|0]|e
eleld|c|blal|O

Then (Y, %) is a TM-algebra.
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Let L be a complete lattice with sup 1 and inf 0. Let t1,1q,t3,%4,t5,t6 € L
such that 0 < t; <ty < t3 <ty < t5 < tg < 1. Consider the L-fuzzy subsets
o, Y — Li=1,2,3,4,5 be given by

1 ify=0 1 ify=0
o1(y) =1 t3 ify=a,bde os(y) =< ty ify=a,b,de

ts ify=c tg ify=c

1 ify=0 1 ify=0
o3(y) =< 0 ify=a,b,de oy(y) =< t3 ify=a,bde

ty ify=c ty ify=c

1 ify=0
o5(y) =¢ 0 ify=a,b,de

ty, ify=c

Then the collection Ly = {¢,Y,01,09,03,04,05} is an L-Fuzzy Topology on Y.
Hence (Y, Ly) is an L-fuzzy topological TM-system. Here an L-fuzzy topological
TM-systems (X, L7) and (Y, Ly) have the same values of ¢;’s i = 1,2, 3,4, 5, 6.
Let f : X — Y be the function given by, f(0) = 0, f(1) = ¢, f(2) = e,
fB)=c, f(4) =0, f(5) =b, 04-1(x) = o(f(x)) for all x in X for any L-fuzzy set

ocinY,

4 (03) -1 () = ps(z)
) = ne(z), z€X

Hence the inverse image of each Ly-open fuzzy set is Lp-open and hence the
function f is an L-fuzzy continuous.

Definition 3.10 Let (X, %), (Y,*) be two TM-Algebras. Let (X, Ly),(Y, Ly) be
two an L-fuzzy topological TM-systems . A mapping f of (X, Ly) into (Y, Ly) is
an L-fuzzy open iff the image of each Lr-open fuzzy set is Ly-open fuzzy set.

Example 3.3 Consider the TM-algebra (X, %) as in the example 3.1, Let L be a
complete lattice with sup 1 and inf 0. Let ¢q,to,13,t4,t5 € L such that 0 < t; <
ty <tz <ty <t5 < 1. Consider the L-fuzzy subsets p; : X — L,i =1,2,3,4 be
given by

ts ifx=0 1 ifz=0
wr)=4 0 ifr=1,234 () =4ty ifx=1,2,34

ty ifzx=0 1 ifz=0
ps(x) =¢ 0 ifxr=1,2234 pa(z) =« t ifx=1,23,4

Then the collection Ly = {¢, X, p1, pto, i3, pta} is an L-Fuzzy Topology on X.
Hence (X, Ly) is an L-fuzzy topological TM-system. Consider the TM-algebra
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(Y, %) as in Example 3.2. Let L be a complete lattice with sup 1 and inf 0. Let
tl,tg,tg,t4,t5,t6 € L such that 0 S tl S t2 S t3 S t4 S t5 S tﬁ S 1.
Consider the L-fuzzy subsets o; : Y — L.t =1,2,3,4,5,6 be given by

ts ify=0 1 ify=0
o1(y) =< 0 ify=a,b,de oo(y) =< t ify=a,bde

ts ify=c ty fy=c

te ify=0 1 ify=0
o3(y)=¢ 0 ify=a,b,de os(y) =4 ts fy=a,bde

t3 lfy:C te 1fy:c

1 ify=0 ty ify=0

t3 ify=c ty ify=c

Then the collection Ly = {¢,Y,01,09,03,05,06} is an L-Fuzzy Topology on Y.
Hence (Y, Ly) is an L-fuzzy topological TM-system. Here an L-fuzzy topological
TM-systems (X, Lr) and (Y, Ly) have the same values of ¢t;’s i = 1,2,3,4,5.

Let f: X — Y be given by, f(0) =0, f(1) =0, f(2)=d, f(3) =e, f(4) =a,
F(5) = . Then f0) = 0, f1(b) = 1, f1(d) = 2, fc) = 3, fi(a) = 4,
) =5.

fu) =01 flpe) =05 flus) =06 [f(a) = o2

Hence the image of each Lp-open fuzzy set is Ly-open and hence the function f
is L-Fuzzy Open.

Definition 3.11 Let (X, %), (Y, ) be two TM-Algebras. Let (X, Lr),(Y, Ly) be
two an L-fuzzy topological TM-systems. Let (A, Lr,), (B, Ly,) be an L-fuzzy
topological subsystems on X and Y. f is said to be a mapping of (A, Lr,) into
(B, Ly,) if f(A) C B.

Definition 3.12 Let (X, %), (Y, ) be two TM-Algebras. Let (X, Lr),(Y, Ly) be
two an L-fuzzy topological TM-systems. Let (A, Lr,), (B, Ly,) be an L-fuzzy
topological subsystems on X and Y. A mapping f from (A, Lr,) into (B, Ly,,) is
relatively L-fuzzy continuous if and only if f~!(6p)AAisin Ly, where op € Ly,,.

Example 3.4 Consider the TM-algebra (X, *) as in Example 3.1. Let L be a
complete lattice with sup 1 and inf 0. Let t1,%s,13,%4,15,t5,t7 € L such that
0 <t <ty <tg <ty <ty <tg <ty < 1. Consider the L-fuzzy subsets
Wi X —L,1=1,2,3,4,5,6,7,8 be given by

1 ifz=0 te ifx=0
pi(r) =14 ts ifzx=13 po(r) =4 0 ifx=1,2,34
t3 lfl’:274,5 tg ifx=>5
1 ifz=0
. t3 lfl’:O,E) . . .
MS(:E) _{ 0 if r = 172,3’4 M4(x) - to lf(L’— 1727374
ty ifzx=5
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1 ifx=0 ts ifx=0
pus(x) =< t3 ifex=1,234 p(z)=¢ 0 ifx=1234

1 ifz=0 1 ifz=0
pr(x) =< t ife=1,234 ps(z)=4¢ t; ifzx=13

ts ifzx=5 ty ifz=24,5

Then the collection Ly = {¢, X, p1, pio, i3, fla, fe, t7, s} is an L-Fuzzy Topology
on X. Hence (X, L) is an L-fuzzy topological TM-system. Choose A = pus.
Then Ly, = {¢, pa, 3, fia, its, 6, 7} and A = (us, Ly, ) is an L-fuzzy topological
TM-subsystem. Consider the TM-algebra (Y, %) as in Example 3.2.

Let L be a complete lattice with sup 1 and inf 0. Let t1,%s,t3,%4,t5,t6 € L
such that 0 < t; < ty < t3 <ty < t5 < tg < 1. Consider the L-fuzzy subsets
o, Y — Li=1,2,3,4,5 be given by

t¢ ify=0 1 ify=0

o1(y) =< 0 ify=uabde o3(y)=4 to ify=a,bde
tsy ify=c t3 ify=c
1 ify=0 ts ify=0

o3(y) =< t ify=abde o4y)=¢ 0 ify=a,bde
ty ify=c ty ify=c
1 ify=0

o5(y) =< ty ify=a,b,de
te ify=c

Then the collection Ly = {¢,Y,01,09,03,04} is an L-Fuzzy Topology on Y.

Hence (Y, Ly) is an L-fuzzy topological TM-system. Choose B = o5. Then
Ly, = {¢,01,02,03,04} and B = (05, Ly,,) is an L-fuzzy topological TM-sub-
system. Here an L-fuzzy topological TM-subsystem (A, Lr,) and (B, Ly ) have

the same values of ¢;’s ¢

=1,2,3,4,5,6.

Lat £ X ¥ bo given by f(0) = 0. ) = b /) = & J(9) = e
f(4)—a f(5)—C-Thenf_1() 0, f1(b) = d) =2, f M) = 3,
Ha) =4, [THe)=5
1 ifz=0
flA)=< t; ifx=abde CB
ty ifr=c
o-1(x) = o(f(z)) for all  in X for any L-fuzzy set o in Y.
(O'l)ffl(l'): 0 1f$:1,2,3,4 (0'1) ( )/\A MQG(A LTA>
1 ifz=0
(O’Q)ffl(l‘): to 1fl’:1,2,3,4 (0'2) ( )/\A [L4€(A LTA)
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1 ifx=0
(0’3)]071(%') = tl if x = 172,3,4 (Jg)ffl(x) NA= M € (A,LTA)

Hence the inverse image of each Ly ,-open fuzzy set is Ly ,-open. Therefore, the
function f is relatively L-fuzzy continuous.

Definition 3.13 Let (X, %), (Y,%) be two TM-Algebras. Let (X, Lr),(Y, Ly)
be two an L-fuzzy topological TM-systems. Let (A, Lz,), (B, Ly,) be an L-
fuzzy topological TM-subsystems. A mapping f from (A, Lr,) into (B, Ly,)
is relatively L-fuzzy open if and only iff f(ua) € Ly, where pa € Lr,.

Example 3.5 Consider the TM-algebra (X, *) as in Example 3.1, Let L be
a complete lattice with sup 1 and inf 0. Let tq,t9,t3,%4,t5,t¢ € L such that
0<t <ty <t3<ty <ty <tg <1 Consider the L-fuzzy subsets u; : X — L,
1=1,2,3,4,5 be given by

ts ifz=0 1 ifx=0
m(z)=4 0 ifz=1,23.4 po(z) =4 t, ifz=1,234
1 ifz=0 ts ifx=0
ps(z) =4 t; ifz=123/4 pi(z) =4 0 ifz=123/4
1 ifz=0
ps(x) =« t ifxr=1,234

Then the collection Ly = {¢, X, 1, po, pua, 15} is an L-Fuzzy Topology on X.
Hence (X, L7) is an L-fuzzy topological TM-system. Choose A = pus.

Ly, = {¢, p, po, 4, ps} and A = (ps, Lr,) is an L-fuzzy topological TM-
subsystem. Consider the TM-algebra (Y, *) as in Example 3.2. Let L be a com-
plete lattice with sup 1 and inf 0. Let ti,t5,%3,t4,t5,t¢ € L such that
0<t; <ty <tz <ty <ts<tg <1 Consider the L-fuzzy subsets o; : ¥ — L,
1=1,2,3,4,5,6 be given by

t; ify=0 1 ify=0
o1(y) =< 0 ify=a,b,de oo(y) =1 t ify=a,bde
ty ify=c ts ify=c
te ity=0 1 ify=0
o3(y) =< 0 ify=a,b,de oy(y) =% ts ify=a,bde
ty fy=c te¢ fy=c
1 ify=0 ti ify=0
os5(y) =< to ify=a,b,de os(y) =< 0 ify=a,b,de
ty ify=c ty ify=c

Then the collection Ly = {¢,Y,01,09,03,05,06} is an L-Fuzzy Topology on Y.
Hence (Y, Ly) is an L-fuzzy topological TM-system. Choose B = o4. Then Ly, =
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{¢,01,09,03,05,06} and B = (04, Lyy,,) is an L-fuzzy topological TM-subsystem.
Here an L-fuzzy topological TM-subsystems (A, Lr,) and (B, Ly ) have the same
values of t;’s i = 1,2,3,4,5,6.

Let f: X — Y be given by f(0) =0, f(1)=0b, f(2) =d, f(3) =e¢
f(6) = c. Then, f71(0) =0, f7H(b) =1, f7H(d) =2, f(e) =3, f
Fe) =5

1 ifz=0
f(A)=< t3 ifz=a,bde CB

ty ifx=c

flu) =03 flpe) =05 flpa) =01 flus) = o2

Hence the image of each Ly ,-open fuzzy set is Ly ,-open and hence the function
f is relatively L-Fuzzy Open.

Theorem 3.1 Let (X, %), (Y,x*) be two TM-Algebras. Let (X, Lt),(Y, Ly) be two
an L-fuzzy topological TM-systems. Let (A, Lr,), (B, Ly,) be an L-fuzzy topo-
logical TM-subsystems.Let f be an L-fuzzy continuous mapping of (X, Lt) in to

(Y, Ly) such that f(A) C B. Then f is a relatively L-fuzzy continuous mapping
of (A, Lr,) into (B, Ly,,).

Proof. Let ¢’ € Ly,. Then there exists o € Ly such that o’ = o A B. Hence
fHoYNA=fHoAnBYANA=(fHo)NfH(B)AA=fYo)NA-" f(A) C B.

Since o € Ly, f is an L-fuzzy continuous and f~'(o) € L.
Therefore f~!(c) A A is open in Ly ,. Therefore, f is relatively L-fuzzy con-
tinuous mapping of (A, Lr,) into (B, Ly,).

Theorem 3.2 Let f be a L-fuzzy continuous mapping of an L-fuzzy topological
TM-system (X, L) in to (Y, Ly). Let g be a mapping of (Y, Ly) in to an L-fuzzy
topological TM-system (Z, Ly). Then the composition mapping go f is an L-fuzzy
continuous mapping of (X, Lr) in to (Z, Ly ).

Proof. Since the functions f, g are L-fuzzy continuous, by Definition 3.9, the
inverse image of each Ly-open fuzzy set o is Lp-open.
The inverse image of each open fuzzy set x of Ly is an Ly-open fuzzy set.

(go ) =Tog ) =Fg') =f (o)

Since f~!(o) is Ly-open fuzzy set, (g o f)~!(x) is Ly-open fuzzy set.
Hence (g o f) is an L-fuzzy continuous.

Theorem 3.3 Let (A, Lr,),(B, Ly,),(C, Ly.) be an L-fuzzy topological TM-sub-
systems. Let f,g be the relatively L-fuzzy continuous mappings of (A, Ly, ) into
(B, Ly,) and (B, Ly,) into (C, Ly ). Then, the composition g o f is a relatively
L-fuzzy continuous mapping of (A, Ly, ) into (C, Ly ).
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Proof. Let x' € Ly_. Then, there exists x € Ly such that x' = x A C.

Since ¢ is relatively L-fuzzy continuous from (B, Ly ,,) into (C, Ly ) by Defi-
nition 3.12, g~ '(x') A B is open in Ly,.

Since f is relatively L-fuzzy continuous from (A, Ly, ) into (B, Ly,) by Defi-
nition 3.12, f~!'((¢7'(x') A B)) A A is open in Ly,

But (go /)" (X')AA = f"(g7'(X') A B) A A implying that (go f)~'(x') A A
is open in Lp,.

Hence f(A) C B, go f is relatively L-fuzzy continuous.
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