
italian journal of pure and applied mathematics – n. 30−2013 (43−58) 43

GENERALIZED FUZZY ALGEBRAIC HYPERSYSTEMS

Jianming Zhan1

Department of Mathematics
Hubei University for Nationalities
Enshi, Hubei Province, 445000
P.R. China

Bijan Davvaz

Department of Mathematics
Yazd University, Yazd
Iran

Young Bae Jun

Department of Mathematics Education
Gyeongsang National University
Chinju 660-701
Korea
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discuss entropy of interval valued (α, β)-fuzzy subalgebraic hypersystems. In particular,
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1. Introduction

The study of algebraic hyperstructures (or hypersystems) is a well established
branch of classical algebraic theory. Hyperstructure theory was born in 1934 when
Marty [19] defined hypergroups, began to analyse their properties and applied
them to groups, rational functions and algebraic functions. Later on, people

1Corresponding author. E-mail address: zhanjianming@hotmail.com(J. Zhan).
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have observed that hyperstructures have many applications to several branches
of both pure and applied sciences, for example, semihypergroups are the simplest
algebraic hyperstructures which possess the properties of closure and associativity.
A comprehensive review of the theory of hyperstructures appears in [5], [6], [23].

After the introduction of fuzzy sets by Zadeh [26], reconsideration of the
concept of classical mathematics began. On the other hand, because of the im-
portance of group theory in mathematics, as well as its many areas of application,
the notion of fuzzy subgroups was defined by Rosenfeld [22] and its structure
was investigated. Algebraic structures play a prominent role in mathematics with
wide ranging applications in many disciplines such as theoretical physics, com-
puter sciences, control engineering, information sciences, coding theory, topologi-
cal spaces and so on. This provides sufficient motivations to researchers to review
various concepts and results from the realm of abstract algebra in the broader
framework of fuzzy setting, see [20]. In 1975, Zadeh [27] introduced the concept
of interval valued fuzzy subset, where the values of the membership functions are
intervals of numbers instead of the numbers. In [4], Biswas defined interval valued
fuzzy subgroups of the same nature of Rosenfeld’s fuzzy subgroups. A new type
of fuzzy subgroup (viz, (∈,∈ ∨q)-fuzzy subgroup) was introduced in an earlier pa-
per of Bhakat and Das [3] by using the combined notions of “belongingness” and
“quasicoincidence” of fuzzy points and fuzzy sets, which was introduced by Pu
and Liu [21]. In fact, (∈,∈ ∨q)-fuzzy subgroup is an important and useful gene-
ralization of Rosenfeld’s fuzzy subgroups. Recently, Davvaz ([13]) introduced the
concept of (∈,∈ ∨q)-fuzzy subnear-rings(ideals) and investigated some interesting
results.

Fuzzy sets and hyperstructures introduced by Zadeh and Marty, respectively,
are now used in the world both on the theoretical point of view and for their ap-
plications. The relations between fuzzy sets and algebraic hyperstructures (struc-
tures) have been already considered by Corsini, Davvaz, Leoreanu, Ameri, Vou-
giouklis, Zahedi, Zhan and others, for instance, see [1], [5]-[18], [23]-[25], [28]-[33].
In Section 2, we recall some basic defnitions and results about algebraic hypersys-
tems. In Section 3, we discuss entropy of interval valued (α, β)-fuzzy subalgebraic
hypersystems in an algebraic hypersystem. Since the concept of interval valued
(∈,∈ ∨q)-fuzzy subalgebraic hypersystems is an important and useful generaliza-
tion of ordinary fuzzy algebraic hypersystem in an algebraic hypersystem, some
fundamental aspects of interval valued (∈,∈ ∨q)-fuzzy subalgebraic hypersystems
in an algebraic hypersystem have been discussed in section 4. Finally, in section
5, we consider the concept of implication-based interval valued fuzzy subalgebraic
hypersystems.

2. Preliminaries

General algebraic hypersystems and some of their related concepts are introduced
in this section. Examples of some familiar algebraic hypersystems are given.

Let H be a non-empty set and f a mapping f : H × H → P∗(H), where
P∗(H) is the set of all the non-empty subsets of H. Then f is called a binary
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hyperoperation on H. In general, a mapping f : Hn → P∗(H) is called an n-ary
hyperoperation and n is called the order of hyperoperation.

A non-empty set and one or more n-ary hyperoperations on the set will be
called an algebraic hypersystem. We shall denote an algebraic hypersystem by
< H,Γ >, where H is a non-empty set and Γ = {f1, f2, ...} is a set of hyper-
operations on H.

The algebraic hypersystem (H, {fi}i≥1) induces a universal algebra

(P∗(H), {Fi}i≥1)

with the operations

Fi(A1, ..., An) = ∪{fi(a1, ..., an) | ak ∈ Ak, 1 ≤ i ≤ n}

for A1, ..., An ∈ P∗(H).
If Γ is a singleton Γ = {f} and f is a 2-ary hyperoperation, the algebraic

hypersystem is called hypergroupoid, the hyperoperation is denoted by ◦ and
the image of the pair (x, y) is denoted by x ◦ y. Hypergroups, polygroups and
hyperrings are algebraic hypersystems.

Let (H,Γ) be an algebraic hypersystem. A subset S of H is said to be closed
under the n-ary hyperoperation f if (x1, ..., xn) ∈ S × S × ...× S( where S occurs
n times) implies f(x1, ..., xn) ∈ P∗(S). S is called a subalgebraic hypersystem of
H, if S is closed under any hyperoperation in Γ.

Now, we give the following concept:

Definition 2.1. Let (H,Γ) be an algebraic hypersystem and F a fuzzy subset
of H. Then F is called a fuzzy subalgebraic hypersystem of H, if for any n-ary
hyperoperation f ∈ Γ and for all xi ∈ H(i = 1, 2, ..., n),

(HF1) inf
y∈f(x1,x2,...,xn)

F (y) ≥ min{F (x1), F (x2), ..., F (xn)}.

Example 2.2.

(i) Consider H = {e, a, b} and define ◦ on H with the following table:

◦ e a b
e {e} {a} {b}
a {a} {a, b} {e, a}
b {b} {e, a} {e}

Define a fuzzy set F : H → [0, 1] by F (a) ≤ F (b) ≤ F (e). Then F is a fuzzy
subalgebraic hypersystem of H.

(ii) Let (H = {1,−1, i,−i}, ◦), where ◦ defined on H with the following table:

◦ 1 −1 i −i
1 1 −1 i −i

−1 −1 1 −i i
i i −i −1 1

−i −i i 1 −1



46 jianming zhan, bijan davvaz, young bae jun

Note that every algebraic system is an algebraic hypersystem. Define F :
H −→ [0, 1] by F(1)=1, F (−1) = 0.5 and F (i) = F (−i) = 0. Clearly F is a
fuzzy subalgebraic system of H.

(iii) Let (H = {x, y, z, t}, {f1, f2}) be an algebraic hypersystem, where

f1 x y z t
x {x} {y} {z} {t}
y {y} {x, y} {z} {t}
z {z} {z} {x, y, t} {z, t}
t {t} {t} {z, t} {x, y, z}

f2 x y z t
x x y z t
y x y z t
z x y z t
t x y z t

We define a fuzzy set F : H −→ [0, 1] by F (x) = 0.7, F (y) = 0.5 and
F (z) = F (t) = 0.3. Routine calculations give that F is a fuzzy subalgebraic
hypersystem of H.

Let F be a fuzzy set. For every t ∈ [0, 1], the set U(F ; t) = {x ∈ H|F (x) ≥ t}
is called the level subset of F .

Theorem 2.3. Let H be an algebraic hypersystem and F a fuzzy set of H.
Then F is a fuzzy subalgebraic hypersystem of H if and only if for any t ∈ [0, 1],
U(F ; t)( ̸= ∅) is a subalgebraic hypersystem of H.

By an interval number ã we mean (cf. [27]) an interval [a−, a+], where 0 ≤
a− ≤ a+ ≤ 1. The set of all interval numbers is denoted by D[0, 1]. The interval
[a, a] is identified with the number a ∈ [0, 1].

For interval numbers ãi = [a−i , a
+
i ], b̃i = [b−i , b

+
i ] ∈ D[0, 1], i ∈ I, we define

rmax{ãi, b̃i} = [max(a−i , b
−
i ),max(a+i , b

+
i )],

rmin{ãi, b̃i} = [min(a−i , b
−
i ),min(a+i , b

+
i )],

rinfãi =

[∧
i∈I

a−i ,
∧
i∈I

a+i

]
, rsupãi =

[∨
i∈I

a−i ,
∨
i∈I

a+i

]
and put

(1) ã1 ≤ ã2 ⇐⇒ a−1 ≤ a−2 and a+1 ≤ a+2 ,

(2) ã1 = ã2 ⇐⇒ a−1 = a−2 and a+1 = a+2 ,

(3) ã1 < ã2 ⇐⇒ ã1 ≤ ã2 and ã1 ̸= ã2,

(4) kã = [ka−, ka+], whenever 0 ≤ k ≤ 1.

It is clear that (D[0, 1],≤,∨,∧) is a complete lattice with 0 = [0, 0] as the least
element and 1 = [1, 1] as the greatest element.

Interval valued fuzzy sets provide a more adequate description of uncertainty
than traditional fuzzy sets; it is therefore important to use interval valued fuzzy
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sets in applications. One of main applications of fuzzy sets is fuzzy control, and
one of the most computationally intensive part of fuzzy control is defuzzification.
Since a transition to interval valued fuzzy sets usually increase the amount of com-
putations, it is vitally important to design faster algorithms for the corresponding
defuzzification.

By an interval valued fuzzy set F on X we mean the set

F = {(x, [µ−
F (x), µ

+
F (x)]) | x ∈ X},

where µ−
F and µ+

F are two fuzzy subsets of X such that µ−
F (x) ≤ µ+

F (x) for all
x ∈ X. Putting µ̃F (x) = [µ−

F (x), µ
+
F (x)], we see that F = {(x, µ̃F (x)) |x ∈ X},

where µ̃F : X → D[0, 1].
If A,B are two interval valued fuzzy sets of X, then we define
A ⊆ B if and only if for all x ∈ X,µ−

A(x) ≤ µ−
B(x) and µ+

A(x) ≤ µ+
B(x),

A = B if and only if for all x ∈ X,µ−
A(x) = µ−

B(x) and µ+
A(x) = µ+

B(x).
Also, the union, intersection and complement are defined as follows: let A,B

be two interval valued fuzzy sets of X, then
A ∪B = {(x, [max{µ−

A(x), µ
−
B(x)},max{µ+

A(x), µ
+
B(x)}]|x ∈ X},

A ∩B = {(x, [min{µ−
A(x), µ

−
B(x)},min{µ+

A(x), µ
+
B(x)}]|x ∈ X},

Ac = {(x, [1− µ+
A(x), 1− µ−

A(x)])|x ∈ X},
where the operation “c” is the complement of interval valued fuzzy set in X.

3. Entropy of interval valued (α, β)-fuzzy subalgebraic hypersystems

Based on [2], [3], we can extend the concept of quasi-coincidence of fuzzy point
with a fuzzy set to the concept of quasi-coincidence of a fuzzy interval value with
an interval valued fuzzy set as follows.

An interval valued fuzzy set F = {(x, µ̃F (x)) | x ∈ H} of an algebraic hyper-
system H of the form

µ̃F (y) =

{
t̃(̸=[0,0]) if y = x

[0,0] if y ̸= x

is said to be fuzzy interval value with support x and interval value t̃ and is denoted
by U(x; t̃). A fuzzy interval value U(x; t̃) is said to belong to (resp. be quasi-
coincident with) an interval valued fuzzy set F , written as U(x; t̃) ∈ F (resp.
U(x; t̃)qF ) if µ̃F (x) ≥ t̃ (resp. µ̃F (x) + t̃ > [1, 1]). If U(x; t̃) ∈ F or (resp. and)
U(x; t̃)qF , then we write U(x; t̃) ∈ ∨q (resp. ∈ ∧q) F . The symbol ∈ ∨q means
∈ ∨q does not hold.

In what follows, let (H,Γ) be an algebraic hypersystem, f ∈ Γ any n-ary
hyperoperation on H, and α and β will denote any one of ∈, q,∈ ∨q or ∈ ∧q
unless otherwise specified. Also we emphasis µ̃F (x) = [µ−

F (x), µ
+
F (x)] must satisfy

the following properties:

[µ−
F (x), µ

+
F (x)] < [0.5, 0.5] or [0.5, 0.5] ≤ [µ−

F (x), µ
+
F (x)], for all x ∈ H.
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Definition 3.1. An interval valued fuzzy set F of H is called an interval valued
(α, β)-fuzzy subalgebraic hypersystem of H with α ̸=∈ ∧q, if it satisfies for all
ti ∈ (0, 1] and xi ∈ H(i = 1, 2, ..., n),

(HF2) U(xi; t̃i)αF implies U(y; rmin{t̃1, t̃2, ..., t̃n})βF , for all y ∈ f(x1, x2, ..., xn).

Let F be an interval valued fuzzy set of H such that µ̃F (x) ≤ [0.5, 0.5] for all
x ∈ H. Let x ∈ H and t ∈ (0, 1] be such that U(x; t̃) ∈ ∧qF , then µ̃F (x) ≥ t̃ and
µ̃F (x) + t̃ > [1, 1]. It follows that [1, 1] < µ̃F (x) + t̃ ≤ µ̃F (x) + µ̃F (x) = 2µ̃F (x),
which implies µ̃F (x) > [0.5, 0.5]. This means that {U(x; t̃)|U(x; t̃) ∈ ∧qF} = ∅.
Therefore, the case α =∈ ∧q in Definition 3.1 will be omitted.

Proposition 3.2.

(i) Every interval valued (∈ ∨q,∈ ∨q)-fuzzy subalgebraic hypersystem of H is
an interval valued (∈,∈ ∨q)-fuzzy subalgebraic hypersystem of H;

(ii) Every interval valued (∈,∈)-fuzzy subalgebraic hypersystem of H is an in-
terval valued (∈,∈ ∨q)-fuzzy subalgebraic hypersystem of H.

The converse of Propositions 3.2 is not true. Consider Klein’s 4-group H =
{e, x, y, z}. Defined an interval valued fuzzy set F of H by

µ̃F (e) = [0.6, 0.7], µ̃F (x) = [0.7, 0.8] and µ̃F (y) = µ̃F (z) = [0.4, 0.5].

Then, F is an interval valued (∈,∈ ∨q)-fuzzy subalgebraic hypersystem of H. We
note that F is not an interval valued (α, β)-fuzzy algebraic hypersystem of H,
where (α, β) ̸= (∈,∈), (q,∈ ∨q), (∈ ∨q,∈ ∨q).

Lemma 3.3.

(i) If A is a subalgebraic hypersystem of H, then the characteristic function χ
A

of A is an interval valued (∈,∈)-fuzzy subalgebraic hypersystem of H;

(ii) For any subset A of H, χA is an interval valued (∈,∈ ∨q)-fuzzy subalgebraic
hypersystem of H if and only if A is a subalggebraic hypersystem of H.

Now, we give the main result on a general interval valued (α, β)-fuzzy sub-
algebraic hypersystem of algebraic hypersystems.

Theorem 3.4. Let F be a non-zero interval valued (α, β)-fuzzy subalgebraic hyper-
system of H. Then the set U(F ; [0, 0]) = {x ∈ H|µ̃F (x) > [0, 0]} is a subalgebraic
hypersystem of H.

Proof. Let xi∈U(F ; [0, 0]), for all i=1, 2, ..., n, then µ̃F (xi)>[0, 0], i=1, 2, ..., n.
Assume that µ̃F (y) = [0, 0], for some y ∈ f(x1, x2, ..., xn). If α ∈ {∈,∈ ∨q}, then
U(xi; µ̃F (xi))αF , for some i = 1, 2, ..., n, but U(y; rmin{µ̃F (x1), ..., µ̃F (xn)})βF ,
for every β ∈ {∈, q,∈ ∨q,∈ ∧q}, a contradiction. Note that U(xi; [1, 1])qF
(i = 1, 2, ..., n), but, for all y ∈ f(x1, x2, ...xn), U(y, rmin{[1, 1], [1, 1], ...[1, 1]}) =
U(y; [1, 1])βF for every β ∈ {∈, q,∈ ∨q,∈ ∧q}, this is a contradiction. Hence,
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for all y ∈ f(x1, x2, ..., xn), µ̃F (y) > [0, 0], that is, y ∈ U(F ; [0, 0]), and so
f(x1, x2, ..., xn) ⊆ U(F ; [0, 0]). This completes the proof.

Entropy and similarity measure of fuzzy sets are two important topics in
fuzzy set theory. Entropy of a fuzzy set describes the fuzziness degree of fuzzy
set. Many scholars have studied it from different points of view. We denote IVFSs
for the sets of all interval valued (α, β)-fuzzy subalgebraic hypersystems of H.

A real function E : IV FSs → [0, 1] is called an entropy on IVFSs, if E
satisfies the following properties:

(1) E(A) = 0 if and only if A is a crisp subalgebraic hypersystem,

(2) E(A) = 1 if and only if µ−
A(x) + µ+

A(x) = 1,

(3) E(A) ≤ E(B) if A is less fuzzy than B,

(4) E(A) = E(Ac).

For M = {x1, ..., xn}, we can give the following formulas to calculate the entropy
of interval valued (α, β)-fuzzy subalgebraic hypersystem A:

E1(A) = 1− 1

n

n∑
i=1

|µ−
A(xi) + µ+

A(xi)− 1|,

E2(A) = 1−
√

1

n

n∑
i=1

(µ−
A(xi) + µ+

A(xi)− 1)2.

A real function φ; IV FSs × IV FSs → [0, 1] is called similarity measure of
interval valued (α, β)-fuzzy subalgebraic hypersystems, if φ satisfies the following
properties:

(1) φ(A,Ac) = 0 if A is a crisp subalgebraic hypersystem,

(2) φ(A,B) = 1 ⇔ A = B,

(3) φ(A,B) = φ(B,A),

(4) if A ⊆ B ⊆ C, then φ(A,C) ≤ φ(A,B) and φ(A,C) ≤ φ(B,C).

Based on the point of view, then we have the following statement:

Theorem 3.5.

(i) φ(A−, (A+)c) is entropy of interval valued (α, β)-fuzzy subalgebraic hyper-
system A;

(ii) Suppose φ be similarity measure of interval valued (α, β)-fuzzy subalgebraic
hypersystems and A ∈ IV FSs, then φ(A,Ac) is entropy of interval valued
(α, β)-fuzzy subalgebraic hypersystem A.
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4. Interval valued (∈,∈ ∨q)-fuzzy subalgebraic hypersystems

In this section, we mainly discuss some fundamental aspects of interval valued
(∈,∈ ∨q)-fuzzy subalgebraic hypersystems of an algebraic hypersystem H. First,
we can extend the concept of fuzzy subalgebraic hypersystems to the concept of
interval valued fuzzy subalgebraic hypersystems in an algebraic hypersystem as
follows:

Definition 4.1. An interval valued fuzzy set F of H is said to be an interval
valued fuzzy subalgebraic hypersystem of H, if for all xi ∈ H (i = 1, 2, ..., n),

(HF3) rinf
y∈f(x1,x2,...,xn)

µ̃F (y) ≥ rmin{µ̃F (x1), µ̃F (x2), ..., µ̃F (xn)}.

Example 4.2. Consider Example 2.2 (ii). Define an interval valued fuzzy set F
by µ̃F (1) = [1, 1], µ̃F (−1) = [0.5, 0.6] and µ̃F (i) = µ̃F (−i) = [0, 0]. Then F is an
interval valued fuzzy subalgebraic hypersystem of H.

Let F be an interval valued fuzzy set. For every t ∈ [0, 1], the set U(F ; t̃) =
{x ∈ H|µ̃F (x) ≥ t̃} is called the interval valued level subset of F . Now, we charac-
terize interval valued fuzzy subalgebraic hypersystems by their level subalgebraic
hypersystems.

Theorem 4.3. An interval valued fuzzy set F of H is an interval valued fuzzy
subalgebraic hypersystem of H if and only if for any [0, 0] < t̃ ≤ [1, 1], U(F ; t̃)( ̸= ∅)
is a subalgebraic hypersystem of H.

Proof. For every x1, x2, ..., xn ∈ U(F ; t̃), we have rmin{µ̃F (x1), ..., µ̃F (xn)} ≥ t̃,
and so rinf{µ̃F (y)|y ∈ f(x1, x2, ..., xn)} ≥ t̃. Therefore, for every y ∈ f(x1, x2, ...xn),
we have y ∈ U(F ; t̃), so f(x1, x2, ..., xn) ⊆ U(F ; t̃).

Conversely, assume that for every [0, 0] < t̃ ≤ [1, 1] , U(F ; t̃)(̸= ∅) is a sub-
algebraic hypersystem of H. For every x1, x2, ..., xn ∈ H, we have µ̃F (xi) ≥
rmin{µ̃F (x1), ..., µ̃F (xn)} = t̃0. Then, xi ∈ U(F ; t̃0), for i = 1, 2, ..., n. So,
f(x1, x2, ..., xn) ⊆ U(F ; t̃0). Therefore, for every y ∈ f(x1, x2, ..., xn), we have
µ̃F (y) ≥ t̃0 implying

rinf{µ̃F (y)|y ∈ f(x1, x2, ..., xn)} ≥ rmin{F (x1), ..., F (xn)} ≥ t̃

Further, we define the following concept:

Definition 4.4. An interval valued fuzzy set F of H is said to be an interval
valued (∈,∈ ∨q)-fuzzy subalgebraic hypersystem of H if for all ti ∈ (0, 1] and
xi ∈ H(i = 1, 2, ..., n),

(HF4) U(xi; t̃i)∈F implies U(y; rmin{t̃1, t̃2, ..., t̃n})∈∨q F , for all y∈f(x1, x2, ...xn).

Note that if F is an interval valued fuzzy subalgebraic hypersystem of H accor-
ding to Definition 4.1, then F is an interval valued (∈,∈ ∨q)-fuzzy subalgebraic
hypersystem of H according to Definition 4.4. But the converse is not true shown
by the following example:
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Example 4.5.

(i) Let H = {e, a, b} be an algebraic hypersystem defined by the following table:

◦ e a b
e {e} {a} {b}
a {a} {e, b} {a, b}
b {b} {a, b} {e, a}

Define an interval valued fuzzy set F by µ̃F (e) = [0.8, 0.9], µ̃F (a) = [0.7, 0.8]
and µ̃F (b) = [0.6, 0.7]. Then it is easy to see that F is an interval valued
(∈,∈ ∨q)-fuzzy subalgebraic hypersystem of H, but is not an interval valued
fuzzy subalgebraic hypersystem of H.

(ii) Consider Example 2.2 (ii), and define

[0.4, 0.5] ≤ µ̃F (i) = µ̃F (−i) ≤ µ̃F (−1) = µ̃F (1).

Then, F not only is an interval valued (∈,∈ ∨q)-fuzzy subalgebraic system
of H, but also is an interval valued fuzzy subalgebraic system of H.

(iii) Consider Example 2.2 (iii), define an interval valued fuzzy set F by µ̃F (x) =
[0.7, 0.8], µ̃F (y) = [0.5, 0.6] and µ̃F (z) = µ̃F (t) = [0.3, 0.4], then F is an
interval valued (∈,∈ ∨q)-fuzzy subalgebraic system of H.

Theorem 4.6. An interval valued fuzzy set F of H is an interval valued (∈,∈ ∨q)-
fuzzy subalgebraic hypersystem of H if and only if for all xi ∈ H(i = 1, 2, ..., n),

(HF5) rmin{µ̃F (x1), µ̃F (x2), ..., µ̃F (xn), [0.5, 0.5]} ≤ rinf
y∈f(x1,x2,...,xn)

µ̃F (y).

Proof. Assume that F is an interval valued (∈,∈ ∨q)-fuzzy subalgebraic hyper-
system of H. Let xi ∈ H(i = 1, 2, ..., n), we consider the following cases:

(i) rmin{µ̃F (x1), µ̃F (x2), ..., µ̃F (xn)} < [0.5, 0.5],

(ii) rmin{µ̃F (x1), µ̃F (x2), ..., µ̃F (xn)} ≥ [0.5, 0.5].

Case (i): Assume that there exists y ∈ f(x1, x2, ..., xn) such that

µ̃F (y) < rmin{µ̃F (x1), µ̃F (x2), ..., µ̃F (xn), [0.5, 0.5]},

which implies µ̃F (y) < rmin{µ̃F (x1), ..., µ̃F (xn)}. Choose t such that

µ̃F (y) < t̃ < rmin{µ̃F (x1), µ̃F (x2), ..., µ̃F (xn)}.

Then, U(xi; t̃) ∈ F , but U(y; t̃)∈ ∨qF , which contradicts (HF4).



52 jianming zhan, bijan davvaz, young bae jun

Case (ii): Assume that µ̃F (y) < [0.5, 0.5] for some y ∈ f(x1, x2, ..., xn). Then,
U(xi; [0.5, 0.5]) ∈ F, i = 1, 2, ..., n. But U(y; [0.5, 0.5])∈ ∨qF , a contradiction.
Hence (HF5) holds.

Conversely, let U(xi; t̃i) ∈ F (i = 1, 2, ..., n), then µ̃F (xi) ≥ t̃i (i = 1, 2, ..., n).
For any y ∈ f(x1, x2, ..., xn), we have

µ̃F (y) ≥ rmin{µ̃F (x1), µ̃F (x2), ..., µ̃F (xn), [0.5, 0.5]}
≥ rmin{t̃1, t̃2, ..., t̃n, [0.5, 0.5]}.

If rmin{t̃1, t̃2, ..., t̃n} > [0.5, 0.5], then µ̃F (y) ≥ [0.5, 0.5], which implies
µ̃F (y) + rmin{t̃1, t̃2, ..., t̃n} > [1, 1].

If rmin{t̃1, t̃2, ..., t̃n} ≤ [0.5, 0.5], then µ̃F (y) ≥ rmin{t̃1, t̃2, ..., t̃n}. Therefore,
U(y; rmin{t̃1, t̃2, ..., t̃n}) ∈ ∨q F for all y ∈ f(x1, x2, ..., xn). This completes the
proof.

Theorem 4.7. Let F be an interval valued (∈,∈ ∨q)-fuzzy subalgebraic hypersys-
tem of H. Then for all [0, 0] < t̃ ≤ [0.5, 0.5], U(F ; t̃) is an empty set or a subalge-
braic hypersystem of H. Conversely, if F is an interval valued fuzzy set of H such
that U(F ; t̃)(̸= ∅) is a subalgebraic hypersystem of H for all [0, 0] < t̃ ≤ [0.5, 0.5],
then F is an interval valued (∈,∈ ∨q)-fuzzy subalgebraic hypersystem of H.

Proof. Let F be an interval valued (∈,∈ ∨q)-fuzzy subalgebraic hypersystem of
H and [0, 0] < t̃ ≤ [0.5, 0.5]. Let xi ∈ U(F ; t̃), i = 1, 2, ..., n, then µ̃F (xi) ≥ t̃.
Now,

rinf{µ̃F (y)|y ∈ f(x1, x2, ..., xn)} ≥ rmin{µ̃F (x1), µ̃F (x2), ...µ̃F (xn), [0.5, 0.5]}
≥ rmin{t̃, [0.5, 0.5]} = t̃.

Therefore, for every y ∈ f(x1, x2, ..., xn), we have µ̃F (y) ≥ t̃, and so y ∈ U(F ; t̃),
which implies, f(x1, x2, ..., xn) ⊆ U(F ; t̃). Therefore U(F ; t̃) is a subalgebraic
hypersystem of H.

Conversely, let F be an interval valued fuzzy set of H such that U(F ; t̃)
(̸= ∅) is a subalgebraic hypersystem of H for all [0, 0] < t̃ ≤ [0.5, 0.5]. For every
xi ∈ H(i = 1, 2, ..., n), we can write

µ̃F (xi) ≥ rmin{µ̃F (x1), µ̃F (x2), ...µ̃F (xn), [0.5, 0.5]} = t̃0, i = 1, 2, ..., n,

then xi ∈ U(F ; t̃0), and so f(x1, x2, ..., xn) ⊇ U(F ; t̃0). Therefore, for every
y ∈ f(x1, x2, ...xn), we have µ̃F (y) ≥ t̃0, which implies µ̃F (y) ≥ t̃0 for all y ∈
f(x1, x2, ..., xn). Therefore, F is an interval valued (∈,∈ ∨q)-fuzzy subalgebraic
hypersystem of H.

Naturally, a corresponding result should be considered when U(F ; t̃) is a sub-
algebraic hypersystem of H for all [0.5, 0.5] < t̃ ≤ [1, 1].

Theorem 4.8. Let F be an interval valued fuzzy set of H. Then U(F ; t̃)( ̸= ∅) is
a subalgebraic hypersystem of H for all [0.5, 0.5] < t̃ ≤ [1, 1] if and only if
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(HF6) rmin{µ̃F (x1), µ̃F (x2), ..., µ̃F (xn)}
≤ rinf{rmax{µ̃F (y), [0.5, 0.5]}|y ∈ f(x1, x2, ..., xn)},
for all xi ∈ H, i = 1, 2, ..., n.

Proof. Assume that U(F ; t̃) is a subalgebraic hypersystem of H. If there exist
xi, y ∈ H(i = 1, 2, ..., n) with y ∈ f(x1, x2, ..., xn) such that

rmax{µ̃F (y), [0.5, 0.5]} < rmin{µ̃F (x1), µ̃F (x2), ..., µ̃F (xn)} = t̃,

then [0.5, 0.5] < t̃ ≤ [1, 1], µ̃F (y) < t̃, xi ∈ U(F ; t̃) (i = 1, 2, ..., n). Since xi ∈
U(F ; t̃) and U(F ; t̃) is a subalgebraic hypersystem, so f(x1, x2, ...xn) ⊆ U(F ; t̃)
and µ̃F (y) ≥ t̃ for all y ∈ f(x1, x2, ..., xn), which is a contradiction with µ̃F (y) < t̃.
Therefore,

rmin{µ̃F (x1), µ̃F (x2), ..., µ̃F (xn)} ≤ rmax{µ̃F (y), [0.5, 0.5]},

for all xi, y ∈ H (i = 1, 2, ..., n) with y ∈ f(x1, x2, ..., xn), which implies,

rmin{µ̃F (x1), µ̃F (x2), ..., µ̃F (xn)}≤rinf(rmax{µ̃F (y), [0.5, 0.5]}|y∈f(x1, x2, ..., xn)),

for all xi ∈ H. Hence (HF6) holds.
Conversely, assume that ([0.5, 0.5], [1, 1]] and xi ∈ U(F ; t̃) (i = 1, 2, ..., n).

Then,

[0.5, 0.5] < t̃ ≤ rmin{µ̃F (x1), µ̃F (x2), ..., µ̃F (xn)}
≤ rinf{rmax{µ̃F (y), [0.5, 0.5]}|y ∈ f(x1, x2, ..., xn)}.

It follows that, for every y ∈ f(x1, x2, ..., xn),

[0.5, 0.5] < t̃ ≤ rmax{µ̃F (y), [0.5, 0.5]},

and so t̃ ≤ µ̃F (y), which implies y ∈ U(F ; t̃). Hence f(x1, x2, ..., xn) ⊆ U(F ; t̃),
that is, U(F ; t̃) is a subalgebraic hypersystem of H.

Let F be an interval valued fuzzy set of an algebraic hypersystem H and
J = {α|α ∈ (0, 1] and U(F ; [0.5, 0.5]) is an empty set or a subalgebraic hyper-
system of H}. In particular, if J = (0, 1], then F is an ordinary interval valued
fuzzy subalgebraic hypersystem of H (Theorem 4.3); if J = (0, 0.5), F is an
interval valued (∈,∈ ∨q)-fuzzy subalgebraic hypersystem of H (Theorem 4.7).

In [25], Yuan et al. gave the definition of a fuzzy subgroup with thresholds
which is a generalization of Rosenfeld’s fuzzy subgroup, and Bhkat and Das’s
fuzzy subgroup. Based on [25], we can extend the concept of a fuzzy subgroup
with thresholds to the concept of fuzzy sublagebraic hypersystems with thresholds
in the following way:

Definition 4.9. Let s, t ∈ [0, 1] and s̃ < t̃, then an interval valued fuzzy set F
of H is called an interval valued fuzzy subalgebraic hypersystem with thresholds
(s̃, t̃) of H if it satisfies:
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(HF7) rmin{µ̃F (x1), µ̃F (x2), ..., µ̃F (xn), t̃}
≤ inf{rmax{µ̃F (y), s̃}|y ∈ f(x1, x2, ..., xn)},

for all xi ∈ H, i = 1, 2, ..., n.

Remark. If F is an interval valued fuzzy subalgebraic hypersystem with thresholds
ofH, then we can conclude that F is an ordinary interval valued fuzzy subalgebraic
hypersystem when s̃ = [0, 0], t̃ = [1, 1]; and F is an interval valued (∈,∈ ∨q)-fuzzy
subalgebraic hypersystem when s̃ = [0, 0], t̃ = [0.5, 0.5].

Now, we characterize interval valued fuzzy subalgebraic hypersystems with
thresholds by their level subalgebraic hypersystems.

Theorem 4.10. An interval valued fuzzy set F of H is an interval valued fuzzy
subalgebraic hypersystem with thresholds (s̃, t̃) of H if and only if U(F ; α̃) ( ̸= ∅)
is ,a subalgebraic hypersystem of H for all s̃ ≤ α̃ ≤ t̃.

Proof. Let F be an interval valued fuzzy subalgebraic hypersystem with thresh-
olds (s̃, t̃) of H and s̃ ≤ α̃ ≤ t̃. Let xi ∈ U(F ; α̃), then µ̃F (xi) ≥ α̃, i = 1, 2, ..., n.
Now

rmin{µ̃F (x1), µ̃F (x2), ..., µ̃F (xn), t̃}
≤ rinf{rmax{µ̃F (y), s̃}|y ∈ f(x1, x2, ..., xn)}
≥ rmin{α̃, t̃} ≥ α̃ > s̃.

So, for every α ∈ f(x1, x2, ..., xn), we have rmax{µ̃F (y), s̃} > α̃ > s̃, which implies
µ̃F (y) > α̃, and so y ∈ U(F ; α̃). Hence f(x1, x2, ..., xn) ⊆ U(F ; α̃). Therefore,
U(F ; α̃) is a subalgebraic hypersystem of H for all α̃ ∈ (s̃, t̃].

Conversely, let F be an interval valued fuzzy set of H such that U(F ; α̃)
(̸= ∅) is a subalgebraic hypersystem of H for all s̃ ≤ α̃ ≤ t̃. If there exist
xi (i = 1, 2, ..., n), y ∈ H with y ∈ f(x1, x2, ..., xn) such that rmax{µ̃F (y), s̃} <
rmin{µ̃F (x1), ..., µ̃F (xn), t̃} = α̃, then α̃ ∈ (s̃, t̃], µ̃F (y) < α̃, xi ∈ U(F ; α̃),
i = 1, 2, ..., n. Since U(F ; α̃) is a subalgebraic hypersystem of H and xi ∈ U(F ; α̃)
for all y ∈ f(x1, x2, ..., xn), so f(x1, x2, ..., xn) ⊆ U(F ; α̃). Hence µ̃F (y) ≥ α̃,
for all y ∈ f(x1, x2, ..., xn). This is a contradiction with µ̃F (y) < α̃. There-
fore rmin{µ̃F (x1), ..., µ̃F (xn), t̃} ≤ rmax{µ̃F (y), s̃}, for all xi, y ∈ H with y ∈
f(x1, x2, ..., xn). This proves that F is an interval valued fuzzy subalgebraic hy-
persystem with thresholds (s̃, t̃) of H.

5. Implication-Based interval valued fuzzy subalgebraic hypersystems

Fuzzy logic is an extension of set theoretic variables (or terms of the linguistic
variable truth). Some operators, like ∧,∨,¬,→ in fuzzy logic are also defined by
using truth tables, the extension principle can be applied to derive definitions of
the operators.

In the fuzzy logic, truth value of fuzzy proposition P is denoted by [P ]. In the
following, we display the fuzzy logical and corresponding set-theoretical notions:
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[x ∈ A] = A(x);
[x /∈ A] = 1− A(x);
[P ∧Q] = min{[P ], [Q]};
[P ∨Q] = max{[P ], [Q]};
[P → Q] = min{1, 1− [P ] + [Q]};
[∀xP (x)] = inf[P (x)];
|= P if and only if [P ] = 1 for all valuations.

Of course, various implication operators have been defined. We only show a
selection of them in the next able, α denotes the degree of truth (or degree of
membership) of the premise, β the respective values for the consequence, and I
the resulting degree of truth for the implication:

Name Definition of Implication Operators

Early Zadeh Im(α, β) = max{1− α,min{α, β}}

Lukasiewicz Ia(α, β) = min{1, 1− α+ β}

Standard Star(Godel) Ig(α, β) =

{
1 ifα ≤ β
β if α > β

Contraposition of Godel Icg(α, β) =

{
1 if α ≤ β
1− α if α > β

Gaines-Rescher Igr(α, β) =

{
1 if α ≤ β
0 if α > β

Kleene-Dienes Ib(α, β) = max{1− α, β}

The “quality” of these implication operators could be evaluated either empirically
or axiomatically.

In the following definition, we considered the implication operators in the
Lukasiewicz system of continuous-valued logic.

Definition 5.1. An interval valued fuzzy set F of H is called an interval valued
fuzzifying subalgebraic hypersystem ofH if it satisfies, for all xi ∈ H, i = 1, 2, ..., n,

|= [rinf{xi ∈ F} → [∀y ∈ f(x1, x2, ..., xn), y ∈ F ]].

Clearly, Definition 5.1 is equivalent to Definition 4.1. Therefore, an interval
valued fuzzifying subalgebraic hypersystem is an ordinary interval valued fuzzy
subalgebraic hypersystem.

Now, we introduce the concept of interval valued t-tautology, i.e.,

|=t̃ P if and only if [P ] ≥ t̃ for all valuations.

Based on [25], we can extend the concept of implication-based fuzzy subalgebraic
hypersystems in the following way:
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Definition 5.2. Let F be an interval valued fuzzy set of H and t ∈ (0, 1] is a fixed
number. Then F is called a t-implication-based interval valued fuzzy subalgebraic
hypersystem of H, if for all xi ∈ H, i = 1, 2, ..., n,

|=t̃ [rinf{xi ∈ F} → [∀y ∈ f(x1, x2, ..., xn), y ∈ F ]].

Now, let I be an implication operator, then we have

Corollary 5.3. An interval valued fuzzy set F of H is a t-implication-based
interval valued fuzzy subalgebraic hypersystem of H if and only if, for all xi ∈ H,
i = 1, 2, ..., n,

I(rinf{µ̃F (xi)}, rinf{µ̃F (y)|y ∈ f(x1, x2, ..., xn)}) ≥ t̃.

Let F be an interval valued fuzzy set of H, then we have the following results:

Theorem 5.4.

(i) Let I = Igr, then F is an 0.5-implication-based fuzzy interval valued sub-
algebraic hypersystem of H if and only if F is an interval valued fuzzy sub-
algebraic hypersystem with thresholds (r̃ = [0, 0], s̃ = [1, 1]) of H;

(ii) Let I = Ig, then F is an 0.5-implication-based interval valued fuzzy sub-
algebraic hypersystem of H if and only if F is an interval valued fuzzy sub-
algebraic hypersystem with thresholds (r̃ = [0, 0], s̃ = [0.5, 0.5]) of H;

(iii) Let I = Icg, then F is an 0.5-implication-based interval valued fuzzy sub-
algebraic hypersystem of H if and only if F is an interval valued fuzzy sub-
algebraic hypersystem with thresholds (r̃ = [0.5, 0.5], s̃ = [1, 1]) of H.
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