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Abstract. This paper is concerned with the development of an efficient algorithm for
the analytic solutions of systems of fractional differential -algebraic equations (FDAE).
The proposed algorithm is an elegant combination of the Laplace transform method
(LTM) with the homotopy analysis method (HAM). The biggest advantage of the
Laplace homotopy analysis method (LHAM) over the existing standard analytical tech-
niques is that it overcomes the difficulty arising in calculating complicated terms. Nume-
rical examples are examined to highlight the significant features of this method.
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Introduction

The fractional calculus has a long history from 30 September 1695, when the
derivative of order α = 1/2 has been described by Leibniz [18], [21]. The theory
of derivatives and integrals of non-integer order goes back to Leibniz, Liouville,
Grünwald, Letnikov and Riemann.There are many interesting books about frac-
tional calculus and fractional differential equations [18], [21], [6], [22]. Differential
equations of fractional order have been found to be effective to describe some
physical phenomena such as rheology, damping laws, fluid flow and so on [15],
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[11]. Recently, many important mathematical models can be expressed in terms
of systems of algebraic differential equations of fractional order.

Derivatives of non-integer order can be defined in different ways, e.g. Riemann–
Liouville, Grünwald–Letnikow, Caputo and Generalized Functions Approach [21].
In this paper we focus attention on Caputo’s definition which turns out to be
more useful in real-life applications since it can be coupled with initial conditions
having a clear physical meaning.

DAEs arise in the mathematical modeling of a wide variety of problems from
engineering and science such as in multibody and flexible body mechanics, elec-
trical circuit design, optimal control, incompressible fluids, molecular dynamics,
chemical kinetics (quasi steady state and partial equilibrium approximations), and
chemical process control. The index concept plays an important role in the ana-
lysis of DAEs. The index is a measure of the degree of difficulty in the numerical
solution. In general, the higher the index is, the more difficult it is to solve the
DAE. While many different concepts exist to assign an index to a DAE such as
the differentiation index [3], [5], the perturbation index [4], the tractability in-
dex [23], and the nilpotency index [4]. In the case of linear DAEs with constant
coefficients, all these indices are equal. In order to transform a DAE into an alter-
native form easier to solve, some index reduction methods have been developed
[10]. These methods introduce additional variables, which leads to a drawback
that the resulting DAE is a larger system than the original one.

There are only a few techniques for the solution of fractional differential
-algebraic equations, since it is relatively a new subject in mathematics. The so-
lution of fractional differential equations is much involved. In general, there exists
no method that yields exact solutions for fractional differential equations. Only
approximate solutions can be derived using linearization or perturbation method.
In recent years, much research has been focused on the numerical solution of sys-
tems of ordinary differential equations and algebraic differential equations. Some
numerical methods have been developed, such as implicit Runge Kutta method [1],
Pade approximation method [12], [7], homotopy perturbation method (HPM) [16],
[20], Adomian decomposition method (ADM) [8], [9], variation iteration method
(VIM) [19], [17] and homotopy analysis method HAM [25].

The ADM and VIM are limited in that the former has complicated algorithms
in calculating Adomian polynomials for nonlinear problems, and the later has an
inherent inaccuracy in identifying the Lagrange multiplier for fractional operators,
which is necessary for constructing variational iteration formula. The HPM is
indeed a special case of the HAM [13], [14], [2]. However, mostly, the results
given by HPM converge to the corresponding numerical solutions in a rather
small region. Although the HAM provides us with a simple way to adjust and
control the convergence region of solution series by choosing a proper value for the
auxiliary parameters h, we face the difficulty in calculating complicated integrals
that arise when dealing with strongly nonlinear problems.

Therefore, in this work we will introduce a new alternative procedure to eli-
minate these disadvantages in solving FDAE. The newly developed technique by
no means depends on complicated tools from any field. This can be the most
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important advantage over the other methods. It is worth mentioning that the
proposed algorithm is an elegant combination of Laplace transform method and
the homotopy analysis method. Some FDAE are examined to illustrate the effec-
tiveness, accuracy and convenience of this method. and in all cases, the presented
technique performed excellently.

1. Preliminaries and notations

In this section, let us recall essentials of fractional calculus. The fractional calcu-
lus is a name for the theory of integrals and derivatives of arbitrary order, which
unifies and generalizes the notions of integer-order differentiation and n-fold in-
tegration. For the purpose of this paper the Caputo’s definition of fractional
differentiation will be used, taking the advantage of Gaputo’s approach that the
initial conditions for fractional differential equations with Caputo’s derivatives
take on the traditional form as for integer-order differential equations.

Definition 1.1 Caputo’s definition of the fractional-order derivative is defined as

Dαf(t) =
1

Γ(n− α)

t∫

a

(t− τ)n−α−1f (n)(τ)dτ,

where n− 1 < α ≤ n, n ∈ N, α is the order of the derivative.

For the Caputo’s derivative we have:

DαC = 0, C is constant,

Dαtβ =





0 β ≤ α− 1,

Γ(β + 1)

Γ(β − α + 1)
tβ−α β > α− 1.

Caputo’s fractional differentiation is a linear operation and if f(τ) is continuous
in [a, t] and g(τ) has n + 1 continuous derivatives in [a, t], it satisfies the so-called
Leibnitz rule:

Dα(f(t)g(t)) =
∞∑

k=0

(
α

k

)
g(k)(t)Dα−kf(t)

For establishing our results, we also necessarily introduce the following Riemann–
Liouville fractional integral operator.

Definition 1.2 A real function f(x), x > 0, is said to be in the space Cµ, µ ∈ R if
there exists a real number p > µ such that f(x) = xpf1(x),where f1(x) ∈ C[0,∞).
Clearly Cµ ⊂ Cβ if β ≤ µ.
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Definition 1.3 The Riemann–Liouville fractional integral operator of order α ≥ 0,
of a function f ∈ Cµ, µ ≥ −1, is defined as

Jαf(t) =
1

Γ(α)

t∫

a

(t− τ)α−1f(τ)dτ

We mention only some properties of the operator Jα:
For f ∈ Cµ, µ, γ ≥ −1, α, β ≥ 0 :

1. J0(t) = f(t),

2. JαJβf(t) = Jα+βf(t) = JβJαf(t),

3. Jαtγ =
Γ(γ + 1)

Γ(γ + α + 1)
tγ+α, α > 0, γ > −1, t > 0.

Also, we need here two of its basic properties. If m − 1 < α ≤ m, m ∈ N, and
f ∈ Cm

µ , µ ≥ −1, then

DαJαf(t) = f(t), JαDαf(t) = f(t)−
m−1∑
i=0

f (i)(0+)
ti

i!
, t > 0.

For more information on the mathematical properties of fractional derivatives
and integrals, one can consult [22].

Lemma 1.4 If m− 1 < α ≤ m, m ∈ N, and f ∈ Cm
µ , µ ≥ −1, then the Laplace

transform of the fractional derivative Dαf(t) is

£(Dαf(t)) = sαF (s)−
m−1∑
i=1

f (i)(0+)sα−i−1, t ≥ 0

Here £(f(t)) = F (s); for more details, see [26].

2. Laplace Homotopy analysis method

In this section, we employ the Laplace homotopy analysis method to the discussed
problem. To show the basic idea, let us consider the FDAEs

Dαiui(t) = fi(t, u1, u2, ..., un, u
′
1, u

′
2, ..., u

′
n)(2.1a)

0 = g(t, u1, u2, ..., un), i = 1, 2, ..., n− 1, 0 < αi ≤ 1,(2.1b)

subject to the initial conditions

ui(0) = ai, i = 1, 2, ..., n

where fi are known analytical functions.
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Applying the Laplace transform to both sides of (2.1a) and using the linearity
of Laplace transforms, we get

£[Dαiui(t)] = £[fi(t, u1, u2, ..., un, u
′
1, u

′
2, ..., u

′
n)], i = 1, 2, ..., n− 1, 0 < αi ≤ 1,

0 = g(t, u1, u2, ..., un)

Using Lemma 1.4, and applying the formulas of the Laplace transform, we get

Ui(s) =
ai

s
+

1

sαi
£[fi(t, u1, u2, ..., un, u′1, u

′
2, ..., u

′
n)],

0 = g(t, u1, u2, ..., un), i = 1, 2, ..., n− 1, 0 < αi ≤ 1,(2.2)

where Ui(s) = £(ui(t)).
The so-called zeroth-order deformation equations of equations (2.2) are

(2.3)

(1− q)Li[Φi(s, q)− Ui,0(s)] = qhi[Φi(s, q)− ai

s

− 1

sαi
£[fi(t, φ1(t; q), ..., φn(t; q),

∂

∂t
φ1(t; q), ...,

∂

∂t
φn(t; q))],

i = 1, 2, ..., n− 1,

(1− q)Ln[φn(t; q)− un,0(t)] = −qhng(t, φ1(t; q), ..., φn(t; q)),

where q ∈ [0, 1] is an embedding parameter, when q = 0 and q = 1, we have

Φi(s, 0) = Ui,0(s), Φi(s, 1) = Ui(s), i = 1, 2, ..., n− 1,

φn(t; 0) = un,0(t), φn(t; 1) = un(t).

Expanding Φi(s, q), i = 1, 2, ..., n − 1 and φn(t; q) in Taylor series with respect
to q, we get

(2.4)

Φi(s; q) = Ui,0(s) +
∞∑

m=1

Ui,m(s)qm, i = 1, 2, ..., n− 1,

φn(t; q) = un,0(t) +
∞∑

m=1

un,m(t)qm,

where

Ui,m(s) =
1

m!

∂mΦi(s; q)

∂qm
|q=0, i = 1, 2, ..., n− 1,

un,m(t) =
1

m!

∂mφn(t; q)

∂qm
|q=0.

If the initial guesses, the auxiliary linear operator Li, i = 1, 2, ..., n and the nonzero
auxiliary parameter hi are properly chosen so that the power series (2.4) converges
at q = 1.
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Then, we have under these assumptions the solution series

Ui(s) = Φi(s; 1) = Ui,0(s) +
∞∑

m=1

Ui,m(s), i = 1, 2, ..., n− 1,

un(t) = φn(t; 1) = un,0(t) +
∞∑

m=1

ui,m(t)

For brevity, define the vector

−→
U i,m(s) = {Ui,0(s), Ui,1(s), Ui,2(s), ..., Ui,m(s)}, i = 1, 2, ..., n− 1,
−→u n,m(t) = {un,0(t), un,1(t), um,2(t), ..., un,m(t)},

Differentiating the zero-order deformation equation (2.3) m times with respective
to q and then dividing by m! and finally setting q = 0, we have the so-called
high-order deformation equation

Ui,m(s) = χmUi,m−1(s) + hi<i,m(
−→
U i,m−1(s)), i = 1, 2, ..., n− 1,(2.5)

un,m(t) = χmun,m−1(t) + hn<n,m(−→u n,m−1(t))

where

<i,m(
−→
U i,m−1(s)) = Ui,m−1(s)− 1

sαi

[
1

(m− 1)!

∂m−1

∂qm−1
(£[fi(t, φ1(t; q), ..., φn(t; q),

∂

∂t
φ1(t; q), ...,

∂

∂t
φn(t; q))])|q=0

]
− ai

s
(1− χm),

<n,m(−→u n,m−1(t)) =
−1

(m− 1)!

∂m−1

∂qm−1
[g(t, φ1(t; q), ..., φn(t; q))]|q=0, i = 1, 2, ..., n− 1,

and

χm =

{
0, m ≤ 1,

1, m > 1.

Finally, applying the inverse Laplace transforms of (2.5), then we have a
power series solution

(2.6) ui(t) =
∞∑

m=0

ui,m(t), i = 1, 2, ..., n.

Note that we have great freedom to choose the value of the auxiliary parameter
hi. Mathematically, the value of ui(t) at any finite order of approximation is
dependent upon the auxiliary parameter hi, because the zeroth and high order
deformation equations contain hi. Let Rhi

denote the set of all values of hi which
ensure the convergence of the LHAM series solution (2.6) of ui(t). Let hi be the
variable of the horizontal axis and the limit of the series solution (2.6) of ui(t)
be the variable of vertical axis. Plot the curve ui(t) ∼ hi, where ui(t) denotes
the limit of the series (2.6). Because the limit of all convergent series solutions
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(2.6) is the same for a given a, there exists a horizontal line segment above the
region h ∈ Rhi

. So, by plotting the curve ui(t) ∼ hi at a high enough order
approximation, one can find an approximation of the set Rhi

[13].

3. Applications

In this part, we introduce some applications on LHAM to solve differential-
algebraic equations with fractional derivatives.

Example 1. Consider the following fractional differential-algebraic equations

(3.1)
Dαu(t) = −2tu2(t) + u(t)v(t)− 1, 0 < α ≤ 1,

v(t) = u(t)v(t) + t2, u(0) = v(0) = 1,

for α = 1, the exact solution u(t) =
1

t2 + 1
, v(t) = t2 + 1.

To derive the solution, take the Laplace transform of both sides of (3.1),
we get

£[Dαu(t)] = −2£(tu2(t)) + £(u(t)v(t))− 1

s
,

v(t) = u(t)v(t) + t2,

so

sαU(s)− sα−1 = −2£(tu2(t)) + £(u(t)v(t))− 1

s
,

v(t) = u(t)v(t) + t2,

or

U(s) = − 2

sα
£(tu2(t)) +

1

sα
£(u(t)v(t)) +

(
1

s
− 1

sα+1

)
,

v(t) = u(t)v(t) + t2.

Hence, the mth-order deformation equations can be given by

Um(s) = χmUm−1(s) + h1<1,m(
−→
U m−1(s)),(3.2)

vm(t) = χmvm−1(t) + h2<2,m(−→v m−1(t)), m = 1, 2, 3, ...(3.3)

subject to the initial condition

um(0) = vm(0) = 0,m = 1, 2, 3, ....

where

<1,m(
−→
U m−1(s)) = Um−1(s) +

2

sα
£

(
t

m−1∑
i=0

ui(t)um−i−1(t)

)

− 1

sα
£

(
m−1∑
i=0

ui(t)vm−i−1(t)

)
−

(
1

s
− 1

sα+1

)
(1− χm),

<2,m(−→v m−1(t)) = vm−1(t)−
m−1∑
i=0

ui(t)vm−i−1(t))− t2(1− χm), m = 1, 2, 3, ...
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According to the initial condition in (3.1), we can choose the initial guess of
U(s) and v(t) as follows:

U0(s) =
1

s
, v0(t) = 1

Using the mth-order deformation equations (3.2), (3.3)we can find that

U0(s) =
1

s
,

u0(t) = 1

U1(s) =
2h1

sα+2
,

u1(t) =
2h1

Γ(2 + α)
tα+1

U2(s) =
2h1

sα+2
+

2h2
1

sα+2
+

8h2
1(2 + α)

s2α+3
+

2h1h2

sα+3
− 2h2

1

s2α+2
,

u2(t) =
2h1

Γ(2 + α)
tα+1 +

2h2
1

Γ(2 + α)
tα+1 +

8h2
1(2 + α)

Γ(3 + 2α)
t2α+2 +

2h1h2

Γ(3 + α)
tα+2

− 2h2
1

Γ(2 + 2α)
t2α+1

...

v0(t) = 1

v1(t) = −h2t
2

v2(t) = −h2t
2 − 2h1h2

Γ(2 + α)
tα+1

...

Then, using a mathematical software the solution, we successfully obtain

u(t) =
∞∑

m=0

um(t), v(t) =
∞∑

m=0

vm(t).

The convergence of these series is strongly depends upon the values of the auxiliary
parameters hi. In order to find the range of admissible values of hi, the hi−curves
are plotted in Fig.1 for the 8th-order of approximation. We can see that the range
for values of h1, h2 are in the range −1.3 ≤ h1, h2 ≤ −0.4. Using h1 = h2 = −1,
α = 1 we get

u0(t) = 1, u1(t) = −t2, u2(t) = t4, u3(t) = −t6, u4(t) = t8, ...

v0(t) = 1, v1(t) = t2, v2(t) = 0, v2(t) = 0, v2(t) = 0, ...

Proceeding in the same manner, we get that the solution u(t) and v(t) is
given in series form by
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u(t) = u0(t) +
∞∑

m=1

um(t) = 1− t2 + t4 − t6 + t8 − t10 + · · ·

v(t) = v0(t) +
∞∑

m=1

vm(t) = 1 + t2

and so in closed form

u(t) =
1

t2 + 1
, v(t) = t2 + 1

−2 −1.5 −1 −0.5 0

0.7

0.8

0.9

1

1.1

1.2

1.3

hi
−2 −1.5 −1 −0.5 0 0.5

−6

−4

−2

0

2

4

6

8

10

12

hi

Fig.1. The hi-curve of 8th-order ap-
proximation for u(0.3) and v(0.3),
α = 1 of Example 1

Fig.2. The hi-curve of 8th-order ap-
proximation for u(0.1) and v(0.1),
α = 0.5 of Example 2

Example 2. Consider the following system of fractional differential-algebraic
equations

Dαu(t) = tv′(t)− u(t) + (1 + t)v(t), 0 < α ≤ 1,(3.4)

v(t) = sin(t), u(0) = 1, v(0) = 0,

for α = 1, the exact solution u(t) = e−t + sin(t), v(t) = sin(t).
Take the Laplace transform of both sides of (3.4) we get

U(s) =
1

sα
£(tv′(t))− 1

sα
U(s) +

1

s
V (s) +

1

sα
£(tv(t)) +

1

s
,

v(t) = sin(t),

Hence, the mth-order deformation equations can be given by

Um(s) = χmUm−1(s) + h1<1,m(
−→
U m−1(s)),(3.5)

vm(t) = χmvm−1(t) + h2<2,m(−→v m−1(t)),m = 1, 2, 3, ...(3.6)

subject to the initial condition

um(0) = vm(0) = 0.
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where

<1,m(
−→
U m−1(s)) = Um−1(s)− 1

sα
£(tv′m−1) +

1

sα
Um−1(s)− 1

s
Vm−1(s)

− 1

sα
£(tvm−1(t)) +

1

s
(1− χm),

<2,m(−→v m−1(t)) = vm−1(t)− sin(t)(1− χm), m = 1, 2, 3, ...

According to the initial condition in (3.4), we can choose the initial guess of
U(s) and v(t) as follows:

U0(s) =
1

s
, v0(t) = 0

In order to find range of admissible values of hi, the hi-curve is plotted for 8th-
order approximation when see Fig. 2. We can see that the range of values for hi

is between −1.3 ≤ hi ≤ −0.4, using the mth-order deformation equations (3.5),
(3.6)and h1 = h2 = −1, we can find that

(3.7)

u(t) = u0(t) +
∞∑

m=1

um(t) = 1 +
1

Γ(1 + α)
tα +

2

Γ(2 + α)
tα+1

+

[ −2

Γ(1 + 2α)
+

3.4−α
√

π

Γ(1 + α)Γ(1
2

+ α)

]
t2α

+
2

Γ(3 + α)
tα+2 − 2

Γ(2 + 2α)
t2α+1 − 1

Γ(1 + 3α)
t3α + · · ·

v(t) = v0(t) +
∞∑

m=1

vm(t) = t− t3

6
+

t5

120
− t7

720
+ · · ·

Setting α = 1 in (3.7), we obtain the following series solution

u(t) = u0(t) +
∞∑

m=1

um(t) = 1− t +
3t2

2
− t3

3!
− t4

8
− t5

5!
+

7t6

720
− t7

7!
− t8

5760

− t9

9!
+

11t10

3628800
− t11

11!
+ · · ·

v(t) = v0(t) +
∞∑

m=1

vm(t) = t− t3

3!
+

t5

5!
− t7

7!
+

t9

9!
− t11

11!
+ · · ·

which is the exact solution for system (3.4), which better than solutions given by
Celik, Bayram and Yeloglu [8] using Adomian decomposition method and than
solutions given by Zurigat , Momani, and Alawneh [25] using HAM. However, the
results given by the Adomian decomposition method converge to the correspon-
ding numerical solutions in a rather small region. But in this method, the Laplace
homotopy analysis method gives a greater region of convergence with the exact
solution.
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Fig. 3 shows the LHAM approximate solutions for various values of α which
have the same trajectories.

0 2 4 6 8 10 12
−12

−10

−8

−6

−4

−2

0

2

4

6

8

t

u(
t)

Fig.3. Plots of solution of system (10) when h1 = h2 = −1.
Solid line: α = 1, dotted line: α = 0.8, dash dotted line: α = 0.5

Example 3. Consider the following system of fractional differential-algebraic
equations

Dαu1(t) = u1(t)− u2(t)v(t) + sin(t) + t cos(t), 0 < α ≤ 1,

Dαu2(t) = tv(t) + u2
1(t) + sec2(t)− t2(sin2(t) + cos(t))(3.8)

v(t) = u1(t) + t(cos(t)− sin(t)), u1(0) = u1(0) = v(0) = 0,

for α = 1, the exact solution u1(t) = t sin(t), u2(t) = tan(t), v(t) = t cos(t).

To derive the solution, we take the Laplace transform of both sides of (3.8)
and we get

sαU1(s) = U1(s)−£(u2(t)v(t)) + £(sin(t) + t cos(t)),

sαU2(s) = £(tv(t)) + £(u2
1(t)) + £(sec2(t)− t2(sin2(t) + cos(t))),

v(t) = u1(t) + t(cos(t)− sin(t)),

or

U1(s) =
1

sα
U1(s)− 1

sα
£(u2(t)v(t)) +

1

sα
£(sin(t) + t cos(t)),

U2(s) =
1

sα
£(tv(t)) +

1

sα
£(u2

1(t)) +
1

sα
£(sec2(t)− t2(sin2(t) + cos(t))),

v(t) = u1(t) + t(cos(t)− sin(t)).

Hence, the mth-order deformation equations can be given by

Ui,m(s) = χmUi,m−1(s) + hi<i,m(
−→
U m−1(s)), i = 1, 2,

vm(t) = χmvm−1(t) + h3<3,m(−→v m−1(t)), m = 1, 2, 3, ...(3.9)
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subject to the initial condition

Ui,m(0) = vm(0) = 0, i = 1, 2,

where

<1,m(
−→
U 1,m−1(s)) = U1,m−1(s)− 1

sα
U1,m−1(s)

+
1

sα
£

(
m−1∑
i=0

u2,i(t)vm−i−1(t)

)

− 1

sα
£(sin(t) + t cos(t))(1− χm),

<2,m(
−→
U 2,m−1(s)) = U2,m−1(s)− 1

sα
£(tvm−1(t))

− 1

sα
£

(
m−1∑
i=0

u1,i(t)u1,m−i−1(t)

)

− 1

sα
£(sec2(t)− t2(sin2(t) + cos(t)))(1− χm),

<3,m(−→v m−1(t)) = vm−1(t)− u1,m−1(t)− t(cos(t)− sin(t))(1− χm),

m = 1, 2, 3, ...

According to the initial condition in (3.8), we can choose the initial guess of
U(s) and v(t) as follows:

U1,0(s) = 0, U2,0(s) = 0, v0(t) = 0

The proper values of h1, h2, h3 found from the hi-curve shown in Fig.4, it is clear
that the series of ui(t), v(t) convergent when −1.4 ≤ hi ≤ −0.7, i = 1, 2, 3, if we
set α = 1, h1 = h2 = h3 = −1 in (3.9), then we obtain the following series solution

u1(t) = u1,0(t) +
∞∑

m=1

u1,m(t) = t2 − t4

6
+

t6

120
− t8

5040
+

t10

362880
+ · · ·

u2(t) = u2,0(t) +
∞∑

m=1

um(t) = t +
t3

3
+

2t5

15
+

17t7

315
+

62t9

2835
+ · · ·

v(t) = v0(t) +
∞∑

m=1

vm(t) = t− t3

2
+

t5

24
− t7

720
+

t9

40320
+ · · ·

which the same solutions given by F. Soltanian, S.M. Karbassi, M.M. Hosseini
[24] using He’s variational iteration method.
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Figs. 5, 6 and 7 shows the LHAM approximate solutions for various values
of α which have the same trajectories.
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Fig.4. The hi-curve of 8th-order ap-
proximation for u1(0.1), u2(0.4) and
v(0.3), α = 0.75 of Example 3

Fig.5. Plots of solution of system
(14) when h1 = h2 = −1. dotted
line: exact solution when α = 1,
solid line: α = 1, dash dotted line:
α = 0.9, star line: α = 0.75
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Fig.6. Plots of solution of system
(14) when h1 = h2 = −1. dotted-
line: exact solution when α = 1,
solid line: α = 1, dash dotted line:
α = 0.9, star line: α = 0.75

Fig.7. Plots of solution of system
(14) when h1 = h2 = −1. dotted-
line: exact solution when α = 1,
solid line: α = 1, dash dotted line:
α = 0.9, star line: α = 0.75
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4. Conclusion

A combined form of the Laplace transform method with Homotopy analysis
method is effectively used to handle linear and nonlinear fractional differential-
algebraic equations. The main advantage of the method is its fast convergence
to the solution. Moreover, it avoids the volume of calculations that reguired by
other existing analytical methods. In practice, the utilization of the method is
straightforward if some symbolic software as Matlab is used to implement the
calculations. The new method leads to higher accuracy and simplicity, and in all
cases the solutions obtained are easily programmable approximants to the ana-
lytic solutions of the original problems with the accuracy required. The proposed
scheme can be applied for other nonlinear equations.
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